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On some special projectively flat (α, β)-metrics

By BENLING LI (Hangzhou)

Abstract. In this paper, we find equations that characterize locally projectively

flat Finsler metrics in the form F = ǫβ + α + 3
2
β arctan(β/α) + αβ2

2(α2+β2)
, where α =p

aijyiyj is a Riemannian metric and β = biy
i is a 1-form. Then we completely deter-

mine the local structure of those with constant flag curvature.

1. Introduction

It is Hilbert’s Fourth Problem to characterize the (not-necessarily-reversible)

distance functions on an open subset in Rn such that straight lines are geodes-

ics [3]. Regular distance functions with straight geodesics are projectively flat

Finsler metrics. It is well-known that every projectively flat metric is of scalar

flag curvature, namely, the flag curvature K(P, y) = K(x, y) is independent of

the section P containing y ∈ TxU (see [4]). Thus projectively flat metrics become

more important and interesting.

In Finsler geometry, (α, β)-metrics are very interesting metrics, which are

expressed in the following form,

F = αφ(s), s =
β

α
,

where α =
√

aijyiyj is a Riemannian metric and β = bi(x)yi is a 1-form with

‖βx‖ < b0 for x ∈ M , and φ = φ(s) is a C∞ positive function on an open interval

(−b0, b0) satisfying

φ(0) = 1, φ(s) > 0, φ(s) − sφ′(s) + (b2 − s2)φ′′(s) > 0,

Mathematics Subject Classification: 53B40.

Key words and phrases: projectively flat, (α, β)-metric.
Research is support in part by NNSFC (10571154).



296 Benling Li

where s and b are arbitrary numbers with |s| ≤ b < b0. For some functions φ, the

defined metric F = αφ(β/α) is projectively flat if and only if α is projectively flat

and β is parallel with respect to α. For example, the Matsumoto metric defined

by φ = 1/(1 − s) and its approximation metrics have this property [1]. For some

functions φ, the 1-form of projectively flat metric F = αφ(β/α) is not necessarily

parallel. The simplest one is Randers metric F = α + β defined by φ = 1 + s (see

[7]). Another interesting metric is F = (α+β)2

α
defined by φ = (1 + s)2 (see [9]).

For the existence of these nontrivial metrics, the Finsler geometry becomes more

colorful. In this paper, we consider a special (α, β)-metric

F = ǫβ + α +
3

2
β arctan(β/α) +

αβ2

2(α2 + β2)
, (1.1)

which was mentioned firstly in [11]. And we find the sufficient and necessary

conditions for it to be projectively flat.

Theorem 1.1. F = α
(

ǫs + 1 + 3
2s arctan(s) + s2

2(1+s2)

)

where s = β/α is

locally projectively flat if and only if

bi;j =
1

2
τ((1 + 4b2)aij − 3bibj) (1.2)

and

Gi
α = θyi − τα2bi (1.3)

where τ = τ(x) and θ = ai(x)yi. In this case,

Gi = {θ + τχα}yi,

where

χ =
ǫ(1 + s2)2 + 3

2 arctan(s)(1 + s2)2 + 3
2s(1 + s2) + s

2(2ǫs(1 + s2) + 2(1 + s2) + 3s arctan(s)(1 + s2) + s2)
− s, s =

β

α
. (1.4)

In [11], Shen studies a larger class of (α, β)-metrics and finds a sufficient

condition for the metric in the class to be projectively flat. Then he constructs

some special metrics satisfying the sufficient condition. For the family of (α, β)-

metrics discussed in this paper, it has been proved in [11] that (1.2) and (1.3)

are sufficient conditions for F to be locally projectively. However, the problem

whether or not (1.2) and (1.3) are also necessary remains open. In Theorem 1.1 we

prove that (1.2) and (1.3) are also necessary. Further, based on the construction

in [11], we will give some special solutions to (1.2) and (1.3) in Section 5 below.

By Theorem 1.1, we can completely determine the local structure of a projec-

tively flat Finsler metric F in the form (1.1) which is of constant flag curvature.
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Theorem 1.2. Let F = α
(

ǫs + 1 + 3
2s arctan(s) + s2

2(1+s2)

)

where s = β/α.

Suppose that F is a locally projectively flat metric with constant flag curvature λ.

Then λ = 0. α is a flat metric and β is parallel with respect to α. Thus F is

locally Minkowskian.

The author wishes to express here her sincere gratitude to Professor Zhong-

min Shen and Professor Yibing Shen for the invaluable suggestions and encour-

agements.

2. (α, β)-metric

In this section, we shall state some properties of (α, β)-metric which is defined

above. Let Gi and Gi
α denote the spray coefficients of F and α, respectively, given

by

Gi =
gil

4

{

[F 2]xkylyk − [F 2]xk

}

, Gi
α =

ail

4

{

[α2]xkylyk − [α2]xl

}

where (gij) := (1
2 [F 2]yiyj ) and (aij) := (aij)

−1. The following formula (2.1) is

given in [8] and [10] and a different version is given in [5] and [6].

Lemma 2.1. The spray coefficients Gi are related to Gi
α by

Gi = Gi
α + αQsi

0 + J{−2Qαs0 + r00}
yi

α

+ H{−2Qαs0 + r00}{b
i − s

yi

α
},

(2.1)

where

Q :=
φ′

φ − sφ′
,

J :=
φ′(φ − sφ′)

2φ((φ − sφ′) + (b2 − s2)φ′′)
,

H :=
φ′′

2((φ − sφ′) + (b2 − s2)φ′′)
,

where s := β/α and b := ‖βx‖α.

In [2], G. Hamel proved that a Finsler metric F = F (x, y) on an open subset

U ⊂ Rn is projectively flat if and only if

Fxkylyk − Fxl = 0. (2.2)

By (2.2), Shen [9] got the following lemma
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Lemma 2.2. An (α, β)-metric F = αφ(s), where s = β/α, is projectively

flat on an open subset U ⊂ Rn if and only if

(amlα
2 − ymyl)G

m
α + α3Qsl0 + Hα(−2αQs0 + r00)(blα − syl) = 0, (2.3)

where sij = 1
2 (bi;j − bj;i), sl0 = sliy

i, s0 = sl0b
l, rij = 1

2 (bi;j + bj;i), and r00 =

rijy
iyj.

3. F = α
(

ǫs + 1 + 3
2
s arctan(s) + s

2

2(1+s
2)

)

In this section, we consider the following metric

F = α

(

ǫs + 1 +
3

2
s arctan(s) +

s2

2(1 + s2)

)

= αφ(s), s = β/α,

where ǫ is a constant, α =
√

aijyiyj is a Riemannian metric and β = bi(x)yi is a

1-form on M . Let b0 = b0(ǫ) > 0 be the largest number such that

ǫs + 1 +
3

2
s arctan(s) +

s2

2(1 + s2)
> 0, |s| ≤ b < b0, (3.1)

so that F is a Finsler metric if and only if β satisfies that b := ‖βx‖α < b0 for

any x ∈ M .

φ(s) = ǫs + 1 +
3

2
s arctan(s) +

s2

2(1 + s2)
,

φ′ = ǫ +
3

2
arctan(s) +

3s

2(1 + s2)
+

s

(1 + s2)2
,

φ′′ =
4

(1 + s2)3
.

Thus

φ − sφ′ =
1

(1 + s2)2
.
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From now on, we always assume that ǫ satisfies (3.1). By Lemma 2.1, the spray

coefficients Gi of F are given by (2.1) with

Q :=
φ′

φ − sφ′
=

(

ǫ +
3

2
arctan(s) +

3s

2(1 + s2)
+

s

(1 + s2)2

)

(1 + s2)2,

J :=
φ′(φ − sφ′)

2φ((φ − sφ′) + (b2 − s2)φ′′)

=

(

ǫ + 3
2 arctan(s) + 3s

2(1+s2) + s
(1+s2)2

)

(1 + s2)

2
(

ǫs + 1 + 3
2s arctan(s) + s2

2(1+s2)

)

(1 + 4b2 − 3s2)
,

H :=
φ′′

2((φ − sφ′) + (b2 − s2)φ′′)
=

2

1 + 4b2 − 3s2
.

Thus (2.3) goes to

(amlα
2 − ymyl)G

m
α

+ α3

(

ǫ +
3

2
arctan(s) +

3s

2(1 + s2)
+

s

(1 + s2)2

)

(1 + s2)2sl0

+
2

1 + 4b2 − 3s2
α(−2α

(

ǫ +
3

2
arctan(s) +

3s

2(1 + s2)
+

s

(1 + s2)2

)

× (1 + s2)2s0 + r00)(blα − syl) = 0.

(3.2)

Proof of Theorem 1.1. First, we rewrite (3.2) as

α((1 + 4b2)α2 − 3β2)(amlα
2 − ymyl)G

m
α + ((1 + 4b2)α2 − 3β2)

×

(

ǫ(α2 + β2)2 +
3

2
(α2 + β2)2 arctan(s) +

3

2
αβ(α2 + β2) + α3β

)

sl0

− 4

(

ǫ(α2 + β2)2 +
3

2
(α2 + β2)2 arctan(s) +

3

2
αβ(α2 + β2) + α3β

)

× (blα
2 − βyl)s0 + 2α3(blα

2 − βyl)r00 = 0.

(3.3)

The coefficients of arctan(s) must be zero, because the other terms are algebraic

functions of yi. We obtain

3

2
(α2 + β2)2((1 + 4b2)α2 − 3β2)sl0 = 6(α2 + β2)2(blα

2 − βyl)s0. (3.4)

Contracting (3.4) with bl yields

(α2 + β2)3s0 = 0.
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By assumption, for any y 6= 0

α2 + β2 6= 0.

Thus

s0 = 0.

Then it follows from (3.4) that

sl0 = 0. (3.5)

Thus β is closed.

Now equation (3.3) is reduced to the following

((1 + 4b2)α2 − 3β2)(amlα
2 − ymyl)G

m
α + 2α2(blα

2 − βyl)r00 = 0. (3.6)

Contracting (3.6) with bl, we get

((1 + 4b2)α2 − 3β2)(amα2 − ymβ)Gm
α = −2α2(b2α2 − β2)r00.

Note that the polynomial (1 + 4b2)α2 − 3β2 is not divisible by α2 and b2α2 − β2.

Thus (amα2 − ymβ)Gm
α is divisible by α2(b2α2 − β2). Therefore, there is a scalar

function τ = τ(x) such that

r00 =
τ

2
[(1 + 4b2)α2 − 3β2]. (3.7)

By (3.5) and (3.7), the formula (2.1) for Gi can be simplified to

Gi = Gi
α + τχαyi + τα2bi, (3.8)

where χ is given in (1.4). We know that F is projectively flat if and only if

Gi = Pyi.

By (3.8), this is equivalent to the following

Gi
α = θyi − τα2bi,

where θ = aiy
i is a 1-form. In this case,

Gi = {θ + τχα}yi. �
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4. Flag curvature

In this section, we shall study the following metric with constant flag curva-

ture K = λ,

F = α

(

ǫs + 1 +
3

2
s arctan(s) +

s2

2(1 + s2)

)

= αφ(s), s = β/α.

We assume that F is locally projectively flat. It is known that if the spray

coefficients of F are in the form Gi = Pyi, then F is of scalar curvature with flag

curvature

K =
P 2 − Pxkyk

F 2
.

Then

K =
[θ + τχα]2 − [θ + τχα]xkyk

F 2

=
(θ + τχα)2 − θxkyk − τxkykχα − τχ′(s)sxkykα − τχαxkyk

F 2
.

Observe that

αxkyk =
2

α
Gm

α ym =
2

α
{θym − τα2bm}ym = 2(θ − τβ)α,

sxkyk =
r00

α
+

2

α2
{bmα − sym}Gm

α

=
τ

2
{(1 + 4b2) − 3s2}α +

2

α2
{bmα − sym}{θym − τα2bm}

=
τ

2
{(1 + 4b2) − 3s2}α − 2τ(b2 − s2)α =

τ

2
(1 + s2)α.

We obtain

K =
θ2 − θxkyk + τ2χ2α2 − τxkykχα − τ2

2 χ′(1 + s2)α2 + 2sτ2χα2

F 2
. (4.1)

Lemma 4.1. Suppose that F = α
(

ǫs + 1 + 3
2s arctan(s)+ s2

2(1+s2)

)

, s = β/α

is locally projectively flat with constant flag curvature K = λ = constant, then

λ = 0.

Proof. First by (4.1), multiplied the equation K = λ by α8F 4(1 + s2)4,

then the coefficients of arctan4(s) must be zero because it is a transcendental

function of yi. We get

λ

(

3

2

)4

β4(α2 + β2)4 = 0.

Thus λ = 0. �
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By Lemma 4.1, we have the following

Proposition 4.2. Let F = αφ(s) = α
(

ǫs+1+ 3
2s arctan(s)+ s2

2(1+s2)

)

where

s = β/α. Suppose that F is a locally projectively flat metric with zero flag

curvature. Then α is a flat metric and β is parallel with respect to α. Thus F is

locally Minkowskian.

Proof. Under the assumption that K = 0, we obtain

θ2 − θxkyk + τ2χ2α2 − τxkykχα −
τ2

2
χ′(1 + s2)α2 + 2sτ2χα2 = 0. (4.2)

Multiplied (4.2) by 4φ2, then the coefficients of arctan2(s) must be zero (note:

arctan2(s) is a transcendental function of yi). We obtain

9s2(θ2 − θxkyk) +
3

4
τ2α2(1 − 3s2)2 +

9

4
(2sτ2α2 − τxkykα)s(1 − 3s2)s

+
9

2
τ2α2(1 + s2)

[

1

4
(1 + s2)2(1 + 3s2) + s2

]

= 0. (4.3)

α6 × (4.3) yields

9β2α4(θ2 − θxkyk) +
3

4
τ2α4(α2 − 3β2)2 +

9

4
α4(2βτ2 − τxkyk)(α2 − 3β2)β

+
9

2
τ2(α2 + β2)

[

1

4
(α2 + β2)2(α2 + 3β2) + α4β2

]

= 0.

Note that the polynomial 9
2τ2(α2 + β2)[14 (α2 + β2)2(α2 + 3β2) + α4β2] is not

divisible by β. Thus τ = 0. Therefore

bi;j = 0, Gi = Gi
α = θyi.

By assumption, F has zero flag curvature, thus α has zero sectional curvature.

Thus α is locally isometric to the Euclidean metric. �

5. Special solutions

In the last section, we have shown that (1.2) and (1.3) are necessary and

sufficient conditions for F to be locally projectively flat. Now we give some

special solutions to (1.2) and (1.3), based on the construction of examples in [11].
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Example 5.1 ([11]). Define

α := eρ(h)αµ, β := C2e
5

4
ρ(h)dh,

where

αµ =

√

|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2
,

h :=
1

√

1 + µ|x|2

{

C1 + 〈a, x〉 +
η|x|2

1 +
√

1 + η|x|2

}

,

ρ = ρ(t) be given by

ρ(t) = ln

[

−2(C2)
2

(

C3 + µt −
1

2
µt2

)]

−2

,

η and Ci are constants (C2 > 0) and a ∈ Rn is a constant vector.

Then we can simply check that α and β satisfy (1.2) and (1.3) with

τ =
ρ′(h)

2C2e
5

4
ρ(h)

.

Thus the Finsler metric F = ǫβ + α + 3
2β arctan(β/α) + αβ2

2(α2+β2) is projectively

flat.
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