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Weighted Nikolskǐı-type inequalities

By I. JOÓ (Budapest)

To the memory of Professor András Rapcsák

Weighted polynomial inequalities play a very important role in the
theory of weighted approximations and they are interesting in themselves.
Moreover, they can be useful in other areas, e.g. concerning orthogo-
nal polynomials or convergence of interpolation processes. Nikolskǐı-type
inequalities seek relationship between different finite dimensional metric
spaces of polynomials. The first such inequality was found by S. M. Nikol-
skǐi [15], and it deals with estimating Lq norms of trigonometric polyno-
mials in terms of their Lp norms for p < q (for p > q this is trivially done
by Hölder’s inequality). In this paper we shall consider similar questions
concerning exponential weights. Our paper extends earlier results to the
case α 6= 0, i.e. when the weight has a zero at the origin.

Let

w(x) = wα(x) = |x|α
2 · exp(−|x|m), m ∈ R, m > 0.

Given p, q and m such that 0 < p, q ≤ ∞, m > 0 define the Nikolskǐi
constant, Nn = Nn(m, p, q) n = 1, 2, . . . by

(1) Nn(m, p, q) =





n1/m(1/p−1/q) if p ≤ q,

n(1−1/m)(1/q−1/p) if p > q and m > 1,

(log(n + 1))1/q−1/p if p > q and m = 1,

1 if p > q and 0 < m < 1.

In what follows, for 0 < p ≤ ∞ the expression ‖f‖p is defined by

‖f‖p =




∫

R

|f(t)|pdt




1
p

.
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For α = 0 the Theorem 1 (see below) was proved by P. Névai –
V. Totik [6], for m = 2, α ≥ 0 it was proved by S. Szabó [8] and
for Hermite-weight and Laguerre-weight (1 ≤ p, q ≤ ∞, α ≥ 0) it was
proved by C. Markett [1]. As for Theorem 2, for the weights α = 0,
m ≥ 2 G. Freud [16] found the correct analogue of the classical Markov–
Bernstein inequality. It was extended by A.L. Levin and D.S. Lubinsky
[10] which is the α = 0, 1 < m ≤ 2 case of Theorem 2. The case α = 0,
0 < m ≤ 1 was proved by P. Névai and V. Totik [5] which paper also
contains Theorems 3 and 4 with α = 0. Actually, in [16], [10], [5] more
general weights were considered than w(x) with α = 0, but the parameter
range of m was essentially the same as in our case.

The aim of the present paper is to prove the following theorems.

Theorem 1. Suppose 0 < p, q ≤ ∞, α ≥ 0, m > 0. Then for any
polynomial pn ∈ Πn of degree ≤ n we have

(2) ‖pnwα‖p ≤ cNn(m, p, q) · ‖pnwα‖q,

where c = c(m, p, q) is a positive constant independent of n, pn. The
estimate (2) is sharp, i.e. given m, p, q, with 0 < m < ∞, 0 < p, q ≤ ∞
there exists c∗ > 0 and polynomials {R∗n}∞n=0 deg R∗n ≤ n such that

(3) ‖R∗nwα‖p ≥ c∗Nn(m, p, q) · ‖R∗nwα‖q

for n = 1, 2, . . . .

Theorem 2. Suppose 0 < p < ∞, α/2 > −1/p or p = ∞, α ≥ 0 then
for any polynomials pn of degree ≤ n we have

‖p′nwα‖p ≤ c · n1− 1
m ‖pnwα‖p, if m > 1(4)

‖p′nwα‖p ≤ c · log n‖pnwα‖p, if m = 1(5)

‖p′nwα‖p ≤ c · ‖pnwα‖p, if m < 1,(6)

where c = c(p, m, α) > 0 is a constant independent of n, pn.

Theorem 3. Suppose Φ is a non-negative even function which is con-
cave and increases on [0,∞) and such that

∞∫

−∞

Φ(x)
1 + x2

dx < +∞,
Φ(x)
log x

→∞ (x → +∞).
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Let 0 < q ≤ p ≤ ∞, then

(7)




∞∫

−∞

(|pn(t)| · |t|α
2 exp(−Φ(t))

)p
dt




1
p

≤

≤ c




∞∫

−∞

(|pn(t)| · |t|α
2 exp(−Φ(t))

)q
dt




1
q

with a constant c = c(α, p, q,Φ) > 0 is independent of n, pn.

Theorem 4. Suppose Φ is a non-negative even function which is con-
cave and increasing on [0,∞) and

∞∫

−∞

Φ(x)
1 + x2

dx < +∞.

Then

(8) max
x∈R

|p′n(x)| · |x|α
2 · exp(−Φ(x)) ≤ c max

x∈R
|pn| · |x|α

2 · exp(−Φ(x))

here α ≥ 0 and c = c(α, Φ); and if in addition

(8∗) (2Φ(x)− Φ(2x))/ log(x) → +∞ (x →∞), 0 < p < ∞,
α

2
> −1

p

is filfilled, then

(9)




∞∫

−∞

(|p′n(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

≤

≤ c




∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

, c = c(α, p, Φ).

Our results are not refinable. The proof of this fact will be given in a
subsequent paper of the same journal.

Proof of Theorem 1. We need some lemmas.
Lemma 1.1 ([9], Theorem 4.16.2). Suppose α/2 > −1, m > 0, p > 0.

Then for any polynomial pn of degree ≤ n we have

(1.1)
∫

R

|pn(t)|pwα(t)dt ≤ 2

c1n
1
m∫

−c1n
1
m

|pn(t)|pwα(t)dt
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where the constant c1 = c1(m, p, α) > 0 does not depend of n, pn.

Lemma 1.2. Suppose α/2 > −1/p, m > 0, p > 0. Then for any
polynomial pn of degree ≤ n we have

(1.2)

∞∫

−∞
(|pn(t)|wα(t))pdt ≤ 2

c1
m
√

p n
1
m∫

− c1
m
√

p n
1
m

(|pn(t)|wα(t))pdt

further for any α ∈ R, m > 0

(1.2′) max
t∈R

|pn(t)|wα(t) ≤ c max
|t|<c2n

1
m

|pn(t)|wα(t).

Proof. It is an easy consequence of Lemma 1.1.

Lemma 1.3 ([8], Lemma 2). Denote χ[a,b](t) the characteristic func-

tion of the interval [a, b] and let 0 < q < p ≤ ∞, v(t) = |t|α/2, α ≥ 2.
Then

(1.3)




∞∫

−∞

∣∣pn(t)χ[−1,1](t)v(t)
∣∣p dt




1
p

≤

≤ cn( 1
q− 1

p ) ·



∞∫

−∞

∣∣pn(t)χ[−2,2](t)v(t)
∣∣q dt




1
q

for any algebraic polynomial of degree ≤ n. The constant c is independent
of n and pn.

For the sake of completeness we write here the

Proof. Using the ideas and results of [13], p. 118 we have

c

n + 1

(
|x|+ 1

n + 1

)Γ

≤ inf
pn∈Πn

1
|pn(x)|q

∞∫

−∞
|pn(t)|q · |t|Γ · χ[−2,2](t)dt,

−1 ≤ x ≤ 1, Γ > −1, 0 < q < ∞.
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Hence for every pn ∈ Πn and Γ ≥ 0

(1.4)

∞∫

−∞
|pn(t)|q · |t|Γ · χ[−2,2](t)dt ≥

≥ c

n
|pn(x)|q

(
|x|+ 1

n + 1

)Γ

≥ c

n
|pn(x)|q · |x|Γ,

−1 ≤ x ≤ 1, 0 < q < ∞.

Let Γ = α
2 q. Then we obtain from (1.4)

∞∫

−∞

(|pn(t)| · |t|α
2
)q · χ[−2,2](t)dt ≥ c

n

(|pn(x)| · |x|α
2
)q

,(1.5)

−1 ≤ x ≤ 1, 0 < q < ∞.

Hence

sup
x∈R

|pn(x)v(x)χ[−1,1](x)| ≤(1.6)

≤ cn
1
q




∞∫

−∞
|pn(x)v(x)χ[−2,2](x)|qdx




1
q

,

i.e



∞∫

−∞
|pn(x)v(x)χ−[1,1](x)|pdx




1
p

=

=




∞∫

−∞
|pn(x)v(x)χ−[1,1](x)|p−q+qdx




1
p

≤

≤ sup
x∈R

|pn(x)v(x)χ[−1,1](x)| p−q
p ·




∞∫

−∞
|pn(x)v(x)χ[−1,1](x)|qdx




1
p

≤

≤ cn
p−q
pq




∞∫

−∞
|pn(x)v(x)χ[−2,2](x)|qdx




p−q
pq

·
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·



∞∫

−∞
|pn(x)v(x)χ−[1,1](x)|qdx




1
p

≤

≤ cn( 1
q− 1

p ) ·



∞∫

−∞
|pn(x)v(x)χ[−2,2](x)|qdx




1
q

.

Lemma 1.3 is proved.

Proof of the Nikolskǐı-type inequality (2).
Case (i): 0 < p ≤ q ≤ ∞. By Lemma 1.2 we can estimate ‖pnw‖p

as an integral over a finite interval. Applying Hölder’s inequality to the
latter integral we obtain (2).

Case (ii): p > q and m > 1. We can prove this case similarly to [8].

Proof. First consider the case 0 < q < p < ∞. From Lemma 1.2
(1.2) follows




∞∫

−∞
|pn(t)wα(t)|pdt




1
p

≤ c




c0n
1
m∫

−c0n
1
m

|pn(t)wα(t)|pdt




1
p

.

According to [10], Theorem 1 (see also three pages later at “Case a) m>1”)
there exists a polynomial Rn of degree ≤ c · n such that

Rn(x) ³ e−|x|
m

, |x| ≤ 2c0n
1
m .

Using the substitution t = c0n
1
m x and applying Lemma 1.3 we obtain




c0n
1
m∫

−c0n
1
m

|pn(t)wα(t)|pdt




1
p

³




c0n
1
m∫

−c0n
1
m

|pn(t)v(t)Rn(t)|pdt




1
p

≤

≤ cn
1

mp




∞∫

−∞
|pn(c0n

1
m x)v(c0n

1
m x)Rn(c0n

1
m x)χ[−1,1](x)|pdx




1
p

≤

≤ cn
1

mp · n( 1
q− 1

p ) ·

·



∞∫

−∞
|pn(c0n

1
m x)v(c0n

1
m x)Rn(c0n

1
m x)χ[−2,2](x)|qdx




1
q

.
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Using the substitution x =
t

c0n
1
m

we obtain

cn
1

mp · n( 1
q− 1

p ) ·

·



∞∫

−∞
|pn(c0n

1
m x)v(c0n

1
m x)Rn(c0n

1
m x)χ−[2,2](x)|qdx




1
q

≤

≤ cn
1

mp · n( 1
q− 1

p ) · n− 1
mq ·




2c0n
1
m∫

−2c0n
1
m

|pn(t)v(t)Rn(t)|qdt




1
q

≤

≤ cn(1− 1
m )( 1

q− 1
p ) ·




2c0n
1
m∫

−2c0n
1
m

|pn(t)wα(t)|qdt




1
q

.

The case 0 < q < p = ∞ follows using Lemma 1.2 (1.2’) and (1.6). Hence
the case (ii) is proved.

Case (iii): p > q and m = 1. The proof of this case is the same as
the one for case (ii) but we have to use [5], pp. 125–126 instead of [10],
Theorem 1.

Case (iv): p > q and 0 < m < 1. It follows from Theorem 3 at
Φ(x) = |x|m.

The estimate (2) is proved.

The proof of (3) will be given later.

Proof of Theorem 2. First we prove (4). For this we need some
lemmas.

Lemma 2.1 ([12], Theorem 5). Let 0 < p < ∞, Γ1, . . . , ΓN be arbi-
trary real numbers, 1 = x1 > x2 > . . . > xN = −1, Γi > −1 and

w(t) =
N∏

i=1

|t− xi|Γi,

wn(t)=
(
(1−t)1/2+n−1

)2Γ1
N−1∏

i=2

(|t−xi|+n−1
)Γi

(
(1 + t)1/2+n−1

)2ΓN

.
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Then any algebraic polynomial p of degree ≤ n satisfies

(2.1)

1∫

−1

∣∣∣p′n(1− t2)1/2
∣∣∣
p

wn(t)w(t)dt ≤ cnp

1∫

−1

|pn(t)|pw(t)w(t)dt.

Corollary 2.1. Let 0 < p < ∞, u(t) = (1 − t)a(1 + t)b, a, b > −1,
then for any algebraic polynomial pn of degree ≤ n we have

(2.2)

1∫

−1

∣∣∣p′n(t)(1− t2)1/2
∣∣∣
p

u(t)dt ≤ cnp

1∫

−1

|pn(t)|pu(t)dt.

Lemma 2.2 [13], p. 119, Corollary 26). Let 0 < p < ∞, Γ > −1,
ε > 0, then for any polynomial pn of degree ≤ n we have

(2.3)

1∫

−1

|pn(t)|p · |t|Γdt ≤ cnε

1∫

−1

|pn(t)|p · |t|Γ+εdt

where c = c(p, Γ, ε) is a constant not depending on n, pn.

Lemma 2.3 ([13], p. 163, Lemma 17). Let a ∈ R. Then there exists a
number ε = ε(a) > 0 such that for any algebraic polynomial pn of degree
≤ n we have

(2.4) max
|x|≤ε/n

|pn(x)| ≤ cna max
ε/n≤|x|≤1

|pn(x)| · |x|a

where c = c(a) is a constant independent of n, pn.

Lemma 2.4 ([13], p. 163, Lemma 18). Let a ∈ R, then

(2.5) max
|x|≤1

|p′n(x)| · (|x|+ n−1)a ≤ cn · max
|x|≤2

|pn(x)|(|x|+ n−1)a.

Lemma 2.5. Let a > −1, 0 < p < ∞. Then for any algebraic poly-
nomial pn of degree at most n we have

(2.6)




1∫

−1

|p′n(t)|p · |t|adt




1
p

≤ cn




2∫

−2

|pn(t)|p · |t|adt




1
p

,

where c = c(p, a) is a constant not depending on n and pn. Let a ≥ 0,
p = ∞, then

(2.6′) max
|x|≤1

|p′n(x)| · |x|a ≤ cn · max
|x|≤2

|pn(x)| · |x|a.
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Proof. First we prove the case 0 < p < ∞. We are following the
proof of Lemma 15 in [13], p. 162 where the case 1 ≤ p < ∞ was considered.

Let first pn be an even algebraic polynomial, i.e. of the form pn(x) =
Gn(x2). Then p′n(x) = 2xG′n(x2) and we have to show that

1∫

−1

|xG′n(x2)|p · |x|adx ≤ cnp ·
2∫

−2

|Gn(x2)|2 · |x|adx

or
1∫

0

|G′n(x)|p · |x| p+a−1
2 dx ≤ cnp

4∫

0

|Gn(x)|p|x| a−1
x dx.

But
1∫

0

|G′n(x)|p · |x| p+a−1
2 dx ≤ c

4∫

0

|G′n(x)
√

x
√

4− x |p · |x| a−1
2 dx.

Hence (2.6) follows from Corollary (2.1) when pn is even. let now pn be
odd: pn(x) = xGn(x2). In this case we have p′n(x) = Gn(x2) + 2x2G′n(x2)
and we will prove that

1∫

−1

|x2G′n(x2)|p · |x|adx ≤ cnp

2∫

−2

|xGn(x2)|p · |x|adx

and
1∫

−1

|Gn(x2)|p · |x|adx ≤ cnp

2∫

−2

|xGn(x2)|p · |x|adx.

The first inequality here follows from the first part of the proof by putting
there p + a instead of a. The second inequality follows from Lemma 2.2
choosing ε = p. hence Lemma 2.5 is proved in the case of 0 < p < ∞.

Now consider the case p = ∞. We have to prove that

max
|x|≤1

|p′n(x)| · |x|a ≤ n max
|x|≤2

|pn(x)| · |x|a.

Using (2.5) in Lemma 2.4 we obtain

max
ε
n≤|x|≤1

|p′n(x)| · |x|a ≤ max
ε
n≤|x|≤1

|p′n(x)| ·
(
|x|+ 1

n

)a

≤
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≤ c max
|x|≤1

|p′n(x)| ·
(
|x|+ 1

n

)a

≤ cn · max
|x|≤2

|pn(x)| ·
(
|x|+ 1

n

)a

,

i.e.

(2.7) max
ε
n≤|x|≤1

|p′n(x)| · |x|a ≤ cn · max
|x|≤2

|pn(x)| ·
(
|x|+ 1

n

)a

.

Here

max
|x|≤2

|pn(x)| ·
(
|x|+ 1

n

)a

≤

≤ max
|x|≤ ε

2

|pn(x)| ·
(
|x|+ 1

n

)a

+ max
ε
2≤|x|≤2

|pn(x)| ·
(
|x|+ 1

n

)a

.

But

(2.8)
max

ε
2≤|x|≤2

|pn(x)| ·
(
|x|+ 1

n

)a

≤

≤ c max
ε
n≤|x|≤2

|pn(x)| · |x|a ≤ c max
|x|≤2

|pn(x)| · |x|a

and using (2.4) in Lemma 2.3 we have

(2.9)
max
|x|≤ ε

n

|pn(x)| ·
(
|x|+ 1

n

)a

≤ c max
|x|≤ ε

n

|pn(x)| 1
na

≤

≤ c max
ε
n≤|x|≤1

|pn(x)| · |x|a ≤ c max
|x|≤2

|pn(x)| · |x|a.

Hence from (2.7), (2.8) and (2.9) we get

(2.10) max
ε
n |x|≤1

|p′n(x)| · |x|a ≤ c · n · max
|x|≤2

|pn(x)| · |x|a.

On the other hand, using (2.4) in Lemma 2.3 we have

max
|x|≤ ε

n

|p′n(x)| · |x|a ≤ c · n−a · max
|x|≤ ε

n

|p′n(x)| ≤(2.11)

≤ c · max
ε
n≤|x|≤1

|p′n(x)| · |x|a,

so using (2.10) we obtain

(2.12) max
|x|≤ ε

n

|p′n(x)| · |x|a ≤ cn · max
|x|≤2

|pn(x)| · |x|a.

From (2.10) and (2.12) we obtain (2.6′) so Lemma 2.5 is proved completely.
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Proof of the Markov-Berstein type inequality (4), (5), (6). The idea
of the proof goes back to [2].

Case a) m > 1. For the proof we need a suitable polynomial Sn(x)
for which

(i) Sn(x) is even and its degree is at most n,
(ii) Sn(x) ³ w0(x) if |x| ≤ c1n

1/m,1

(iii) |S′n(x)| ≤ c2|x|m−1 · w0(x) if |x| ≤ c1n
1/m

and in particular

|S′n(x)| ≤ c3n
1− 1

m · w0(x) if |x| ≤ c1n
1/m.

Here the constants c1, c2, c3 are independent of n and x. Such a poly-
nomial Sn(x) was constructed in the paper of Levin and Lubinsky [10],
Theorem 1.

By the “infinite–finite range inequality” (Lemma 1.2) there exists a
constant c4 such that

(2.13) ‖p′nw‖p ≤ c

∥∥∥∥p′nwχh− c4
2 n

1
m ,

c4
2 n

1
m

i∥∥∥∥
p

.

By (ii)

‖p′nw‖p ≤ c

∥∥∥∥p′nvSnχh− c4
2 n

1
m ,

c4
2 n

1
m

i∥∥∥∥
p

=

= c

∥∥∥∥v[(pnSn)′ − pnS′n]χh− c4
2 n

1
m ,

c4
2 n

1
m

i∥∥∥∥
p

≤(2.14)

≤ c

∥∥∥∥v(pnSn)′χh− c4
2 n

1
m ,

c4
2 n

1
m

i∥∥∥∥
p

+ c

∥∥∥∥vpnS′nχh− c4
2 n

1
m ,

c4
2 n

1
m

i∥∥∥∥
p

,

where v(x) = |x|α/2.
By Lemma 2.5 we get: for every 0 < p ≤ ∞ there is a constant c such

that

(2.15) ‖r′nvχ[−1,1]‖p ≤ c · n · ‖rnvχ[−2,2]‖p

for every algebraic polynomial rn of degree at most n. Hence

(2.16)
∥∥∥∥r′nvχh− c4

2 n
1
m ,

c4
2 n

1
m

i∥∥∥∥
p

≤ cn1− 1
m

∥∥∥∥rnvχh−c4n
1
m ,c4n

1
m

i∥∥∥∥
p

.

1In this paper f(x) ³ g(x), x ∈ I ⊂ R denotes that there exist positive constants d1,
d2 ∈ R such that d1|f(x)| ≤ |g(x)| ≤ d2|f(x)| for x ∈ I.
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Now we can apply (2.16) to the first term on the right-hand side of (2.14)
and we obtain

(2.17)
‖p′nw‖p ≤ cn1− 1

m

∥∥∥∥vpnSnχh−c4n
1
m ,c4n

1
m

i∥∥∥∥ +

+c

∥∥∥∥vpnS′nχh− c4
2 n

1
m ,

c4
2 n

1
m

i∥∥∥∥
p

.

Finally, by (ii) and (iii) we can estimate Sn and S′n with w(x), and thus
(4) follows from (2.17).

Case b) m = 1. For p = ∞ see Lemma 4.4 below. If 0 < p < ∞, then
the proof is the same as in the case a) using instead of Sn(x) the polynomial
RLn[log(n+1)](x) (L is an integer), of degree at most Ln[log(n + 1)] such
that RLn[log(n+1)](x) is even and RLn[log(n+1)](x) ³ exp(−|x|), if |x| ≤ c2n,
and ∣∣∣R′Ln[log(n+1)](x)

∣∣∣ ≤ c log n · exp(−|x|), if |x| ≤ c2n.

The existence of such a polynomial RLn[log(n+1)](x) was proved in [5],
Theorem 3.

Case c) 0 < m < 1. This case will be dealt with in the proof of
Theorem 4. Thus Theorem 2 is proved.

Proof of Theorem 3. We need some lemmas. In what follows denote
by Φ any fixed non-negative even function which increases on [0,∞).

Lemma 3.1 ([5] Theorem 1). There exists a sequence of polynomials
{pn}∞n=1 such that

(3.1) pn(0) = 1, |pn(x)| ≤ K exp(−Φ(x)), |x| ≤ 1
if and only if

(3.2)

∞∫

−∞

Φ(x)
1 + x2

dx < ∞.

In what follows we assume also that Φ satisfies Φ(x)/ log x → ∞,
x → ∞. This condition ensures that every polynomial belongs to all of
the space Lp(exp(−Φ)), 0 < p ≤ ∞.

Lemma 3.2. Suppose 0 < p < ∞, α ≥ 0 and that (3.2) holds. Then
there is a constant K = K(p, α, Φ) such that for every polynomial pn of
degree at most n

(3.3)

|pn(x0)| · |x0|α
2 ≤

≤ K sup
u




u+1∫

u−1

(|pn(t)| · |t|α
2 · exp(−Φ(t− x0))

)p
dt




1
p

,
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where x0 ∈ R is arbitrary. If we suppose also that Φ is concave on [0,∞)
then we have

(3.4)

max
x∈R

|pn(x)| · |x|α
2 · exp(−Φ(x)) ≤

≤ K sup
u




u+1∫

u−1

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

.

Proof. The idea of the proof is similar to that of Corollary 3 in [5],
but we need some new ideas too. Let Qn(x) be a polynomial of degree at
most n such that Qn is even, Qn(0) = 1 and

|Qn(x)| ≤ K exp(−2Φ(x)), |x| ≤ n.

Such a polynomial was constructed in [5] Theorem 1. Now we consider

Q∗
n(x) := Qn(x− x0), where x0 6= 0 is arbitrary fixed.

We know, see [8], (6) above, that

(3.5) |pn(x)| · |x|α
2 ≤ cn

1
p




∞∫

−∞

(|pn(t)| · |t|α
2
)p

χ[−1
2 , 1

2 ](t)dt




1
p

,

where |x| ≥ 1/4, α ≤ 0, 0 < p < ∞.
In case |x0|/n ≤ 1/4 we use (3.5) for the polynomial pn(n·)Q∗

n(n·) at
the point x0/n. Then we have

∣∣∣pn

(
n

x0

n

)∣∣∣ ·
∣∣∣Q∗

n

(
n

x0

n

)∣∣∣ ·
∣∣∣x0

n

∣∣∣
α
2 ≤

≤ cn1/p




∞∫

−∞

∣∣pn(nt)Q∗n(nt) · |t|α
2
∣∣p χ[− 1

2 , 1
2 ](t)dt




1
p

≤

≤ c

(
1
n

)α
2

)p




∞∫

−∞
|pn(s)Q∗n(s) · |s|α

2 )pχ[−n
2 , n

2 ](s)ds




1
p

≤

≤ c

(
1
n

)α
2




∞∫

−∞
|pn(s) · exp(−2Φ(s− x0)) · |s|α

2 )pχ[−n
2 , n

2 ](s)ds




1
p

≤

≤ c

(
1
n

)α
2




∞∫

−∞
|pn(s) · exp(−2Φ(s− x0)) · |s|α

2 )pds




1
p
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i.e.

(3.6) |pn(x0)| · |x0|α
2 ≤ c




∞∫

−∞
(|pn(s)| · exp(−2Φ(s− x0)| · |s|α

2 )pds




1
p

.

Here we have for the case 2k − 1 ≤ sk ≤ 2k + 1



∞∫

−∞
(|pn(s)| · exp(−2Φ(s− x0)) · |s|α

2 )pds




1
p

≤

≤ c

{ ∞∑

k=−∞

(
exp(−Φ(sk − x0)))p·

·
2k+1∫

2k−1

(|pn(s)| · exp(−Φ(s− x0)) · |s|α
2

)p

ds





1
p

≤

≤ c sup
u




u+1∫

u−1

(|pn(s)| · exp(−Φ(s− x0)) · |s|α
2 )pds




1
p

.

Using (3.6) we obtain in the case |x0|/n ≤ 1/4

(3.7)

|pn(x0)| · |x0|α
2 ≤ c sup

u




u+1∫

u−1

(|pn(s)| · exp(−Φ(s− x0)) · |s|α
2 )pds




1
p

.

In the case |x0|/n < 1/4 there exists An > 1 such that |x0|/nAn ≤ 1/4.
Using again (3.5) for pn(nAn·)Q∗nAn

(nAn·) at the point |x0|/nAn we ob-
tain

∣∣∣∣pn

(
nAn

x0

nAn

)∣∣∣∣ ·
∣∣∣∣Q∗nAn

(
nAn

x0

nAn

)∣∣∣∣ ·
∣∣∣∣

x0

nAn

∣∣∣∣
α
2

≤

≤ c(nAn)1/p




∞∫

−∞

(|pn(nAnt)Q∗
nAn

(nAnt)| · |t|α
2
)p

χ[− 1
2 , 1

2 ](t)dt




1
p

≤

≤ c

(
1

nAn

)α
2




∞∫

−∞

(|pn(s) ·Q∗
nAn

(s)| · |s|α
2
)p

χ[−nAn
2 , nAn

2 ](s)ds




1
p

≤
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≤ c

(
1

nAn

)α
2




∞∫

−∞

(|pn(s)| · exp(−2Φ(s− x0)) · |s|α
2
)p

ds




1
p

,

i.e.

(3.8) |pn(x0)| · |x0|α
2 ≤ c




∞∫

−∞

(|pn(s)| · exp(−2Φ(s− x0)| · |s|α
2
)p

ds




1
p

.

From (3.8) we obtain that (3.7) is true in case |x0|/n > 1/4. Hence (3.3)
is proved.

Now suppose that Φ is also concave. From (3.3) we get

|pn(x0)| · |x0|α
2 ≤ K1 sup

u




u+1∫

u−1

(|pn(t)| · |t|α
2 · exp(−Φ(t− x0))

)p
dt




1
p

=

= K1 sup
u




u+1∫

u−1

(|pn(t− x0)| · |t− x0|α
2 · exp(−Φ(t− 2x0))

)p
dt




1
p

.

Multiplying this by exp(−Φ(x0)) we obtain

|pn(x0)| · |x0|α
2 · exp(−Φ(x0)) ≤ K1 sup

u

( u+1∫

u−1

(|pn(t− x0)|·

·|t− x0|α
2 · exp(−Φ(x0)) · exp(−Φ(t− 2x0))

)p
dt

) 1
p

≤

≤ K1 sup
u




u+1∫

u−1

(|pn(t− x0)| · exp(−Φ(t− x0)) · |t− x0|α
2
)p

dt




1
p

=

= K1 sup
u




u+1∫

u−1

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

where we have used that by the concavity of Φ we have

exp(−Φ(y)) exp(−Φ(x)) = exp(−Φ(|y|)− Φ(|x|) ≤ exp(−Φ(|y|+ |x|)) ≤
≤ exp(−Φ(|y + x|)) = exp(−Φ(y + x)).
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Thus (3.4) holds.

Lemma 3.3. Suppose (3.2) is fulfilled and Φ is concave on [0,∞).
Then for 0 < p ≤ ∞ all the “norms”

sup
u




u+1∫

u−1

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

, α ≥ 0

are equivalent (uniformly in the polynomial pn). For 0 < p1 < p2 ≤ ∞
and any polynomial pn we have




∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p2
dt




1
p2

≤(3.9)

≤ K




∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p1
dt




1
p1

K = K(p1, p2,Φ).

Proof. The fact that all the “norms” sup
u

(
u+1∫
u−1

(·)p

) 1
p

are equivalent

follows from (3.4). By (3.4) we have

max
x∈R

|pn(x)| · |x|α
2 · exp(−Φ(x)) ≤

≤ K sup
u




u+1∫

u−1

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

≤

≤ K




∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

,

and in the case q ≥ p this yields



∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)q
dt




1
q

=

=




∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)q−p+p
dt




1
q

≤
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≤



∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




p
q

·

·
(

max
x∈R

|pn(x)| · |x|α
2 · exp(−Φ(x))

) q−p
p

≤

≤ K




∞∫

−∞

(|pn(t)| · |t|α
2 · exp(−Φ(t))

)p
dt




1
p

.

Lemma 3.3 is proved, and so Theorem 3 is also proved.
Proof of Theorem 4.
Lemma 4.1. Let a ≥ 0, b > 0. Then for every polynomial pn of

degree at most n we have

max
|t|≤ b

2

|p′n(t)| · |t|a ≤ c
n

b
max
|t|≤b

|pn(t)| · |t|a.

Proof. Using the substitution x = 2t/b in (2.6′) we have

max
t

| 2t
b |≤1

∣∣∣∣p′n
(

2t

b

)∣∣∣∣ ·
∣∣∣∣
2t

pb

a
∣∣∣∣ ≤ c

n

b
max

t
| 2t

b |≤2

∣∣∣∣pn

(
2t

b

)∣∣∣∣ ·
∣∣∣∣
2t

pb

∣∣∣∣
a

,

i.e.

max
|t|≤ b

2

|p′n(t)| · |t|a ≤ c
n

b
max
|t|≤b

|pn(t)| · |t|a.

Lemma 4.2 ([13], p. 114, Corollary 15). Let u be the Jacobi weight
u(t) = (1 − t)a(1 + t)b; a, b > −1, 0 < p < ∞, ε > 0. Then for every
polynomial pn of degree at most n we have

1∫

−1

|pn(t)|p · u(t)dt ≤ cn2ε

1∫

−1

|pn(t)|p · u(t) · (1− t2)εdt

where the constant c depends only on p, a, b, ε.

Lemma 4.3. Let u be the Jacobi weight, 0 < p < ∞, then for every
polynomial Tn of degree at most n we have

1∫

−1

|T ′n(t)|p · u(t)dt ≤ cn2p ·
1∫

−1

|Tn(t)|p · u(t)dt.
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Remark. Goetgheluck proved in [14] a similar statement with up
1(x)

instead of u(x), where

u1(x) = (1− x)α1(1 + x)β1

s∏

i=1

|x− xi|cif1(x), α1, β1, ci ≥ 0.

Here f1 is a measurable function that is bounded away from 0 and from
infinity, and 1 ≤ p ≤ ∞. In our case the weight function is of a more
special kind but we allow 0 < p < ∞.

Proof. Using Lemma 4.2 with pn = T ′n, ε = p/2 we get

1∫

−1

|T ′n(s)|p · u(s)ds ≤ cnp

1∫

−1

|T ′n(s)|p(1− s2)
p
2 u(s)ds

and hence, taking into account Corollary 2.1 we obtain the desired state-
ment.

Now we turn to the proof of Theorem 4. To this end, let Qn(x) be
an algebraic polynomial of degree at most n and such that Qn is even,
Qn(0) = 1, further the estimate

|Qn(x)| ≤ K exp(−Φ(x)|, |x| ≤ n

is fulfilled (sse Lemma 3.1).
Let x0 6= 0 be an arbitrary fixed number and

Q∗n(x) := Qn(x− x0).

In the case of |x0|
n ≤ 1/4 use Lemma 4.1 with b = n/2. We get

|p′n(x0)| · |x0|α
2 = |(pnQ∗n)′(x0)| · |x0|α

2 ≤ K max
|t|≤n

2

|(pnQ∗
n)(t)| · |t|α

2 ≤

≤ K max
|t|≤n

2

|pn(t)| · exp(−Φ(t− x0)) · |t|α
2 .

Multiplying this inequality by exp(−Φ(x0)) and using concavity of Φ, we
obtain

(4.1) |p′n(x0)| · |x0|α
2 · exp(−Φ(x0)) ≤ K max

t∈R
|pn(t)| · exp(−Φ(t)) · |t|α

2

where |x0|
n ≤ 1/4. In the case |x0|

n > 1/4 there exists An > 1 such that
|x0|
nAn

< 1/4. Use again Lemma 4.1 with b = nAn

2 . We obtain

|p′n(x0)| · |x0|α
2 = |(pnQ∗

nAn
)′(x0)| · |x0|α

2 ≤
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≤ c
nAn

nAn
max

|t|≤nAn
2

|(pnQ∗nAn
)(t)| · |t|α

2 ≤

≤ K · max
|t|≤nAn

2

|pn(t)| · exp(−Φ(t− x0)) · |t|α
2 .

From this we obtain that (4.1) holds in the case |x0|/n > 1/4. Thus (8) is
proved.

Now let us asume that (8∗) holds and let 0 < p < ∞. For the
polynomial Qn described at the beginning of the proof, we can define a
constant c4 such that

Qn(x) ≥ 1
2
, |Q′n(x)| ≤ 2 on [−c4, c4] n = 1, 2, . . .

For τ ∈ [−c4, c4]

(4.2) |p′n(τ)| ≤ 2 · |p′n(τ)Qn(τ)| = 2|(pnQn)′(τ)− pn ·Q′
n(τ)|,

is fulfilled therefore by Lemma 2.5 (2.6) we obtain

c4∫

c4

|p′n(τ)|p · τ |α
2 pdτ ≤ K




n∫

−n

|(pnQn)(τ)|p · |τ |α
2 pdτ+

+

c4∫

c4

|pn(τ)|p · τ |α
2 pdτ


 ≤ K

∞∫

−∞

(|pn(τ)| · exp(−Φ(τ)) · |τ |α
2
)p

dτ.

Now we estimate the integral
∫ c4

4
− c4

4
|p′n(y + τ)|p · |y + τ |α

2 pdτ . In the case
of |y| ≤ c4/2 we have

c4
4∫

− c4
4

|p′n(y + τ)|p · |y + τ |α
2 pdτ =

c4
4 +y∫

− c4
4 +y

|p′n(τ)|p · |τ |α
2 pdτ ≤

≤
c4
4 +y∫

− c4
4 −|y|

|p′n(τ)|p · |τ |α
2 pdτ ≤

c4∫

−c4

|p′n(τ)|p · |τ |α
2 pdt ≤

≤ K

∞∫

−∞

(|pn(τ)| · exp(−Φ(τ)) · |τ |α
2
)p

dt,

i.e.
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c4
4∫

− c4
4

|p′n(y + τ)|p · |y + τ |α
2 pdτ ≤(4.3)

K

∞∫

−∞
(|pn(τ)| ≤ · exp(−Φ(τ)) · |τ |α

2 )pdt.

Now we investigate the case |y| > c4/2. Obviously

c4

2

∞∫

−∞

(|p′n(t)| · exp(−Φ(t)) · |t|α
2
)p

dt =(4.4)

= lim
N→+∞

c4
4∫

− c4
4

N∫

−N

e−pΦ(y+τ) · |p′n(y + τ)|p · |y + τ |α
2 pdy dτ ≤

≤ c lim
N→+∞

N∫

−N

c4
4∫

− c4
4

e−pΦ(y) · |p′n(y + τ)|p · |y + τ |α
2 pdτdy =

= c lim
N→+∞




c4
2∫

− c4
4

c4
4∫

− c4
4

+
∫

c4
2 <|y|≤N

c4
4∫

− c4
4


 .

The first term in the bracket has already been estimated (see (4.3)). Now
we estimate the other term. With Qn being the polynomial described at
the beginning of the proof, define

Q∗(n+2)N (x) := Q(n+2)N (x− y).

Use (4.2) with pn(y + τ) instead of pn(τ) and Q∗
(n+2)N (τ + y) instead of

Qn(τ). We get

|p′n(y + τ)| ≤ 2|p′n(y + τ)Q∗(n+2)N (y + τ)| =(4.5)

= 2|(pnQ∗
(n+2)N ), (y + τ)− pn(y + τ)Q∗′

(n+2)N (y + τ)|,
where t ∈ [−c4, c4].
Hence

c4
4∫

− c4
4

|p′n(y + τ)|p · |y + τ |α
2 pdτ ≤(4.6)
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≤ K




c4
4∫

− c4
4

|(pnQ∗
(n+2)N )′(y + τ)|p · |y + τ |α

2 pdτ+

+

c4
4∫

− c4
4

|pn(y + τ)|p · |Q∗′(n+2)N (y + τ)|p · |y + τ |α
2 pdτ


 .

Here
c4
4∫

− c4
4

|pn(y + τ)|p · |Q∗′(n+2)N (y + τ)|p · |y + τ |α
2 pdτ ≤

≤ c

c4
4∫

− c4
4

|pn(y + τ)|p · |y + τ |α
2 pdτ ≤

≤ c

c4
4∫

− c4
4

|pn(y + τ)|p · |Q∗(n+2)N (y + τ)|p · |y + τ |α
2 pdτ ≤

≤ c

c4
4∫

− c4
4

|pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α
2 pdτ,

i.e.

(4.7)

c4
4∫

− c4
4

|pn(y + τ)|p · |Q∗′(n+2)N (y + τ)|p · |y + τ |α
2 p ≤

≤ c

c4
4∫

− c4
4

|pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α
2 pdτ.

On the other hand,
c4
4∫

− c4
4

|(pnQ∗(n+2)N )′(y + τ)|p · |y + τ |α
2 pdτ =
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=

c4
4 +y∫

− c4
4 +y

|(pnQ∗
(n+2)N )′(τ)|p · |τ |α

2 pdτ ≤

≤
3
2 |y|∫

− 3
2 |y|

|(pnQ∗
(n+2)N )′(τ)|p · |τ |α

2 pdτ≤
(n+1)N∫

−(n+1)N

|(pnQ∗(n+2)N )′(τ)|p · |τ |α
2 pdτ.

Using Lemma 2.5 with a = α
2 p, we obtain

(4.8)

c4
4∫

− c4
4

|(pnQ∗
(n+2)N )′(y + τ)|p · |y + τ |α

2 pdτ ≤

≤ c

(n+1)N∫

−(n+1)N

|(pnQ∗
(n+2)N )(τ)|p · |τ |α

2 pdτ.

Here

(n+1)N∫

−(n+1)N

|(pnQ∗(n+2)N )(τ)|p · |τ |α
2 pdτ ≤(4.9)

≤
(n+2)N∫

−(n+2)N

|(pnQ∗(n+2)N )(τ + y)|p · |τ + y|α
2 pdτ ≤

≤
(n+2)N∫

−(n+2)N

|(pn(τ + y)|p · exp(−pΦ(τ)) · |τ + y|α
2 pdτ.

From (4.7) and (4.9) we obtain in the case
c4

2
< |y| ≤ N , that

c4
4∫

− c4
4

|p′n(y + τ)|p · |y + τ |α
2 pdτ ≤(4.10)

≤ c

c4
4∫

− c4
4

|(pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α
2 pdτ+
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+

(n+2)N∫

−(n+2)N

|(pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α
2 pdτ ≤

≤ c

∞∫

−∞
|pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α

2 pdτ.

Using (4.3) and (4.10) we have (remember (4.4))




c4
2∫

− c4
2

c4
4∫

− c4
4

+
∫

c4
2 <|y|≤N

c4
4∫

− c4
4


 e−pΦ(y) · |p′n(y + τ)|p · |y + τ |α

2 pdτdy ≤

(4.11)

≤ c

c4
2∫

− c4
4

e−pΦ(y)

∞∫

−∞

(|pn(τ) · exp(−Φ(τ)) · |τ |α
2
)p

dτdy+

+c

∫

c4
2 <|y|≤N

e−pΦ(y)

∞∫

−∞
|pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α

2 pdτdy.

Here

∫

c4
2 <|y|≤N

e−pΦ(y)

∞∫

−∞
|pn(y + τ)|p · exp(−pΦ(τ)) · |y + τ |α

2 pdτdy ≤

≤
∞∫

−∞

∞∫

−∞
e−pΦ(y)−pΦ(τ) · |pn(y + τ)|p · |y + τ |α

2 pdτdy =

=

∞∫

−∞
e−pΦ(u) · |pn(u)|p · |u|α

2 p ·
∞∫

−∞
exp(p(Φ(u)− Φ(x)− Φ(u− x)))dx du.

We shall show that
∞∫

−∞
exp(p(Φ(u)− Φ(x)− Φ(u− x)))dx ≤ c = c(p, Φ),

independently of u.
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Next we use the idea of [5], p. 123. We may suppose without loss of
generality that u ≥ 0. Then

0∫

−∞
exp(p(Φ(u)− Φ(x)− Φ(u− x)))dx ≤

0∫

−∞
exp(−(pΦ(x))dx ≤ c,

and similarly

+∞∫

u

exp(p(Φ(u)− Φ(x)− Φ(u− x))) ≤
+∞∫

0

exp(−(pΦ(x))dx ≤ c.

By the concavity of Φ, for any fixed x the difference Φ(u) − Φ(u − x)
decreases as u > x increases. Hence Φ(u)−Φ(u−x)−Φ(x) ≤ Φ(2x)−2Φ(x),
(0 ≤ x ≤ u

2 ), and using also (8∗) we obtain

∞∫

0

exp(p(Φ(u)− Φ(x)− Φ(u− x)))dx =

= 2

u
2∫

0

exp(p(Φ(u)− Φ(x)− Φ(u− x)))dx ≤ 2

u
2∫

0

ep(Φ(2x)−2Φ(x))dx ≤

≤ 2

∞∫

0

ep(Φ(2x)−2Φ(x))dx < +∞.

Hence from (4.4) and (4.11)

c4

2

∞∫

−∞

(|p′n(t)| · exp(−Φ(t)) · |t|α
2
)p

dt =

= c lim
N→+∞




c4
2∫

− c4
2

c4
4∫

− c4
4

+
∫

c4
2 <|y|≤N

c4
4∫

− c4
4




e−pΦ(y) · |p′n(y + τ)|p · |y + τ |α
2 pdτdy ≤

≤ c lim
N→+∞

∞∫

−∞
e−pΦ(u) · |pn(u)|p · |u|α

2 pdu =
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= c

∞∫

−∞

(|pn(t)| · exp(−Φ(t)) · |t|α
2
)p

dt.

Theorem 4 is proved.

Proof of (5) of Theorem 2.

Lemma 4.4. Let α ≥ 0 be any fixed number. Then for any polynomial
pn of degree at most n we have

(4.12) max
x∈R

exp(−|x|)·|p′n(x)|·|x|α
2 ≤ c log n·max

x∈R
exp(−|x|)·|pn(x)|·|x|α

2 .

Proof. It is similar to that of Lemma 3.2. Let QN (x) be a polyno-
mial such that its degree is at most n, N = [10πn log n] and QN (0)=1,
|Qn(x)| ≤ ce−|x|, (|x| ≤ (3/2)n), (see [5], p. 124). Now we choose Q∗

N (x) :=
QN (x− x0), where x0 6= 0 is an arbitrary fixed number.

In the case |x0| ≤ 1 we use Lemma 2.5 (2.6′) with a = α
2 . We get

|p′n(x0)| · |x0|α
2 = |(pnQ∗

N )′(x0)| · |x0|α
2 ≤(4.12)

≤ c
n + N

n
max
|x|≤n

|(pnQ∗N )(x)| · |x|α
2 ≤

≤ c log n ·max
x∈R

|pn(x)| · |x|α
2 · exp(−|x− x0|) =

= c log ·max
x∈R

|pn(x− x0)| · |x− x0|α
2 · exp(−|x− 2x0|).

Multiplying this inequality by exp(−|x0|) we obtain

|p′n(x0)| · |x0|α
2 · exp(−|x0|) ≤

≤ c log n ·max
x∈R

|pn(x− x0)| · |x− x0|α
2 · exp(−|x− 2x0|) · exp(−|x0|) ≤

≤ c log n ·max
x∈R

|pn(x− x0)| · |x− x0|α
2 · exp(−|x− x0|) =

= c log n max
x∈R

|pn(x)| · |x|α
2 · exp(−|x|),

i.e. if |x0| ≤ 1 then

(4.13) |p′n(x0)| · |x0|α
2 · exp(−|x0|) ≤ c log n ·max

x∈R
|pn(x)| · |x|α

2 · exp(−|x|).

In the case of |x0| > 1 there exists A > 1 such that |x0|
A ≤ 1. Repeating

the idea of the case |x0| ≤ 1 we obtain that (4.13) is true for every x0 6= 0,
thus Lemma 4.4 is proved.
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EÖTVÖS LORÁND UNIVERSITY
CHAIR FOR ANALYSIS
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