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Finite sets of binary forms

By PAULO RIBENBOIM (Kingston)

Abstract. We prove the finiteness of certain sets of binary cubic forms with
given non-zero discriminant or having discriminants with bounded radical. To
obtain finite sets we impose appropriate conditions on the coefficients, or on the
Hessian and the cubic covariant of the forms. Some of the results are extended
to binary forms of degree higher than these. We also give theorems which are
proved under the assumption that the (ABC') conjecture is true.

1. The results in this paper

Let n > 2. A homogeneous polynomial f(X,Y) = ao X" +a; X" 1Y +
coo A XY 4 0, Y™ s called a binary form of degree n. We shall
always assume that the coefficients ag, aq,...,a, are integers.

If n = 3 the binary cubic form f(X,Y) = aX?+bX2%Y +cXY2+dY3
is also denoted by f = (a,b, ¢,d). We shall write “form” instead of “binary
form” and we exclude the zero form from our considerations.

If f is a form of degree n > 2 there exist algebraic numbers «;, §; such
that

n

f=1](X - 8Y).

i=1
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discriminant.
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By definition, the discriminant of f is

Ay = [ J(0iB; — Biaj)*.

1<j

Then Ay is an integer and Ay = 0 if and only if f has two proportional
linear factors in the above decomposition.

The discriminant may be computed in terms of the coefficients of
the form. More precisely, for every n > 2 there exists a polynomial
o, € Z[Xo, X1, ..., Xy, such that @, is homogeneous of degree 2(n — 1),
and if f = apX"+a; X" '+ +a,Y"™ then Ay = ®,(ap,a1,...,a,). We
also note that ®,, has degree n — 1 in X and also in X,,. It follows that
if e is any non-zero integer then A,y = 62(”_1)Af.

For cubic forms f = (a,b,c,d) we have:

Ap=b*c* +18abed — dac® — 46> d — 27 a*d”.

In this paper we shall describe sets of forms which are finite and ef-
fectively computable. We shall prove that a set of forms is finite and
effectively computable by applying theorems, producing effective bounds
for the elements of the set, which are based on Bakers’s theorems on linear
forms in logarithms [1].

We obtain our results comparing the set of forms under consideration
with sets known to be finite and effectively computable.

In this section we state the theorems which will be proved in the
paper, but we do not state explicity the results which may be obtained by
interchanging X and Y. Thus, for cubic forms f = (a, b, ¢, d), the theorems
are also true interchanging a and d, and b and c.

A) Sets of form with a given non-zero discriminant and additional
conditions on the coefficients

In the first theorems we consider cubic forms f = (a,b,c,d) and we
impose conditions on the coefficients a, b and c.

First, we consider forms with a = 0. If N = 0 or 1 (mod 4), the set
S of forms f = (0,b,c,d) with Ay = N is infinite. Indeed, let ¢ > |N| and
c= N+ 2k, then ¢ = N? (mod 4) 2~ N =N(N —1) =0 (mod 4). Let
d= C2ZN, then f = (0,1, ¢, d) has discriminant Ay = ¢ —4d = N. On the
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other hand, it is easily seen that if N =2 or 3 (mod 4) then the set of all
[ =10,b,c,d) with Ay = N is empty.

The Theorems 1.1, 1.2 and 1.3 are special cases of Corollary 1.3 of
GYORyY [8] (which is formulated for polynomials in Z[X]). The interest of
the proofs presented here lies in the fact that, except for an appel to the
theorem of SCHINZEL and TIJDEMAN, the proofs are entirely elementary.

1.1. Theorem. Let N # 0 be an integer, let S be the set of all cubic
forms f = (a,b,c,d) such that b = 0 and Ay = N. Then S is finite and
effectively computable.

1.2. Theorem. Let N, ag, by be non-zero integers, let S be the set of all
cubic forms f = (a,b,c,d) such that Ay = N, a = ag, b = by. Then S is
finite and effectively computable.

1.3. Theorem. Let N # 0, ag # 0 and ¢y be integers and let S be the
set of all cubic forms f = (a,b, c,d) such that Ay = N, a = ap and ¢ = co.
Then S is finite and effectively computable.

1.4. Theorem. Let N # 0, by, cg be integers, let S be the set of all cubic
forms f = (a,b,c,d) such that Ay = N, b = by and ¢ = ¢g. Then S is
finite and effectively computable.

In the results which follow we consider forms f of degree n > 2 and
we impose, for example, conditions to be satisfied by f(1,0) and f(0,1).

If £ > 2 the symbol O®) denotes a non-zero integer which is a h'P
power, for some h > k. In particular, O*) may be equal to 1.

1.5. Theorem. Let N, m and m’ be non-zero integers. Let S be the set
of all forms f of degree 2 such that:

1) Ay =N

2) £(1,0) =m

3) £(0,1) =m/'0®.
Then S is finite and effectively computable.
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1.6. Corollary. Let P = (; if) with x,2',y,y € Z and det P # 0.
Then the statement of Theorem 1.5 still holds replacing (1,0) by (x,y)

and (0,1) by (z',y).

If R is a positive square-free integer, let R* denote the set of all
integers all of whose prime factors divide R. If n is a non-zero integer, the
radical of n is the product of the distinct prime factors of n. We denote
the radical of n by radn. Clearly radn divides R if and only if n € R*.

The special case of Theorem 1.7(a) where f(1,0) = 1 and f(0,1) € R*
was proved by GYORY [9] (see Corollary 1).

1.7. Theorem. Let n > 3, let R be a positive square-free integer. Let W
be the set of all forms f of degree n, such that Ay # 0 and f(1,0) € R*.

a) Let N and m' be non-zero integers, let S be the set of all f € W such
that:

al) Ay =N
a2) f(0,1) € R* or f(0,1) = n'0®).
Then S is finite and effectively computable.
b) Let S be the set of all f € W such that:
bl) Ay e R
b2) f(0,1) € R*
Then there exists a finite effectively computable subset Sy of S such

that if f € S there exists fo € Sy and e, k, 0 € R* such that ef(X,Y) =
folkX, 7).

1.8. Corollary. Let R be a positive square-free integer, let Q) = (i f,’ )
and d = det Q # 0.

a) (1.7) holds, replacing (1,0) by (z,t) and (0,1) by (2/,t') .
b) Let Q* = (f _Z/) let S be the set of all binary forms f of degree n

with Ay € Ri,zf(z,t) € R*, f(2/,t) € R*.
Then for every f € S there exists e,k,{ € R*, h € ..., P € Py, (with
the notation of (1.7)) such that d"e f =h_ /i 0\ .-
P(§9)e
Let n >Tand 0 <j<n-—1 If fis aform of degree n, we shall use
the notation D7 f = %. So DI f is a form of degree n — j.
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1.9. Theorem. Let n > 3 and 0 < j < n — 2, let No,Ny,...,N; be
integers such that N; # 0. Let W be the set of all forms f of degree n
such that

1) Apiy =N fori=0,1,...,j
a) Let j > n — 3, let R be a positive square-free integer and m’ # 0. Let
S be the set of all forms f € W such that:
2) f(1,0) € R®
3) either D7 £(0,1) € R* or D7 £(0,1) = m/O®),
b) Let j = n — 2, let m, m’ be non-zero integers, let S be the set of all
forms f € W such that:
2) f(1,0)=m
3) DIf(0,1) =m/'0®).
Then in both cases (a) and (b) the set S is finite and effectively computable.

B) Sets of cubic forms with Hessian and cubic covariant satisfying
certain conditions
Let f = {(a,b,c,d). By definition, the Hessian of f is
1| o2 82 o°f
H{(X)Y)=- : —
fXY) =7 [ax2 Y2 <6X6Y>

and the cubic covariant of f is

_9f OH 9f OH
QGXEY) =% v “ oy ax’

We shall give in Section 3 the explicit expressions of the Hessian and
the cubic covariant in terms of the coefficients of f(X,Y"). In Section 3 we
shall also give the fundamental identity satisfied by the Hessian and the
cubic covariant.

1.10. Theorem. Let P = (Z g:) with x,y,x',y € Z and det P = 1. Let

N, B, B’ be non-zero integers such that 2B? and 2B"? are not cubes. Let
S be the set of all cubic forms f such that:

1) Ay =N
2) Qf(x,y) = B and Qs(2',y') = B
Then S is finite and effectively computable.
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Yy
zero integers, such that A and A’ are not squares. Let S be the set of all

cubic forms f such that:
1) Ay =N
2) Hy(z,y) = A, Hp(2',y') = A",
a) If N > 0 then S is finite and effectively computable.

b) If N < 0 then either S = () or S is infinite and there is an
algorithm to determine when S is empty.

1.11. Theorem. Let P = (”3 xf) with det P = 1, let N, A, A’ be non-

1.12. Theorem. Let P = (g 5;) with det P = 1, let A, B be integers
such that 4A3 — B2 # 0. Let S be the set of all cubic forms f such that:

1) Hy(x,y) = A, Qf(x,y) = B;
either:

2) there exists a positive square-free integer R such that
f@y') e R

or 2') there exists m' # 0 such that f(z',y') = m'0®);

or 27) there exist integers A’, B’ such that 4A"® — B”? # 0 and
Hf(IL’/,y/) = A/7 Qf(l‘/,y/) =D

Then S is finite and effectively computable.

Yy
R be a positive square-free integer and e > 1, m' # 0. Let S be the set of

all cubic forms f such that:

1) Ay e RX, f(zy) € R*

2) ged(Hy(z,y), Qf(2,y)) =e

3) either f(z',y') € R* or f(a',y') € m'O®).
Then S is finite and effectively computable.

1.13. Theorem. Let P = (x x:) with z,2',y,y’ € Z and det P = 1, let

1.14. Theorem. Let R be a positive square-free integer, let ¢ > 1, m' # 0.
Let S be the set of all cubic forms f = (a,b, c,d) such that:

1) Ay e R*,ac R*
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2) ged(3ac — b?,3a(9ad — be)) = e
3) either d € R*, or d = m/{®).
Then S is finite and effectively computable.

C) Result proved under the assumption that the (ABC) Conjec-
ture is true.

We state the (ABC') Conjecture (see NITAJ [16], RIBENBOIM [1]):

1.15. (ABC) Conjecture. For every real number ¢ > 0, there exists a
real number K. > 0 (depending on ¢) such that if A, B, C are non-zero
coprime integers such that A+ B + C = 0, then max{|Al|,|B|,|C|} <
K. [rad(ABC))*e.

If n is a non-zero integer, the radical index of n, denoted by rad ind n,
is the real number v > 1 such that (radn)” = |n| (see RIBENBOIM [18]).
Let R be a positive square-free integer, let v > 1. We denote by I(R,7)
the set of all integers uv, where

ue R, v>1, ged(v,R)=1

and radind v > 7.
The next theorem is a modified and connected version of a result
suggested by the referee of this paper.

1.16. Theorem. Assume that the (ABC') Conjecture is true. Let n > 3,
0 <j<n-—2,let R be a positive square-free integer and § > 0. Let W
be the set of all forms f of degree n such that:

1) Ap#0, Apyy #0
2) f(1,0) € I(R, %5 +0)
3) DIf(0,1) € I(R, 2545 +6)
a) Let N # 0 and let S be the set of all f € W such that Ay = N.
Then S is finite.
b) Let S be the set of all forms f € W such that Ay € R*. Then
there exists a finite subset Sy of S such that if f € S there exists
fo € So and e, k, ¢ € R* such that ef (X,Y) = fo(kX,(X).
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2. Proof of the results of Section 1(A)

Let f be a form of degree n > 2, let P = (%3 i3 ). We define fp(X,Y) =
fe1 X+y1Y, 20X +1y2Y), so fp is again a form of the same degree n and we
have Ay, = Ay(det P)"("_l). If P’ is also a matrix, then fpp = (fp)pr.

Henceforth we shall only consider matrices with integer entries. If
g = fp for some 2 x 2 matrix P with (integer entries and) det P = £+1, we
say that the forms f and g are equivalent; then

Ap=A,.
HERMITE showed in [10]:

2.1. Theorem. For any non-zero integer N the set € of equivalence classes
of forms of degree 2 (respectively 3) with Ay = N is finite and effectively
computable.

See also CASSELS [4].
We shall need the following theorem of SCHINZEL & T1IJIDEMAN ([19]):

2.2. Theorem. Let be given f € Z[X] and a non-zero integer a. Then
there exists C' > 0, effectively computable in terms of f and a, and such
that if z, k, t are integers satisfying f(x) = at, with k > 2 if f has at least
three simple roots, or with k > 3 if f has exactly two simple roots, then
max{|z|, [t*|} < C.

2.3. PROOF OF THEOREM 1.1. Let S be the set of all f = (a,b, ¢,d) with
b=0and Ay = N. So —a(4c® + 27ad?) = N, hence a # 0 and a belongs
to the finite and effectively computable set of factors of N. Let ag be any
factor of N. Then 4¢® + 2T agd? = —Z # 0, that is 4¢® + &£ = —27agd?.
If d = 0 then ¢ has at most one possible value. Now let d # 0.

The polynomial f(X) = 4X3 + % has three simple roots. By 2.2
there exists an effectively computable integer C(ag) > 0 such that |c|,
|d| < C(ap). This is true for every factor ag of N, hence the set S is finite
and effectively computable. ]
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2.4. PROOF OF THEOREM 1.2. If f = (ag, by, c,d) € S then N = b2c? +
18 agboed — 4 apc® — 4bgd — 27a%d2. If d =0 then N = b%c2 — 4apc® so ¢
belongs to a finite and effectively computable set and the subset of all
f = (ag,bo, c,0) of S is finite and effectively computable.

Now let d # 0. We have:

27 add* — (18 agboc + 4b3)d + (N — b3c? + 4 agc®) = 0.

Case 1. N — b3c?® + 4apc® = 0 so ¢ belongs to a finite and effectively
computable set. But d # 0, then 27 a3d — (18 agbgc + 4b3) = 0 so d also
belongs to a finite and effectively computable set.

Case 2. N — b3c? + 4agc® # 0. From the quadratic relation satisfied
by d, we must have

(18 agboe + 4b3)? — 4 x 27 ag(N — bjc* + dapc®) = O,

where [ denotes any square.
We shall show that the polynomial

(18 aghoX 4+ 4b3)* — 4 x 27 a2 (N — b3X? + 4 X?)
has simple roots, equivalently,

F(X)=4x27Ta3X> — 108 agb{ X* — 36aobe X + (27 ad N — 4bf)

has simple roots. The roots of F'(X) are %(1 +1/2). If these are also
roots of F/(X) then by a simple calculation (—24b5+27 a2 N)F16b5v/2 = 0,
which is impossible.

By the theorem of Schinzel & Tijdeman the set {c | d # 0 and f =
(ag,bo,c,d) € S} is finite and effectively computable and from the qua-
dratic relation satisfied by d, the set {d | f = (ag,bo,c,d) € S} is also

finite and effectively computable. O

2.5. PROOF OF THEOREM 1.3. If f = (ag,b,co,d) € S then N = b?c3 +
18 agbcod — 4(100% — 4b3d — 27a%d2. If d =0 then N = 6203 — 40,008 so b
belongs to a finite and effectively computable set, hence the set {f € S |
d = 0} is finite and effectively computable. If d # 0 we have 27 a3d? —
(18 agbcy + 4b%)d + (N — b2c2 + 4 apcd) = 0.
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Case 1. N — b*c + 4apc = 0. Since N # 0 we have ¢y # 0 and b is
defined by the above relation; finally, the quadratic relation satisfies by d,
defines d and this case is settled.

Case 2. N —b%c2 +4apcy # 0. Since d satisfies the quadratic relation
indicated, we have (18 agbcy + 4b%)? — 4 x 27a3(N — b2 + 4 apcd) = 0.

Subcase (a): N = —8agcy. Then (18 agbcy +4b3)% +4 x 27 a3 (4 apcd +
b?c3) = O and this gives (b? + 3agcg)® = O, hence there exists an integer ¢
such that b? + 3agcy = t2. Thus t? — b? = 3agcg, so t + b and t — b belong
to the finite and effectively computable set of divisors of 3agcy, the same
holds for b. It follows from the quadratic relation satisfied by d that d
also belongs to a finite and effectively computable set and this subcase is
settled.

Subcase (b): N # —8agcg. We shall show that the polynomial G(X) =
(18 agcoX +4X3)? —4 x 27a3(N — 2 X? + dapc) = 4X5 + 36 apco X* +
108a3c3X? — 27a2N — 4 x 27 adc3 has at least three simple zeros.

Let H(Y) = 4Y3+36 apcoY? +108 a2c2Y — (27 a3 N +108a3c3). Then
H'(Y) = 12(Y + 3agco)?. If H(Y) has a double root a, then o = —3agcy.
But H(—3agco) = 4(—3apco)® + 36 agco(—3agco)? + 108 adc2(—3apco) —
(27a3N + 108 a3cd) = —27a3(N + 8apcy) # 0.

This shows that H(Y') has three simple roots, hence G(X) has six
simple roots.

It follows from the theorem of Schinzel & Tijdeman that b belongs
to a finite and effectively computable set. Finally, from the quadratic
relation satisfied by d, we conclude that d belongs to a finite and effectively
computable set also in this subcase.

This concludes the proof. ]

2.6. PROOF OF THEOREM 1.4. For every f € S we have N = b%c% +
18 bgcoad—élacg —4bgd— 27a?d?. If by = 0 or ¢y = 0 then by 1.1 S is finite
and effectively computable. Let bocg # 0. We rewrite 27 a?d? + (4b8 —
18bgcpa)d + (N — b2t + 4acd) = 0.

Ifa =0thend = ﬁ(b%cg—N). Now let a # 0 hence d = =BEYB=44C W
where A = 3342, B = 4b3 — 18 bycoa, C = N — b2ct + 4ac}.
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We have
|B| VBZ = 4AC
jd| < 32 362
2 x 3°a 2 x 3°a
‘B| < 4‘b0‘3 18|b0C0| X |(I‘ < Q‘bg‘s i ‘bQCQ‘
2 x 33a2 ~ 2 x 33a? 2x%x3%2 — 33 3
Next
|B2 — 4 AC| - B? |AC|
22 x 36g4 T 22 x 3644 3604’
B [2%5 4 2% x 3*bZada’ — 2* x 3%bjcoal
22 x 3604 22 x 364
2%|bo|® | [bocol® | 2%[bo*|co] _ 22|bol® | [bocol? N 2%|bo| | co
364 32q2 ta® — 36 32 34 ’

|AC|  |3%a*(N — bic§ + 4ac})| < IN| n lbocol?  4|col3
3Bat 33at - a? a? |a]

< IN| + [bocol* + 4fcol*.

Putting together, there exists an integer K > 0 (depending on N, by, ¢o)
such that |d| < K. Similarly, there exists K’ > 0 such that |a|] < K.
Hence S is finite and effectively computable. O

2.7. PROOF OF THEOREM 1.5. Let f = aX? 4+ bXY +¢Y?2 € S. So
Af:b2—4ac:N.

By assumption a = m, ¢ = m'0® so b2 = N = 4mm’O®). Since
the polynomial X2 — N has simple roots, by the Theorem of Schinzel &
Tijdeman 2.2 the set {b | f € S} is finite and effectively computable, so
the same holds for the set {c¢ | f € S}, hence S is finite and effectively
computable. ]

2.8. PROOF OF COROLLARY 1.6. Let d = det P # 0, let P* = (}iy‘f’)

so det P* = d, PP* = P*P = dI. Let f € S and f = fp, then f(1,0) =
fp(1,0) = f(z,y) = m, f(0,1) = fp(0,1) = f(«,y) = m'0B). Moreover
Aj=Ap, = d?N. By Theorem 1.5 the set {f = fp | f € S} is finite
and effectively computable. Now we observe that the mapping f — fp
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is injective. Indeed, if f,g € S and fp = gp then d*f = fy = fpp =
gpp~ = d*g, so f = g and this concludes the proof. 0

We shall need the Theorem of BIRCH & MERRIMAN [2] which extends
to forms of any degree the Theorem of HERMITE [10].

Let L be a positive square-free integer.

The forms f, h of degree n > 2 are said to be L-equivalent if there
exist e € L* and P, with det P € L* such that ef = hp. If L = 1 this
means that f and h are equivalent.

IfP= (g ;) let P* = (gy —;’), then PP* — P*P — dI where d —
det P = det P* € L*. It follows that efp+ = hqr, hence e 1d"h = fp« 1.

Part (a) of the next theorem was proved by BIRCH & MERRIMAN [2],
while part (b) is due to EVERTSE & GYORY [5].

2.9. Theorem. Let n > 2 let L be a positive square-free integer and let
& be the set of L-equivalence classes of forms f of degree n, with Ay € L*.

a) & Is a finite set.

b) € is effectively computable.

In the next proof we shall need the following theorem of Thue & Mahler
(see [20]):

2.10. Theorem. Let f be a form of degree n > 3, with non-zero dis-
criminant, let R be a positive square-free integer. Then the set of pairs
of coprime integers (x,y) such that f(z,y) € R* is finite and effectively
computable.

2.11. Lemma. Let Q = (5%) with det@Q = 1. For each pair (z',y’)

of coprime integers such that P = (g Z/““: ) has non zero determinant, let

Q7P =(}Z). Then:

a) The mapping (z',y’) — (z,w) is a bijection and w = det P.

b) If h is a form of any degree, if ¢ = hg then g(z,w) = hp(0,1) =
h(@',y').

ProoOF. The first assertion is trivial. Next

g(z,w) = go-1p(0,1) = hp(0,1) = h(z",y). O
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2.12. PrROOF OF THEOREM 1.7. Let L be a positive square-free integer.
By Theorem 2.9 there exits a finite and effectively computable set H of
forms of degree n such that every f € W is L-equivalent to some h € H.

Let P be the set of matrices P = (ii i:”) such that det P € L™

A
ged(zp,yp) =1 and  ged(zp,yp) = 1.
For each h € H let P, ={p € P | hp € W}. If P € P}, then
h(zp,yp) = hp(1,0) € R™.

By the Theorem of Thue & Mahler the set C, = {(zp,yp) | P € Pp} is
finite and effectively computable.

Proof of (a). We take L =1, so every f € S is equivalent to some h € H.
Let P, ={P € Py | hp € S} so det P =1 for all hp € P;. It suffices to
show that each set P is finite and effectively computable.

If f(0,1) € R* forall f € S, we have h(z/p, yp) =hp(0,1)=f(0,1) € R
By the Theorem of Thue & Mahler the set C; = {(25,yp) | P € P;} is
finite and effectively computable. This implies that P;L is finite and effec-
tively computable as it was required to prove.

Now assume that f(0,1) = m/'O®@ for all f € S. Let (r,s) € Cy. Let
Q= (%), with det Q@ = 1. For every P = (Zj’;) € Pj, we have det P =1
and Q7P = (é Sf;). By Lemma 2.11 the mapping (2’5, yp) — (zp, wp) is
a bijection and wp = 1. Moreover if g = hg then g(zp,1) = gg-1p(0,1) =
hp(0,1) = h(zp, yp) = m/'O@). Since Ay # 0, the roots of the polynomial
G(X) = ¢g(X,1) are simple . By the Theorem of Schinzel & Tijdeman
when P = (: Z}:) € P; the set of integers zp is finite and effectively
computable and so is the set of pairs (25, yp). Since this holds for every
(r,s) € Cy it follows that P; is finite and effectively computable.

Proof of (b). We take L = R. For each he H let P,={P € Py |hpe S}
and Sy = {hp | h € H, P € P;}. Hence Sop C S. If P € P} then
h(z'p,yp) = hp(0,1) = f(0,1) € R*. By the Theorem of Thue & Mahler
C,, =A{(@%,yp) | P € P;} is finite and effectively computable, hence the
same is true for P, for each h € H. Therefore Sy is finite and effectively
computable.
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Now let f € S, so there exists e € R* and P with det P € R*, as

well as h € H such that ef = hp. Let P = (;jﬁ) with ged(z,y) = k,

ged(a',y') = 0. Let v = kz, y = kij, ' =02,y = 0y'. Let P = (;‘5:) SO
P = ]5(’5’2), hence kf(det P) = det P € R*, hence det P, k,/ € R*. We
have

ef(X,Y) = hp(kX,LY).

It remains to show that hp € S, therefore hp € Sy. First,

e?(n—l)Af — Ahp (kg)n(n—l)
hence Ay, € R*.
Also k"hp(1,0) = hp(k,0) = hp(1,0) ef(1,0) € R* because f € S;
so hp(1,0) € R,
Similarly hp(0,1) € R*. This proves that hp € S and concludes the
proof of the Theorem. O

2.13. PROOF OF COROLLARY 1.6. a) Let S = {fo | f € S}. Then
Aj,=Ag(det Q)M V= N(det Q)"""V£0. Also fo(1,0)= f(z,t) € RX,
fo(0,1) = f(2,t') € R*. By 1.7 the set S is finite and effectively com-
putable. As it was shown in 1.6, the mapping f — fg from S to S is
injective, hence S is also finite and effectively computable.

b) If f € S, by 1.7 there exists e,k,{ € R*, h € H, P € P; such
that efg = hP(k’ 0). We have QQ* = dI hence d"ef = efqr = efgo+ =

h L N0 O
(5
We shall need the following lemma:

2.14. Lemma. Let n > 2, let f be a form of degree n and let N be any
integer. Then the set T' of all forms g such that Dg= Df and Ay = N is
finite and effectively computable.

PrOOF. Let f(X,Y) = aoX" + a1 X" 'Y + --- + a,Y". We have
Dg = Df of and only if there exists an integer b such that g(X,Y) =
f(X,Y)+bY ™. As it was recalled earlier, there exists a homogeneous poly-
nomial ®,(Xo, X1,...,X,), with coefficients in Z, total degree 2(n — 1),
with degree n — 1 in X,, such that Ay = ®,(ag,a1,...,an—1,a, +b). Thus
the set {b € Z | Ay = N} is finite and effectively computable and so is
{9| Dg=Df, and A; = N}. O
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2.15. PROOF OF THEOREM 1.9. Let Ny, Nq,...,N; be integers such that
Nj 75 0.

We have DI f(1,0) =n(n—1)...(n—j+1)f(1,0).

a) Let Rj = rad(n(n—1)... (n—j+1)R). If f € S then D7 f(1,0) € R}
and D7f(0,1) € R* C R or DIf(0,1) = m'0®. From Ap,; = N; # 0,
by Theorem 1.7 the set T; = {D’f | f € S, Ap;y = N;} is finite and
effectively computable.

By repeated application of Lemma 2.14 the set of all f € S such that
Ay = Ny, Apy = Ni,...,Ap;; = Nj is finite and effectively computable.

b) Let f €S be such that Ap; ;= N;#0. Since D7 f(1,0)=n(n—1)...
(n—j+1)m and D7 f(0,1) = m'O0®) by Theorem 1.5 the set T; = {D7 f |
Apjp = Nj, f € S} is finite and effectively computable. The proof is
concluded as in part (a). O

3. Proof of the results of Section 1, (B)

Let f = (a,b,c,d). We recall that, the Hessian Hy(X,Y’) and the
cubic covariant Q (X, X) were defined in Section 1, (B).

With a simple calculation, we obtain H;(X,Y) = (3ac — b*) X2+
(9ad — bc) XY + (3db — c®)Y2. As is easily seen:

Qs(X,Y)=AX?+ BX?Y + CXY? + DY?

where

A =27d%d — 9abe + 2b°
B = 27abd — 18ac® + 3b%¢c
C = 27acd — 18b*d + 3bc?
D =27ad* —9bed + 23,

We have the following remarkable identity:
2T Af[f(X,Y)]? = 4[Hy(X,Y) - [Qp(X,Y)]*.

Thus if Ay # 0 and if f(z,y) # 0 then (Hf(x,y),Q¢(z,y) # (0,0). For
the above definitions and results see FRICKE [6] or MORDELL [13].
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3.1. Proor OoF THEOREM 1.10. If f € S then
21 N[f(z,y)]* = A[Hy(z,y)]> — B> #0,

by assumption. Since the polynomial 4X3 — B? has three simple roots
by the Theorem of Schinzel & Tijdeman the set M = {f(z,y) | f € S}
is finite and effectively computable and 0 ¢ M. By a similar argument,
the set M’ = {f(2',y") | f € S} is also finite and effectively computable
and 0 ¢ M’. For each pair (m,m’) € M x M’', by Corollary 1.8 the set
of f € S such that f(z,y) = m and f(2/,y’) = m/ is finite and effectively
computable. Hence S is finite and effectively computable. O

For the proof of the next theorem we shall need the following theorem
of NAGELL ([14], [15]):

3.2. Theorem. Let D > 0, C # 0 be integers. Then there exists an
effectively computable integer B > 0, depending on D and C, such that
there exist integers x, y satisfying x> — Dy? = C if and only if there exist
integers a, b such that 0 < a < B and 0 < b < B and a?— Db =C. In
the affirmative, the set {(z,y) | 22 — Dy? = C} is infinite.

3.3. ProoF orF THEOREM 1.11. If f € S let gr = Qf(z,y), gy =
Q' y), m = 3f(x,y), m" = 3f(2',y'). So g®> + 3Nm? = 443 and
g? +3Nm? = 445,

a)If N >0and A < 0or A" < 0 the above set of relations is impossible.

IfA>0and A >0then M ={m | feStand M' ={m'| f € S}
are finite and effectively computable.

By assumption these sets do not contain 0. By Corollary 1.8, for each
pair (m,m’) € M x M’ the set {f € S| 3f(x,y) =m and 3f(2/,y') =m’'}
is finite and effectively computable, hence S is finite and effectively com-
putable.

b) Let D = —N > 0. By Theorem 3.2 the sets {(x,y) | 2 — Dy? =
443} and {(z',y') | 2’ — Dy”® = 4A"} are either empty or infinite and
there is an algorithm to decide if the above sets are empty or in finite. [J

3.4. PROOF OF THEOREM 1.12. If f € S then 27A¢[f(z,y)]* = 443 —
B%=£0. Then L = {Ay | f € S} is finite and effectively computable, 0 ¢ L
and the set M = {f(x,y) | f € S} is finite and effectively computable
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and 0 ¢ M. For each pair (N,m)€ L x M let Sy, ={f€S | Aj=N,
f(z,y) = m}. It suffices to show that each set Sy, is finite and effec-
tively computable. If condition (2) or (2') is satisfied, by Corollary 1.8
S(n,m) 1s finite and effectively computable. If condition (2") is satisfied,
the above argument shows that M’ = {f(2/,y') | f € S} is finite and
effectively computable and 0 ¢ M’. By Corollary 1.8 Sy, is finite and
effectively computable, concluding the proof. ]

We shall need the following Theorem of BUGEAUD [3]:

3.5. Theorem. Let A, B be non-zero integers, let R > 0 be a square-free
integer, let m > 2, n > 2 with mn > 6. Then there exists an effectively
computable integer C' > 0 such that if x, y are non-zero coprime integers
such that Az™ + By™ € R* then |z|,|y| < C.

3.6. Proor oF THEOREM 1.13. If f € S we write hy = Hy(x,y), gy =
Qf(x,y) and hy = euy, gy = evy, where ged(uyr,vy) = 1. We have 4e3u?}—
ezv? = 4h3f’ — gJ% = 27A¢[f(z,y)]> € R*, where Ry = rad3R. By the
Theorem of Bugeaud {(uy,vs) | f € S} is finite and effectively computable,
and so is W = {(hs,gr) | f € S}. We note that from Ay # 0, and
f(z,y) # 0 then 4w3 — w' # 0 for all (w,w’) € W. By Theorem 1.12 S is
finite and effectively computable. O

3.7. PrROOF OF COROLLARY 1.14. If f = (a, b, c,d) then Hf(1,0) = 3ac—
v? and Qf(1,0) = 27 a?d—9 abe+2b* = —2b(3ac—b%) +3a(9ad — be). From
the assumption we have gcd(H¢(1,0),Q¢(1,0)) = e, and the corollary is a
special case of Theorem 1.13. O

3.8. Remark. We give an example of an infinite set S of cubic forms
f = {(a,b,c,d) satistying the following conditions
1) As #0
2) ng(Hf(17 1), Qf(la 1)=1
3) the set {p prime | there exists f € S such that p divides Ay} is infi-
nite.
Let d be a non-zero integer, let f = f3 = (d,0,1,—d) and let S =
{fa|d=1 (mod 61)}, so S is an infinite set. A simple calculation gives
Ay = —d(4+27d%) f(1,1) = 1, H(1,1) = —9d% + 3d — 1, Q(1,1) =
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—27d?—18d+2. Then H(1,1) =2 (mod 3) and Q;(1,1) =2 (mod 3), so
Hy¢(1,1) # 0 and Qf(1,1) # 0. We verify that ged(Hf(1,1),Q¢(1,1)) = 1.
If a prime power p© divides Hf(1,1) and Q¢(1,1), it is easily seen that
p° divides 61. But H¢(1,1) =2 (mod 3) so p® = 1.
Finally, by the Theorem of Dirichlet there is an infinite sequence
dy < dy--- < dy < ... of primes, each d, = 1 (mod 61), each d, di-
viding Ay, . O

4. Proof of theorems under the assumption
that the (ABC) Conjecture is true

The next theorem, due to GRANVILLE [7], was proved earlier by LAN-
GEVIN [11], [12], with the additional requirement that f(1,0) # 0 and

£(0.1) # 0.

4.1. Theorem. Assume that the (ABC') Conjecture is true and let f be
a form of degree n such that Ay # 0. Then for every real number € > 0
there exits a real number K > 0 (depending on ¢ and f) such that if z, y
are coprime integers and f(z,y) # 0 then rad f(z,y) > max{|z|, [y|}"27¢.

With an additional assumption we obtain a better lower bound for
rad f(z,y):

4.2. Lemma. Assume that the (ABC) Conjecture is true. Let n > 2, let
L be a positive square-free integer and let f be a form of degree n with
Ag #0 and f(1,0) # 0.

Then for every real number € > 0 there exists K > 0, depending on
e, f and L such that if x, y are coprime integers, such that y € L* and
fz,y) # 0 then rad f(z,y) > K max{|z[, [y|}"~'~=.

PRrROOF. Let ¢(X,Y) =Y f(X,Y) so g is a form of degree n +1. We
have A, = f(1,0)2Af # 0. We apply the preceding Theorem to the form

g, noting that g(z,y) # 0; Lrad f(z,y) > rad(yf(z,y)) = radg(z,y) >
K ma ], [y "D 27¢. So rad f(z,y) > & max{|e], [y} 17 where £
depends on ¢, f and L. O

The following calculations will be used repeatedly:
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4.3. Lemma. Assume that the (ABC) Conjecture is true. Let R be a
positive square-free integer, let 6 > 0.

a) Let g be a form of degree n > 3, with A, # 0, let T' be the set of
all pairs of coprime integers (x,y) such that g(x,y) € I(R, s+ 5). Then
T is finite.

b) Let g be a form of degree n > 2 with Ay, # 0 and such that
9(1,0) # 0. Let L be a positive square-free integer and let T' be the set of all
pairs of coprime integers (x,y), such that y € L™, g(x,y) € I(R, - 5).
Then T is finite.

PROOF. a) If (z,y) € T then g(z,y) = uv where u € R*, ged(v, R) =1
1
and radind v = v > 25 + 0. Then radg(z,y) = raduv < Rlv|7 <

1 1 1 z ¢ B
Rluv|” = Rlg(z,y)|7 < R[(n+1)gll]* x m(, < R[(n+D)|gll] 'm{;

where |[|g|| is the height of g, m(, ) = max{|z|,[y|} and ¢ = ﬁ. We
n—2
have n — 2 > nf. Let n < e < n—2—nf. By 4.1 there exists K > 0,

depending on ¢, and g, such that rad g(z,y) > K m?x_;)_s

From m?x_;)_g_"g < Z[(n+ 1)Hg||]£ it follows that m, ) is bounded,
so T is finite.

b) The proof is similar and appeals to Lemma 4.2. ]

4.4. Proof of Theorem 1.16. 1°) The proof is similar to that of Theo-
rem 1.7 — see 2.12 — and we consider L, H, P, P;, as defined there. Again,
So={hp|P€Pp, he H},s0 Sy C S.

2°) Proof that Sy is finite and effectively computable. It suffices to
show that for every h € H the set Py is finite. For every P € Py let
f=hp,soh(zp,yp) = hp(1,0) = f(1,0) € I(R, 25 +6). By Lemma 4.6
the set C, = {(xp,yp) | P € Py} is finite.

We proceed as in Lemma 2.11. Let (r,s) € Cp, let Q@ = (5%) with

detQ = 1. If P = (’”P) € P, then Q1P = (1 ZP) with wp = det P €

5 Yp O wp
L* and the mapping (z’p,yp) — (zp,wp) is a bijection. Let g = hqg so
nglpth:fGSO. '
With a simple calculation we see that if 0 < j <n—2 then (D’g)g-1p=
Di(gg-1p). If hp = f € Sy then

(D7g)(1,0) = (Dig)g-1p(1,0) = DI(gg-1p)(1,0)
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= D(hp)(1,0) = D’ £(1,0)
=nn—1)...(n—754+1)f(1,0) # 0.

Also Dj(zp,wp) = (D7g)g-1p(0,1) = DI f(0,1) € I(R, ;251 +6). Since
wp € L* by Lemma 4.3 the set C* = {(ZP,wp) | P = (Zz;i’) € Ph} is
finite.

By Lemma 2.11 the corresponding pairs (z'5, y») belong to a finite set.
Since this is true for each (r,s) € Cp, it follows that P, is finite, which
suffices to show that Sy is finite.

3°) Proof of (a).

We take L = 1 then S = Sy so S is finite.

4°) Proof of (b).

Now we take L = R. Let f € S so there exist h € H, e € R* and P
such that

det P € R* and ef = hp.

yy
' =lx',y =0y andlet P = (g g), hence P = P (’;’ j); thus (det P)kl{ =
det P € R* hence det P € R*, k,l,€ R*. So ef(X,Y) = hp(kX,lY).

It suffices to show that hp € S, hence hp € Sy. From ef = hp then
Ap(det P)Mn=1) = 2=V A € RX s0 Aj, € R* and therefore Ap, € R™.

We have hp = hp(kX,lY) hence DI(hp) = kI(D7hp)(kX,0Y) =
k](D]hP)<k )"

It follows that e2"=I=DAp;, = k2 =I=0 . (k)= 0=3=1) 5 Ap;,
hence Apjy, # 0.

Next we have k"hp(1,0) = hp(k,0) = hp(1,0) = ef(1,0) = euv
where v € R* ged(v, R) = 1, radindv > "5 + 4. From k& € R* then k"
divides eu, hence hp(1,0) € I(R, "5 4 4). In a similar way we show that
Dihp(0,1) € I(R, 72541 +6).

We have eDIf = DI(hp) = D/ (hp(kX,0Y)) = K DI (hp)(kX,(X).
So (" IkIDI(hp)(0,1) = k' DI (hp)(0,1) = e(D? £)(0,1) = euv where u €
R*, ged(v, R) = 1 and radind v > nﬁ;ﬂ 7 +0. Then "Ik divides cu and
so DI(hp)(0,1) € I(R, 72545 +6).

This shows that hp € Sy and concludes the proof of (b). O

Let P = (I$I)7 k = ng(xay)a = ng((L’,,y,), r = kz, y = ky,




4.5.
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Remark. The real number K, which appears in the statement of 4.1

is effectively computable in terms of the real number, which we had still
denoted by K, in the statement of the (ABC) Conjecture.

As aresult, the number of elements of sets appearing in 4.2, 4.3 and 4.4

are effectively computable in terms of K and the given data.
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