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Local controllability of Lipschitzian discrete
time systems with restrained control

By I. JOO (Budapest) and NGUYEN VAN SU (Budapest)

I. Introduction

This paper is concerned with the local controllability of Lipschitzian
discrete-time systems described by

(1) Tpr1 = f(Tr, ur)

where 2, € R", up € Q C R™, 0 € Q, Q is a convex set and intQ) # (;
f:R™ x R™ — R" is a locally Lipschitzian function at the point (0,0) €
R™ x R™; i.e. there exist a constant K and a neighbourhood V' (0) x U(0)
of the origin (0,0) € R™ x R™ such that for all (z,u) € V(0) x U(0) and
(x',u") € V(0) x U(0) the inequality

1f (2, u) = f(2, u)| < K (|l — 2| + [lu —v']])

is valid.

For a long time, the controllability problem of non-linear systems
has been studied by many authors. LEE and MARKUS [1], for example,
investigated this question for continuous-time systems with the assumption
that the system is smooth at the point (0,0) and the control constraint
set contains the origin in its interior. L. WEISS [2], LUKES [3] and YORKE
[4] also dealt with the case when the system is smooth at the point (0,0)
but the controls are unconstrained. They studied this problem using the
implicit-function theorem for smooth functions. In recent years, N. D. YEN
[7] has studied the Lipschitzian discrete-time systems with the essential
assumption that the origin belongs to the interior of the control constraint
set.

The aim of this paper is to avoid the above assumption and to give
a sufficient condition for the local controllability of Lipschitzian discrete-
time systems.
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Definition 1. The system (1) is said to be locally reachable from
the origin (LR) after M steps if there exists a neighbourhood V(0) of
the origin with the property that for any = € V(0) there are M vectors
Ug, U1, ..., Upr—1 € §2 such that

o =0
X1 :f(O,UO)

ry = f(x1,u1)

r=xy = f(Trp—1,un—1) -

Definition 2. The closed convex set A C L(RP,R?) is said to be the
shield for the mapping f : RP — RY at the point € R?, if, for any ¢ > 0
there exists a neighbourhood U(Z) of the point z such that whenever
x1,x9 € U(Z), there exists an element

AeA
satisfying the inequality
| f(x1) = f(z2) — A(z1 — z2)|| < €llxr — 2|

This definition of shield is equivalent to the original version given in
T-H SWEETZER [5]. We shall use the following result that can be found in
A. D. IOFFE [6].

Theorem A ([6] Open mappings theorem for Lipschitzian function).

Suppose that f is a mapping from an open set E C RP into R?. If
A € L(RP,R?) is a compact shield for f at the point & € E and every
matrix A € A is surjective, then

f(z) € int f(U)
for every neighbourhood U of the point .

II. Main results

Consider the system (1):

(1) Thr1 = [ (@, ur)
r, €R", up, e QCR™.
Assume that € is a convex set, int Q ZQ and 0 € Q, f:R" x R™ —

R™ is a locally Lipschitzian function at the point (0,0) € R™ x R™ and
£(0,0) = 0.
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In [10], it is shown that the generalized Jacobians Jf(0,0) of the
Lipschitzian function f at the point (0,0) are defined as follows:

J0f(0,0) = conv{A € L(R" x R™ R") :
A=lim f' (v, ur) (2, u) — (0,0)

where f/(zy,ur) is the Fréchet derivative of the function f at the point
(xk,ur)}, here conv K denotes the convex hull of the set K.

Let %(O, 0) and %(O, 0) be the partial generalized Jacobians of the
function f at the point (0,0), that is

O 0.0 = {prsC: € € 0(0.0)).
gf(O 0) = {pr,C:C € 0f(0,0)},
where
(pr.C)(v) = C(0,v), v € R™
(prC)(u) = C(u,0), u € R™.
(See [8])

Then it is well-known that the %( ,0) and 8—f( 0) are non-empty,
8 ( 0) is a shield of the

convex and compact sets; moreover g—i( 0) x
function f at the point (0,0). (See [8])

Let now g : R™ — R"™ be a locally Lipschitzian function at the point
0 and g(0) = 0. As above, the generalized Jacobian of g at the point 0 is
denoted by dg(0). Then 0g(0) is also a non-empty convex, compact set
and, what is more, dg(0) is the shield of g at the point (0) (See [8]). Now
we consider the system (1). Let g : R™ — R™ be a locally Lipschitzian

function at 0 and g(0) = 0. Assume that there exists a neighbourhood
Q CR™ of 0 € R™ such that g(2) C Q.
Let u; € Q, 1 =0,1,2,..., M — 1 and we set
Ty = f(oag<u0))
T2 = f(x1,g(u1)) = f(f(O,UIO)),g(Ul))

wym = f(@a—1,9(unr—1))
= f(f(-- (0, 9(u0)), g(u1)), ... g(urr—1)) -
We define the function ¢ : (R™)M — R” as follows:

@(uo,ut, - upr—1) = xnr = f(f(--. £(0,9(w0)),g(u1), ..., g(unrr—1)))
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where
(ug,upy ... upr—1) € (Rm)M

Before stating the main results, we need the following

Lemma 1. Let

X= COHV{[AM_lAM_Q e AlBoGQ, AM_lAM_2 ce AzBlGl,

s Bry—1G 1]
of .
Aie00), i=1,2,... M-1;
€8x(0 0), ¢
B; egf(o 0), i=0,1,2,3,...,M —1

G € 9g(0), 220,1,2,...,M—1},

then Y is the shield of the function ¢ at the point 0 € (R™)M

PROOF. It is obvious that ¥ C L((R™)M™ R") is a convex, compact

set (since %(0, 0), %(O, 0), and dg(0) are convex and compact sets).

Let
P : R™MM - R™ Pu = u,

where u = (ug,uy,...,up—1) € R™M i =0,1,2,...,M — 1.
It is easy to see that
1 = f(oag(POU))
x2 = f(f(0,9(Pou)), g(Pru))

ey = f(em-1(w), g(Par-1(w)))-
Let
c(R™M 5 R™ x R™
(wi(u), g(Pi(u)))

(U)
c R™MM §=0,1,2,...,M —1.

Then o = fogn_1.

Since f and g are Lipschitzian functions, it follows that ¢ is also
Lipschitzian.
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Applying the “Chain Rule” for generalized Jacobians ([11] Theo-
rem 2.6.6 and its Corollary) we get that

9¢(0) C conv{0f(grr-1(0))0gar—1(0)}
C conv{0f(0,0)0ga-1(0)} .

Since
gu—1(u) = (f(Gr—2(uw)), g(Prr—1(u)))

we obtain by applying again the “Chain Rule” for generalized Jacobians
that

0grr—1(0) C conv{0df(0,0)0gnrr—2(0),conv{0g(0)0Prr—1(0)}}.
It follows from the above that
0p(0) C conv{df(0,0)conv{df(0,0)0gnr—2(0),conv{dg(0)0Pnr;_1(0)}}}.

By continuing this calculation and by the formula of ¥ we have that
0p(0) C X. Since 0p(0) is a shield for the function ¢ we get that X is also
a shield for this (. This completes the proof of Lemma 1.

Now we are in a position to state the main result:

Theorem 1. Consider the system (1). Assume that the following
conditions hold:
(i) There exists a locally Lipschitzian function at 0 g : R™ — R™ with
g(0) = 0 and a neighbourhood @ C R™ of the origin such that

g9(Q2) C Q.
(ii) For all T € 3, we have rankT" = n, where

Y= COIIV{[AMlAM_Q NN AlBoGo, AM_lAM_Q ‘e AgBlGl,

...,BMflGMfl] :
of
A; € =-(0,0), i=1,2,...,M —1;
E@x( )8
of
B; € =2(0,0), i =0,1,2,...,M —1 :
Gau(OO) i=0

Gi € dg(0), 1:0,1,2,...,M—1}.
Then the system (1) is LR after M steps.

PROOF. We note that by our assumptions ¢g(0) = 0 and f(0,0) = 0,
©(0,0,...0) = 0. As Q C R™ is a neighbourhood of the point 0 € R™
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and QM in (R™)M is a neighbourhood of the point 0 € (R™)M, so from
Lemma 1 and Theorem A it follows that
0 € intp(QM).

But ¢(2) C Q, therefore the system (1) is LR from the origin after M
steps.

Corollary 1. Consider the system (1). Assume that all conditions are
fullfiled and 0 € int ). Let

XY= COHV{[AM_lAM_Q e AIBO; AM_lAM_Q e AgBl, ce 7BM—1]

of :
Ae 0.0y, i=12... M—-1
Ef)x(o 0), i
of
Bie2L(0,0),i=0,1,2,....M—1}.
e X 0.0). 1 }

If for every T € ¥ rank T' = n, then the system (1) is LR after M steps.

PROOF. Since 0 € int €2, we can choose Q := Q and g(u) := u, u €
R™ then g(0) = 0 and g is a Lipschitzian function. In this case dg(0) =
{Imxm}, where I, x.,, denotes the identity-matrix in R™. From Theorem 3
we immediately obtain this result.

Remark. In [7] the second author has shown that if there exists
Py, Py,...,Py—1 € L(R",R™)
such that the convex hull of the set
{Av—1Ap—2.. . AiBoPo + Ay—1Ap—2 .. . ByPr 4 -+ - 4+ By—1 Py
of

A e 0,0, i=11,.. M1
Eax(O 0), i
of .
Bie 20,0, i=012. . M-1
e % 0.0). 1 )

consists only of nonsingular matrices and 0 € int ), then the system (1) is
LR after M steps. Comparing Corollary 1 to this result we see that Corol-
lary 1 yields a more convenient condition for the verification of reachability
and it is more similar to Kalman’s classical controllability condition.

Corollary 2 (L. WEIss [2]). Consider the system (1) with 0 € int ()
and f(0,0) = 0. Assume that the function f is continuously differentiable
at (0,0). Let

of of
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If
rank[AM~'B, AM~2B ... Bl=n

then the system (1) is LR after M steps.

ProOOF. This follows immediately from Corollary 1 by noting that
Y =[AM-1B AM=2B ... B].

In the following we give a construction of a concrete function g. Consider
the system (1). Assume that © is a convex set, 0 € Q and intQ # (.
Let a € int () be an arbitrary point in the interior of 2. Without loss of
generality we may assume that

a=e; =(1,0,0,...,0) € R™.
Let » > 0 be such that
Be, (r)={ueR™ : |ju—ei| <r} C Q.

Since 0 ¢ int (), we have r < 1. We define the function g : R™ — R™ as
follows:

lu — det)

u e
L llex||? ) ) €1
g(u) == Ve —r2- +
r lex]]
<u7€1>
+u— Te1 =
lex]]?
:M"/l_TQ'el‘f_u_Ulel
T
where v = (uy,ug,...,uy,) € R™. We note that the function g has a

simple geometrical meaning: it’s values lie on the surface of the cone K
generated by B, (r) with vertex at 0. It is easy to see that

lg(w) — g < 2 (—1‘ + 1) =],

and ¢g(0) =0, so g : R™ — R™ is a Lipschitzian function and

Jow)] <2 (—1‘ v 1) e

So we can choose a neighbourhood Q of 0 € R™ such that g(Q) c Q. Tt
means that the function g satisfies all conditions of Theorem 1. Only one
problem remains for us, namely to compute the dg(0). Let

g1(u) = [lu —ureq| - &

g2(u) :=u —uyeq .
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Then

o) = g1 ) + gafu).

It is obvious that go(u) is differentiable and

0 0

... 0
0 1 ... 0
gé(u) = Linxm — €1 '€1T : 1 0
0o ....... 1

Since

g1(u) = Vus? +us? 4 .. up? -
we have (by ROCKAFELLAR [10])

0 & P T
0O O . 0
9g1(0) = | : 0 0
0O ....... 0
where
€=1(0,&,...,&m) € conv(tes, tes,...,,tey),
here e;(i = 2,3,...,m) is i—th basis vector in R™.
From the above we have
0 & Em
0 1 0
dg(0) ; 1 0
0o ....... 1
where
5 = (07527"'7£m) S
(wm Y e AN )
conv - es, ez, ————— - €m | -
r r r

Note that the measures &; essentially depend on the sharpness of 2 at 0.
The case is interesting when r = 1, i.e. the sharpness of (2 at 0 is the
largest.
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It is easy to see that in this case

0 0 0
0 1 0
d9g(0) = | : 1 0
0 1

Then ¥ in Theorem 1 has the following simple from

= COHV{[AM_lAM_Q SR A1B0, AM—lAM—2 . AQBl, Ce 7BM—1]

where
0 0 0
0 1 0
B; = B; 1 0
R 1
of
Aie00),i=1,1,... . M—1
(%( ), 1
of
Bi e 2L(0,0), ':0,1,2,...,M—1}
au( ), i
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