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Sequences of algebraic numbers and density modulo 1

By Roman Urban

Abstract. We prove density modulo 1 of the sets of the form

{µmλnξ + rm : m, n ∈ N}
and

{µmλnξ + rm+nβ : m, n ∈ N},
where λ, µ is a pair of rationally independent real algebraic numbers, satisfying some

additional assumptions, ξ 6= 0, r, β ∈ R and rm is any sequence of real numbers.

1. Introduction

It is a very well known result in the theory of distribution modulo 1 that
for every irrational ξ the sequence {nξ : n ∈ N} is dense modulo 1 (and even
uniformly distributed modulo 1) [13].

In 1967, in his seminal paper [5], Furstenberg proved the following

Theorem 1.1 (Furstenberg, [5]). If p, q > 1 are rationally independent

integers (i.e., they are not both integer powers of the same integer) then for every

irrational ξ the set

{pmqnξ : m, n ∈ N} (1.1)

is dense modulo 1.
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One possible direction of generalization is to consider p and q in Theorem 1.1
that are not necessarily integers. This was done by Berend in [4].

According to [16], Furstenberg conjectured, that under conditions of Theo-
rem 1.1, the set {(pm + qn)ξ : m, n ∈ N} is dense modulo 1. As far as we know,
this conjecture is still open, however there are some results concerning related
questions. For example, B. Kra in [12], proved the following

Theorem 1.2 (Kra, [12, Theorem 1.2 and Corollary 2.2]). For i = 1, 2,

let pi, qi be two multiplicatively independent integers whose absolute values are

bigger than 1. Assume that p1 6= p2 or q1 6= q2. Then, for every ξ1, ξ2 ∈ R with

at least one ξi /∈ Q, the set

{pm
1 qn

1 ξ1 + pm
2 qn

2 ξ2 : m, n ∈ N}
is dense modulo 1.

Furthermore, let rm be any sequence of real numbers and ξ 6∈ Q. Then, the

set

{pm
1 qn

1 ξ + rm : m, n ∈ N} (1.2)

is dense modulo 1.

Inspired by Berend’s result [4], we prove some kind of generalization of
the second part of Theorem 1.21 Namely, we allow algebraic numbers, satisfying
some additional assumption, to appear in (1.2) instead of integers, and prove the
following two theorems.

Theorem 1.3. Let λ, µ be a pair of rationally independent real algebraic

numbers (with conjugates λ = λ1, λ2, . . . , λd and µ = µ1, µ2, . . . , µr) such that

µ ∈ Q(λ), i.e., µ = g(λ) for some g ∈ Q[x].
Assume that λ has the property that for every n ∈ N, λn has the same degree

over Q as λ.

Let S = {∞, p1, p2, . . . , ps}, where pk ≥ 2, 1 ≤ k ≤ s, are the primes

appearing in the denominators of the coefficients of g ∈ Q[x] and the minimal

polynomial Pλ ∈ Q[x] of λ.

Assume further that

min
p∈S

min
1≤i≤d

|λi|p > 1 and min
p∈S

min
1≤j≤r

|µj |p > 1, (1.3)

where | · |p is the p-adic norm, whereas | · |∞ stands for the usual absolute value.2

1[22] and [24] contain some extensions of the first part of Theorem 1.2 to the setting of algebraic

numbers of degree 2.
2See subsection 2.2 for the definition of the p-adic norm.
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Then, for any non-zero ξ and any sequence of real numbers rm, the set

{µmλnξ + rm : m, n ∈ N}
is dense modulo 1.

Theorem 1.4. Let λ, µ be a pair of rationally independent real algebraic

numbers satisfying conditions of Theorem 1.3. Then, for any non-zero ξ and any

two real numbers r, β, the set

{µmλnξ + rm+nβ : m, n ∈ N} (1.4)
are dense modulo 1.

The sets of the form (1.4) with λ and µ ∈ N have been considered by Berend
in [3]. Here we generalize his proof to our setting. Theorem 1.3 for algebraic
integers was proved in [23].

As an example illustrating Theorem 1.3 and Theorem 1.4, consider the fol-
lowing expressions containing algebraic numbers of degree 2,

(
17√

2
+

1
3 · 5 · 7

)m (
11 · 17√

2
+

11
3 · 5 · 7 +

1
72

)n

+ 7m

and

2
(

53

√
3

+
1

2 · 11

)m (
7 · 53

√
3

+
7

2 · 11
+

1
23

)n

+ 3m+nπ.

Another kind of generalization of Furstenberg’s Theorem 1.1, which we are
going to use in the proof of our results, is to consider higher-dimensional ana-
logues. A generalization to a commutative semigroup of non-singular d × d-
matrices with integer coefficients acting by endomorphisms on the d-dimensional
torus Td = Rd/Zd, and to the commutative semigroups of continuous endomor-
phisms acting on a-adic solenoids and on other compact abelian groups was given
by Berend in [1] and [2], respectively (see Section 2.3.4). Recently some gener-
alizations for non-commutative semigroups of endomorphisms acting on Td have
been obtained in [6], [7], [17].

The structure of the paper is as follows. In Section 2 we recall some notions
and facts from ergodic theory, topological dynamics and some elementary defi-
nitions and notions concerning p-adic numbers and a-adic solenoids. Following
Berend [1], [2], we recall the definition of an ID-semigroup of endomorphisms of
a compact group and state Berend’s theorem, [2], which gives conditions that
guarantee that a given semigroup of endomorphisms of an a-adic solenoid is an
ID-semigroup. Finally in Section 3, using some ideas from [12], [4] we prove
Theorem 1.3 and Theorem 1.4.



144 Roman Urban

2. Preliminaries

2.1. Algebraic numbers. We say that P ∈ Z[x] is monic if the leading co-
efficient of P is one, and reduced if its coefficients are relatively prime. A real
algebraic integer is any real root of a monic polynomial P ∈ Z[x], whereas an
algebraic number is any root (real or complex) of a (not necessarily monic) non-
constant polynomial P ∈ Z[x]. The minimal polynomial of an algebraic number
θ is the reduced element P of Z[x] of the least degree such that P (θ) = 0. If θ is
an algebraic number, the roots of its minimal polynomial are simple. The degree
of an algebraic number is the degree of its minimal polynomial.

Let θ be an algebraic integer of degree n and let P ∈ Z[x] be the minimal
polynomial of θ. The n− 1 other distinct (real or complex) roots θ2, . . . , θn of P

are called conjugates of θ.

2.2. p-adic numbers. The basic references for this subsection are [10], [14], [18].
By P ⊂ N we denote the set of primes. Let p ∈ P be a prime number. The p-adic
norm | · |p on the field Q is defined by |0|p = 0 and |pk n

m |p = p−k for k, n,m ∈ Z
and p - nm. The p-adic field of rational numbers Qp is defined as the completion
of Q with respect to the norm | · |p. It is easy to see that the p-adic norm | · |p on
Q and its extension to Qp satisfy:

(i) |x|p ∈ {pk : k ∈ Z} ∪ {0},
(ii) |xy|p = |x|p|y|p,
(iii) |x + y|p ≤ max{|x|p, |y|p}, (ultrametric triangle inequality)

for all x, y ∈ Qp.
For simplicity of notation we write Q∞ = R, | · |∞ = | · | for the usual absolute

value, and {x}∞ = {x} for the fractional part of x ∈ R.
The p-adic field Qp is a locally compact field and every x ∈ Qp can be

uniquely expressed as a convergent, in | · |p-norm, sum (Hensel representation),

x =
∞∑

k=t

xkpk, (2.1)

for some t ∈ Z and xk ∈ {0, 1, . . . , p− 1}. The fractional part of x ∈ Qp, denoted
by {x}p, is 0 if the number t in the Hensel representation (2.1) is greater than or
equal to 0, and equal to

∑
k<0 xkpk, if t < 0.

The integral part [x]p of an element x ∈ Qp is
∑

k≥0 xkpk.
The closure of Z in Qp is the compact ring Zp of p-adic integers. An element

x ∈ Qp is a p-adic integer if it has a Hensel representation (2.1) with t ≥ 0, that
is, its fractional part {x}p = 0.
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For a positive integer a, denote by Z[1/a] the ring obtained from Z by ad-
joining 1/a. Thus, any x ∈ Qp can be uniquely written as x = [x]p + {x}p, where
[x] ∈ Zp and the fractional part {x}p ∈ Z[1/p] ∩ [0, 1).

Define
τp : Qp → C : x 7→ exp(2πi{x}p). (2.2)

It is easy to see that the map τp is a homomorphism and the additive group Qp/

Zp is isomorphic with the group µp∞ of p-th power roots of unity in the complex
field C (see [18]).

2.3. a-adic solenoids and Berend’s Theorem. In this subsection we recall
the definition and basic facts about a-adic solenoids. We follow the presentation
of [2] (see also [8]).

Consider Z[1/a] as a topological group with the discrete topology. We assume
that a is square-free, that is a = p1p2 . . . ps, where pj ’s are distinct primes. The
dual group Ẑ[1/a] of Z[1/a] is called the a-adic solenoid and we denote it by Ωa

(see [8]). The compact abelian group Ωa may be considered as a quotient group
of the additive group R×Qp1 × · · · ×Qps by a discrete subgroup

B = {(b,−b, . . . ,−b) : b ∈ Z[1/a]}. (2.3)
That is,

Ωa = R×Qp1 × · · · ×Qps/B. (2.4)

In fact, let
i : Z[1/a] → R×Qp1 × · · · ×Qps

be a discrete embedding of Z[1/a] into R × Qp1 × · · · × Qps , given by i(x) =
(x, x, . . . , x). For p ∈ P ∪ {∞}, the dual group Q̂p is topologically isomorphic
with Qp and the action of the character χx ∈ Q̂p corresponding to x ∈ Qp

is χx(y) = exp(2πi{xy}p), where {·}p stands for the fractional part defined in
subsection 2.2. The dual endomorphism î : R×Qp1 × · · ·×Qps → Ωa gives Ωa as
a quotient group of R × Qp1 × · · · × Qps/ ker î. But it is not difficult to see that
ker î = B (see [2] for details). Since the image of R by î is dense in Ωa (see [8]),
it follows that Ωa is connected.

By (2.4) it follows that for any non-negative integer d,

Ωd
a = Rd ×Qd

p1
× · · · ×Qd

ps
/Bd,

where
Bd = {(b,−b, . . . ,−b) : b ∈ Z[1/a]d}. (2.5)

2.3.1. Continuous endomorphism of an a-adic solenoid Ωa. Now, we recall the
description of the ring of continuous endomorphisms of an a-adic solenoid Ωa,
a = p1 . . . ps, and its d-fold Cartesian product Ωd

a. To simplify the notations we
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write p0 = ∞. Thus, according to the notations introduced in subsection 2.2,
Qp0 = Q∞ = R.

Any c ∈ Z[1/a] gives rise to an endomorphism ϕc of
∏s

j=0Qpj
defined by

ϕc(x0, x1, . . . , xs) = (cx0, cx1, . . . , cxs),

(x0, x1, . . . , xs) ∈
∏s

j=0Qpj . Clearly, ϕc leaves the subgroup B, defined in (2.3),
invariant. Thus, ϕc induces an endomorphism of Ωa. Moreover, all the endomor-
phisms of Ωa are of this form. Thus the ring End(Ωd

a) of endomorphisms of Ωd
a

is isomorphic to M(d,Z[1/a]), where M(d,R) denotes the ring of d × d matrices
over a ring R. The action of the matrix C ∈ M(d,Z[1/a]) on

∏s
j=0Qd

pj
is given

by
C(x0, x1, . . . , xs) = (Cx0, Cx1, . . . , Cxs), (2.6)

(x0, x1, . . . , xs) ∈
∏s

j=0Qd
pj

.
If C is an endomorphism of Ωd

a, then the dual endomorphism Ĉ is given by
the same matrix acting from the right on Z[1/a]d.

2.3.2. Norms. The norm of the vector x = (x1, . . . , xd) belonging to the p-adic
vector space Qd

p, is defined by

‖x‖p = max
1≤j≤d

|xj |p. (2.7)

The p-adic absolute value | · |p has a unique extension to any finite algebraic
extension K of Qp. The norm in Kd is defined as in (2.7). For a Qp-linear map
A : Qd

p → Qd
p its norm is defined as ‖A‖p = sup‖x‖p≤1 ‖Ax‖p. For a K-linear map

from Kd to Kd, where K is a finite algebraic extension of K, we define its norm
similarly.

By Qd
a we denote the “covering space” of Ωd

a, that is

Qd
a =

s∏

j=0

Qd
pj

,

where a is a product of primes a = p1 . . . ps and p0 = ∞, Q∞ = R.
Next, we define the “norm” ‖ · ‖ on Qd

a. For x = (x0, x1, . . . , xs) ∈ Qd
a, let us

put
‖x‖ = max

0≤j≤s
‖xj‖pj . (2.8)

The space Qd
a becomes a metric space with the metric induced by (2.8).
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2.3.3. Homomorphism χd : Ωd
a → Td. Define

χ1 : Ωa = R×Qp1 × · · · ×Qps
/B → T,

by the following formula

χ1

(
(x0, x1, . . . , xs) + B

)
= e2πix0e2πi{x1}p1 · · · e2πi{xs}ps

= e2πix0τp1(x1) · · · τps
(xs),

(2.9)

where τp is defined in (2.2). Since τp is a homomorphism from Qp to the 1-torus
T = R/Z, it is easy to check that the map χ1 is well defined, i.e., for every
r ∈ Z[1/a], we have

χ1 ((x0 + r, x1 − r, . . . , xs − r) + B) = χ1 ((x0, x1, . . . , xs) + B) .

Now, we extend the map χ1 defined in (2.9) to Ωd
a, d > 1. For j = 0, . . . , s, we

denote
xj = (xj

1, . . . , x
j
d) ∈ Qd

pj
.

Now we define a homomorphism

χd : Ωd
a → Td

by formula

χd

(
(x0, x1, . . . , xs) + Bd

)
=

(
χ1(x0

1, x
1
1, . . . , x

s
1), . . . , χ1(x0

d, x
1
d, . . . , x

s
d)

)
. (2.10)

2.3.4. ID-semigroups and Berend’s Theorem. Following [1], [2], we say that the
semigroup Σ of endomorphisms of a compact group G has the ID-property if the
only infinite closed Σ-invariant subset of G is G itself.3 Recall that that a subset
A ⊂ G is said to be Σ-invariant if ΣA ⊂ A.

We say, as we do in the case of real numbers, that two endomorphisms σ

and τ are rationally dependent if there exist integers m and n, not simultaneously
equal to 0, such that σm = τn. Otherwise, we say that σ and τ are rationally
independent.

Berend in [2] gave necessary and sufficient conditions in arithmetical terms
for a commutative semigroup Σ of endomorphisms of Ωd

a to have the ID-property.
Namely, he proved the following.

Theorem 2.1 (Berend, [2, Theorem II.1]). A commutative semigroup Σ of

continuous endomorphisms of Ωd
a has the ID-property if and only if the following

hold:

3ID stands for infinite invariant is dense.
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(i) There exists an endomorphism σ ∈ Σ such that the characteristic polynomial

fσn of σn is irreducible over Q for every positive integer n.

(ii) For every common eigenvector v of Σ there exists an endomorphism σv ∈ Σ
whose eigenvalue in the direction of v is of norm greater than 1.

(iii) Σ contains a pair of rationally independent endomorphisms.

Let us explain in more details how to understand the statement of the condi-
tion (ii). It is proved in [2] that the condition (i) implies that the roots λ1,σ, . . . λd,σ

of σ are distinct and that there exists a basis v(i) ∈ Q(λi,σ)d, i = 1, . . . , d, in which
Σ has a diagonal form. Let Kj be the splitting field of the characteristic poly-
nomial fσ of σ over Qpj

, j = 0, . . . , s, and let v1,j , . . . , vd,j be a basis of Kd
j

corresponding to v(i), i = 1, . . . , d. The vectors vi,j , i = 1, . . . , d, j = 0, . . . , s,
are the common eigenvectors of Σ. Denote by λi,j,τ i = 1, . . . , d, the eigenval-
ues of any τ ∈ Σ, considered as a linear map of Kd

j with respect to the basis
v1,j , . . . , vd,j . Then the condition (ii) says that for every 1 ≤ i ≤ d and 0 ≤ j ≤ s

there exists a σi,j ∈ Σ such that |λi,j,σi,j |pj > 1.

2.4. Topological transitivity and ergodicity. Let us start with some basic
definitions given in [15], [9]. We consider a discrete topological dynamical system
(X, f) given by a metric space X and a continuous map f : X → X. We say that
a topological dynamical system (X, f) (or simply that a map f) is topologically
transitive if for any two nonempty open sets U, V ⊂ X there exists n = n(U, V ) ∈
N such that fn(U) ∩ V 6= ∅. One can show that f is topologically transitive if
for every nonempty open set U in X,

⋃
n≥0 f−n(U) is dense in X (see [11] for

other equivalent definitions). If there exists a point x ∈ X such that its orbit
{fn(x) : n ∈ N} is dense in X, then we say that x is a transitive point. Under
some additional assumptions on X, the map f is topologically transitive if and
only if there is a transitive point x ∈ X. Namely, we have the following:

Proposition 2.2 ([20]). If X has no isolated point and f has a transitive

point then f is topologically transitive. If X is separable, second category and f

is topologically transitive then f has a transitive point.

Consider a probability space (X,B, µ) and a continuous transformation f :
X → X. We say that the map f is measure preserving, and that µ is f -invariant,
if for every A ∈ B we have µ(f−1(A)) = µ(A). Recall that f is said to be ergodic
if every set A such that f−1(A) = A has measure 0 or 1.

Let G be a compact abelian group and let m denote the normalized Haar
measure on G. It is known (see e.g. [15]) that m is invariant under surjective
continuous homomorphisms. Recall that the dual group (or character group) Ĝ
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of G consists of all continuous homomorphisms χ of G into the group of comlex
numbers of modulus one. Given a continuous endomorphism θ of G, the induced
homomorphisms θ on Ĝ is defined by θ̂(χ)(x) = χ(θ(x)) for all x ∈ G.

Theorem 2.3. Let G ba a compact abelian group with normalized Haar

measure m, and let θ be a continuous surjective endomorphism of G. Then the

following are equivalent:

(i) The endomorphism θ is ergodic.

(ii) The induced homomorphism θ̂ has no non-trivial finite orbits on the character

group Ĝ.

(iii) For every n ≥ 1 the endomorphism Id− θn of G is serjective.

(iv) The dual endomorphism θ̂ is aperiodic, i.e., θ̂n − Id is injective for all n ≥ 1.

Proof. See e.g. [19], where also other equivalent statements are given. ¤

We will need the following lemma which is a particular case of classical result
giving relation between ergodicity and topological transitivity (see e.g. [15] for the
proof).

Lemma 2.4. If A ∈ End(Ωd
a) is ergodic then it is topologically transitive.

In particular, A has a transitive point t ∈ Ωd
a, i.e., {Ant : n ∈ N} is dense in Ωd

a.

The next lemma characterizes finite invariant sets of ergodic endomorphisms
of Ωd

a.

Lemma 2.5 ([2, Lemma II.15]). Let σ be an ergodic endomorphism of Ωd
a.

A finite σ-invariant set consists only of torsion elements.

Recall that a closed Σ-invariant set A ⊂ Ωd
a is Σ-minimal if it has no proper

closed invariant subsets.

Proposition 2.6 ([2, Proposition II.7]). Let Σ be a semigroup of endomor-

phisms of Ωd
a satysfying the conditions of Theorms 2.1. Let M be a Σ-minimal

set. Then M is a finite set of torsion elements.

3. Proof of Theorem 1.3 and 1.4

Let λ > 1 be a fixed real algebraic number of degree d > 1 with minimal
(monic) polynomial Pλ ∈ Q[x],

Pλ(x) = xd + cd−1x
d−1 + · · ·+ c1x + c0.
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We associate with λ the following companion matrix σλ of Pλ,

σλ =




0 1 0 . . . 0
0 0 1 . . . 0
...

...
0 0 0 . . . 1
−c0 −c1 −c2 . . . −cd−1




.

Remark. (i) We can think of σλ as a matrix of multiplication by λ in the
basis of the algebraic number field Q(λ) consisting of 1, λ, . . . , λd−1, that is, if
x ∈ Q(λ) has coordinates α = (α0, α1, . . . , αd−1) in the basis {1, λ, . . . , λd−1},
then λx ∈ Q(λ) has coordinates ασλ.

(ii) Notice that the characteristic polynomial fσλ
of σλ is equal to Pλ.

For an arbitrary element µ ∈ Q(λ), let g ∈ Q[x] be such that µ = g(λ). We
define the matrix

σµ = g(σλ). (3.1)

Let a be the product of all primes dividing the denominator of some entry of
either σλ or σµ. Then the matrices σλ, σµ ∈ M(d,Z[1/a]), act on Z[1/a]d by
multiplication from the right and on Ωd

a = Ẑ[1/a]d by multiplication from the left.
Denote by Σ the semigroup of endomorphisms of Ωd

a generated by σλ and σµ. The
vector (1, λ, . . . , λd−1)t is an eigenvector of the matrix σλ with an eigenvalue λ,
that is σλ(1, λ, . . . , λd−1)t = λ(1, λ, . . . , λd−1)t ∈ Rd. Since Σ is a commutative
semigroup it follows that

v = (1, λ, . . . , λd−1,

ds︷ ︸︸ ︷
0, . . . , 0 )t ∈ Rd ×Qd

p1
× · · · ×Qd

ps

is a common eigenvector of Σ acting on Qd
a (the action is given by (2.6)). In

particular,
σµv = g(σλ)v = g(λ)v = µv.

Lemma 3.1. Let µ ∈ Q(λ), i.e., µ = g(λ) for some g ∈ Q[x]. Let λ1, . . . , λd

and µ1, . . . , µr denote the conjugates of λ = λ1 and µ = µ1. Then, for every

j ≤ d, there is a k ≤ r, such that g(λj) = µk.

Proof. For j = 1, . . . , d we define an isomorphism ϕj : Q(λ) → Q(λj) by
setting ϕj(h(λ)) = h(λj) when h ∈ Q[x]. It is known that for each j ≤ d, µ

and ϕj(µ) have the same minimal polynomial (see e.g. [21]). Since µ = g(λ) and
ϕj(µ) = ϕj(g(λ)) = g(λj), it follows that for each j ≤ d, g(λ) and g(λj) have the
same minimal polynomial. But the characteristic polynomial fσµ of the matrix
σµ = g(σλ) has a root g(λ) = µ, hence for all j ≤ r, g(λj) are the zeros of fσµ ,
and the lemma follows. ¤
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Clearly, under the assumptions of Theorem 1.3, the operators σλ and σµ are
rationally independent endomorphisms of Ωd

a. Since λn has degree d over Q and is
a root of the characteristic polynomial fσn

λ
of σn

λ , it follows that fσn
λ

is irreducible
over Q for every n ∈ N. Furthermore, by (1.3) and Lemma 3.1, all the | · |p-norms
(p ∈ S) of λi, µj , 1 ≤ i ≤ d, 1 ≤ j ≤ r are greater than 1. Hence, the condition
(ii) of Theorem 2.1 is also satisfied. Thus we have proved the following

Lemma 3.2. Under the assumptions of Theorem 1.3, the semigroup Σ of

continuous endomorphisms of Ωd
a generated by σλ and σµ is the ID-semigroup.

Let X be a compact metric space with a distance d. Consider the space CX

of all closed subsets of X. The Hausdorff metric dH on the space CX is defined
as

dH(A,B) = max{max
x∈A

d(x,B),max
x∈B

d(x,A)},

where d(x,B) = miny∈B d(x, y) is the distance of x from the set B. It is known
that if X is a compact metric space then CX is also compact.

The next lemma generalizes to our setting the corresponding results from
[12, Lemma 2.1] and [23], where the semigroup generated by the two maps of the
1-torus T = R/Z : x 7→ px mod 1 and x 7→ qx mod 1, and the semigroup of
endomorphisms of Td were considered. For clarity of exposition, we give detailed
proof.

Lemma 3.3. Let σ, τ be a pair of rationally independent and commuting

endomorphisms of Ωd
a. Assume that the semigroups Σ = 〈σ, τ〉 generated by σ

and τ satisfies the conditions of Theorem 2.1, and σ is an ergodic endomorphism

of Ωd
a. Let A be an infinite σ-invariant subset of Ωd

a. Then for every ε > 0 there

exists m ∈ N such that the set τmA is ε-dense.

Proof. It is clear that, taking the closure of A if necessary, we can assume
that A is closed. We consider the space CΩd

a
of all closed subsets of Ωd

a, with the
Hausdorff metric dH . Let

F := {τnA : n ∈ N} ⊂ CΩd
a
.

Since the set A is σ-invariant, it follows that every element (set) F ∈ F is also
σ-invariant. Define,

T =
⋃

F∈F
F ⊂ Ωd

a.

Since A is an infinite set and A ⊂ T , it follows that T is infinite. Notice that T is
closed in Ωd

a, since F is closed in CΩd
a
. Moreover, T is σ- and τ -invariant. Hence,
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by Theorem 2.1, we get
T = Ωd

a.

Since σ is an ergodic endomorphism, it follows by Lemma 2.4, that there exists
t ∈ T such that the orbit {σnt : n ∈ N} is dense in Ωd

a, i.e.,

{σnt : n ∈ N} = Ωd
a. (3.2)

Clearly, t ∈ F for some F ∈ F . By definition of F , there is a sequence {nk} ⊂ N
such that F = limk τnkA, and the limit is taken in the Hausdorff metric dH . Since
t ∈ F and F is σ-invariant, we get, F ⊃ {σnt : n ∈ N} = Ωd

a, by (3.2). Hence,
F = Ωd

a. Therefore, for sufficiently large k, τnkA is ε-dense. ¤

Now we are ready to give

Proof of Theorem 1.3. Let α = ξ(1, λ, λ2, . . . , λd−1,

ds︷ ︸︸ ︷
0, . . . , 0 )t ∈ Qd

a be a
common eigenvector of the semigroup Σ = 〈σλ, σµ〉 (acting on Qd

a). Consider the
following subset of Ωd

a,

A = {σn
λπ(α) : n ∈ N} = {π(λnξ, λn+1ξ, . . . , λn+d−1ξ,

ds︷ ︸︸ ︷
0, . . . , 0 ) : n ∈ N},

where π : Qd
a → Ωd

a is the canonical projection.
Notice that A is infinite. In fact, suppose that A is finite. Using Theorem 2.3

we check that σλ is ergodic. Clearly, A is σλ-invariant. Hence, by Lemma 2.5,
A consists only of torsion elements. However, λ 6∈ Q, so π(α) is not a torsion
element, and we get a contradiction. By Lemma 3.2, Σ = 〈σλ, σµ〉 is the ID-
semigroup of Ωd

a. Thus, by Lemma 3.3 applied to σλ and σµ, there exists m ∈ N
such that σm

µ A is ε-dense. Let vm = π(rm, 0, . . . , 0). Since

σm
µ A + vm = {π(µmλnξ + rm, µmλn+1ξ, . . . , µmλn+d−1ξ, 0, . . . , 0) : n ∈ N}

is a translate of an ε-dense set, it is also ε-dense. Now, taking the image of the
set σm

µ A + vm by the homomorphism χd : Ωd
a → Td, defined in (2.10), and then

projecting on the first coordinate, the result follows. ¤

Proof of Theorem 1.4. Assume that λ > µ. The result will follow if
we were able to show that for every ε > 0 there is M ∈ N such that the set
{λmµM−mξ : 0 ≤ m ≤ M} is ε-dense modulo 1. In order to do this we consider
the companion matrices σλ, σµ and σλ/µ acting on Ωd

a (since λ/µ ∈ Q(λ), we
define σλ/µ in the same way as σµ, i.e., by (3.1)). Observe that none of the
eigenvalues of σλ/µ is a root of unity. In fact, the eigenvalues of σλ/µ are of the
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form λi/g(λi). Suppose that λi/g(λi) ∈ Q(λi) is a root of unity. Applying the
isomorphism ϕ−1

i : Q(λi) → Q(λ), defined in the proof of Lemma 3.1, to the ratio
λi/g(λi) we get

ϕ−1
i

(
λi

g(λi)

)
=

λ

ϕ−1
i (ϕi(g(λ)))

=
λ

µ
.

Hence λ/µ is a root of unity, and suitable powers of λ and µ are equal. But λ and
µ are rationally independent. Hence, we get a contradiction, and by Theorem 2.3
(iii) we conclude that the operator σλ/µ is ergodic. Now, by Lemma 2.4, it follows
that there is an element t ∈ Ωd

a such that its orbit {σn
λ/µt : n ∈ N} is dense in Ωd

a.
Thus, by compactness, for every ε > 0 there exist N ∈ N, and a neighborhood
U of t such that for every s ∈ U , {σn

λ/µs : 0 ≤ n ≤ N} is ε-dense in Ωd
a. Let

U0 = σ−N
λ/µ(U). Let α = ξ(1, λ, λ2, . . . , λd−1,

ds︷ ︸︸ ︷
0, . . . , 0 )t. Since π(α) is not a torsion

element, by Proposition 2.6 we conclude that the Σ-orbit of α is infinite. Thus,
by Lemma 3.2, we can take, m0 and n0 ∈ N such that

σm0
λ σn0

µ π(α) = θ + b, (3.3)

where b ∈ Bd (Bd is defined in (2.5)) and θ ∈ U0. Now, consider the set

AN = {σm0+j
λ σn0+N−j

µ π(α) : 0 ≤ j ≤ N} = {σj
λ/µσN

µ σm0
λ σn0

µ π(α) : 0 ≤ j ≤ N}.

By (3.3) AN = {σj
λ/µσN

µ θ : 0 ≤ j ≤ N}, θ ∈ U0. Since σN
µ θ ∈ U , we conclude

that AN is ε-dense. Taking M = m0 + n0 + N we get ε-dense set

{σm
λ σM−m

µ π(α) : 0 ≤ m ≤ M}
= {π(λmµM−mξ, λm+1µM−mξ, . . . , λm+d−1µM−mξ,

ds︷ ︸︸ ︷
0, . . . , 0 ) : 0 ≤ m ≤ M}.

Now, taking the image of the above set by χd : Ωd
a → Td, defined in (2.10), we

get the result. ¤
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