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Pointwise approximation theorems for Meyer-Konig
and Zeller—-Durrmeyer operators

By QIULAN QI (Shijiazhuang) and JUAN LIU (Shijiazhuang)

Abstract. In this paper, we give the estimates of the second and fourth-order
moments for the Meyer-Konig and Zeller-Durrmeyer type operators. Secondly, using
the equivalence between the unified moduli of smoothness wi A (f,t) and the Peetre’s K-
functional KiA (£,t)(0 < X < 1), we obtain the direct, inverse and equivalence theorems
for these operators.

1. Introduction

The Meyer-Kénig and Zeller operators are given by [4], [8], [11], [12]

M, (f,z)= kZ:Of (nf—k) M k(z), 0<z <1,

M) = 10, e = (M)t

There are several studies about these operators in approximation theory (cf. [1],
[4], [7]-19], [11], [12]). DitzIAN [5] introduced the unified moduli of smoothness
w?p;( fit) (0 < A < 1) and gave an interesting direct result for the Bernstein
operators which united the result with w?(f,t) and w2 (f,t). It is difficult to get
the estimates of the moments for the Meyer-Konig and Zeller type operators (cf.
[2], [3], [10]). The direct and inverse results for Durrmeyer-type modifications
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of the Meyer-Ko6nig and Zeller operators are not perfect. In this paper, we will
consider a new modification of Meyer-Konig and Zeller—-Durrmeyer type operators

M, (f,z):

Mn(fa CL’) = Z (I)n,k(f)mn,k(l')v f({E) c C'[O7 1]’
k=0
where
¢, k(f) = C’:M—l fol Ft)my_op—1(t)dt, k>0,
£(0), Fo.
1 n+1
e /0 a0 = (n+k+1)(n+k+2)
Let

I£ll= sup |f(2)], wia(f,t)= sup [[AF .,
z€[0,1] 0<h<t
where p(z) = /z(1 — x) and

A2 F(a) = f(z + he(x)) — 2f(z) + f(z — he?(x)), if 2+ he?(x) € [0,1];
" 0, otherwise,

2 2\ _ 2 2\ 1
Koa(ft )—glgg{ﬂf—gﬂ +t7le**g" |},
where
D={g|g € ACu, |¢*¢"| < o0}

It is well known that wik(ﬁ t) ~ Kfa* (f,1%) (cf. [6]), i.e. there exists a positive
constant C' such that

C_lKZA (f7 t2) < wik(fa t) < CKZX(fv t2)‘

Noting that it is absolutely superfluous to talk about f(1), we can assume
that the function space is Cp[0,1) (the set of bounded and continuous functions
on [0,1)). Now we state the direct and inverse theorems.

Theorem 1.1. For f € Cg[0,1),0 < X\ < 1, there holds

M, (f,2) — f(2)] < Cwa(fin 20 (2)).
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Theorem 1.2. For f € Cp[0,1),0<a<2,0<A<1,n>2, if
Mo (f,2) = f(@)] = O(n™ 2™V (@),

then wik (f,t) = O(™).

Remark 1. In this paper the notation f(z) = O(g(z)) means there exists a
positive constant C such that f(z) < Cg(x).

Remark 2. Throughout this paper, C' denotes a positive constant independent
of n and x and not necessarily the same at each occurrence.

From Theorem 1.1, 1.2, we obtain the equivalence theorem.

Theorem 1.3. For f € Cp[0,1),0<a<2,0<A<1,n>2, one has

My (f,2) = f(2)] = O(n~ 200"V (x)) & W2 (f,1) = O(t).

2. The direct theorem

In order to prove Theorem 1.1, we shall need the following lemmas.

Lemma 2.1. For z € [0,1) and sufficiently large n, there holds

M, (t —z,z) =0, (2.1)
— 2(y
Mn((t—x)Q,x):O(wri >>, (2.2)
M, ((t—=z)"2)=0 (“’n(f)> . (2.3)

PROOF. By an easy calculations, we can obtain (2.1) and (2.2). Next we
estimate (2.3). Writing

:i k(k+1)(k +2)(k +3)

(n+k)n+k+1 (n+k+2)(n+k+3)mn”“($)

(

oy )
— Ay m+k=-3)n+k-2)(n+k—-1)(n+k)(n+k+1)
L) (h+ D(n—3)(n—2)(n —)n

k=0

. (k+3)(k +4)(k +5)
(n+k+3)nt+k+4)(n+k+5

) mn—4,k(x),
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~ o k(k+1)(k+2)
oM (8, 7) = xkz:l m+k)n+k+Dn+k+ 2)m"”“(x)

7 S (n+k=3)n+k—-2)(n+k—1)(n+k)(k+2)(k+3)
=@ (n—3)(n—2)(n—n(n+k+3)(n+k+2)

mn—4,k(x)7
k=0

x2Mn(t27x) - @4(35) =D Dnn kD) Mp—a.1(T),

—~ “(n+k=3)n+k—2)(n+k—Dk(k+1
;(Jr(ng))g+ )(n + )k(k +1)

mn74,k(x)a

A Al 2 (n+k=3)(n+k-2)(k—1k

ps n—2)(n—1)n

recalling that

M, ((t — 2)*, 2) = M, (t*, ) — 4z M, (t*, z) + 62> M, (t*, z) — 32*,

we can get the result. O

Lemma 2.2. For k > 1 and sufficiently large n, one has

Cnflz,kq/o (1 =) *mp_2,—1(t)dt < C (n n k) , (2.4)
1 n 4

077—12,1@—1/0 (1- t)4mn—2,k—1(t)dt <C <n T k> ) (2.5)
1 k‘ 2

Cﬁiz,kq/o t*my—ak-1(t)dt < C <n+k> : (2.6)

PROOF. We only need to prove (2.4). The proof of (2.5)(2.6) is similar.
For k > 1, there holds

v nes  (n=3)(k—1)!
e

By the observation

m+k—2)(n+k—1) (n+k=3" n=3)k-1)/ n \°
o —2k—1)! (n+k—3) <n+k) =4

the proof of (2.4) is completed. O
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Lemma 2.3 (cf. [11]). Forl € Ny,m € Z, there holds

g:lmn’k(x) <nik> < Mo Zmnk <n+k)m < M(1—z)"™

Remark 3. For z € E,, = [1,1), one has

immk(m)< F >2§Mx2.

n+k

Lemma 2.4. For f € C[0, 1], one has \Mn(f, )| < | f]l-
PROOF. We can get the result by direct computations.

Lemma 2.5. For f € D,0 < X < 1, there holds |Mn(f,m) — fl@)| <
Cn=t =N () [ A £

PRrROOF. It is known from the Taylor’s expansion, that

F(t) = 1)+ F @)t — ) + / ()t — v)do,

one can write

Mn(f’ .13) - f(],‘) = fl(x)Mn(t - $,$) + ML(RQ(fvta x)7x)a

where Ry f,t x) f F"(v)(t —v)dv.

Since Mn( x) = O7 we have

My (f,2) — f(z)| = My (Ra(f, t,2), )
11 2\ !
e HZ L |

It is sufficient to show that

il
———dv
/x P*A (v)

Mp—2 k-1 (t) dtmn,k(aﬁ).

<’/t lt_ ) - ((pg_j:(x)> ' (2.7)
For v between ¢ and x, there holds [4]
M or o
‘/t |t7v| ' g:(t) = Sﬁ”(ﬂ(ft)_’gj)2 for ¢ < x;

(z(1—xz)(1 —t)N for t > x.
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+)
/ 52:5') a

= " (- a)?
=S, / a2 (Ot u(a)

Therefore,

(1L e

o 1 )2
R GO = By s

We will estimate F1, Es separately. Using (2.2), we can deduce

o0 1 2
_ (t—x)
By Ol [ m s @dimi(a)

k=0
< o ML ((t - )% 1) < Cn ' P (@),

By Lemma 2.2 and the Cauchy—Schwarz inequality, we have

i Cutaics | s 2y O
< (i s / 1 t—x)‘*mnz,kl(t)dtmn,k(x))
(@1 - @) (Z e / (1 1) mnz,kl(t)dtmn,k(x)>
(Z Lo | 1 t—m>4mnz,k1<t>dtmn,k<x>>
(w(1 - ) (Z o / (-1 mng,“(t)dtmn,k(x))

Nl=

N|=

Nl=

IN

[N

From the above two inequalities, we can get (2.7) which completed Lemma 2.5. O
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PROOF OF THEOREM 1.1. From the definition of Kf)A (f,t?), we can choose
g € D satisfying
If = gll+ £e*g" || < 2K2.(f,1%). (2.8)

By Lemma 2.4 and Lemma 2.5, there holds
My (£,2) = £(@)| < [Ma(f = g.2)| +1£(z) = 9(@)] + [ Ma(g,2) - g()|
<O [If =gl +n POV @)l P ]
Hence by (2.8) and set t = n~ 2o~ *(z), one has
Ma(f.2) = fl@)| < CR2, (£ 10?0V (@)

Using the relation K2, (f,1*) ~ w2, (f,1), we get

[Mu(f.2) = f(@)] < Cua(FinHo' (@) -

3. The inverse theorem

For the convenience of the proof of Theorem 1.2, we need some new notations.
Set

PV (@) f (x)

)

Ifllo="sup
z€(0,1)

CVO = {f € CB[Oa ]-]7f(0) = f(l) = 0}7

C(())z,)\ = {f € CO, ||fH0 < OO},

Ifla= sup |* OV @)f" ()|,
z€(0,1)

Cg,)\ = {f € COv ||fH2 < OO,f/ € A-C-loc}-

Let us introduce a new K-functional, for f € Cy
K{(f,t*) = inf {||If = gllo +*[|gllo}-
geca)\

For the proof of the inverse theorem, we also need the following lemmas, which
will be proved in the next section.
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Lemma 3.1 (cf. [10]). Let p(z) = Vo(1 — z), Ap2p(z) = My, ((t — 2)?P, 2),
p € N, we have the estimates, for n > 2p,

2p 1

14 ZEI), for x > —;

App@y<Cq - "
1—x)*P~ 1

w(m)(Qiic) , forx < —.

n=p n

Lemma 3.2. Letne N,n>2, f € 027/\, then | M, fll2 < Cin] fllo-
Lemma 3.3. Letn € N, n>2, f € CZ ,, then | M, f|l2 < Ca| fll2-

Lemma 3.4 (cf. [4]). For0< 3 <1,0 <h < %, one has

2 dsdt Mh2
//g B (x+s+1t) S max{p(x £ h)7(p($>}25, (z € [h,1 = h)).

PROOF OF THEOREM 1.2. From the definition of K{(f,t?), for Mn(f, x) €

2
C3.x» we have

K (F8%) < | M) = f(@)llo + 8| M) o, (3.1)
and setting ¢ = n~ 2, we can choose g € C2 , such that
If = gllo + n7"lgll2 < 2K (f,n71). (3.2)
Noting the condition
M f = ] = O™ 3N @),

which implies that
My f — fllo < Cn™3%. (3.3)

By Lemma 3.2, Lemma 3.3 and (3.2), one has

My flle < |Ma(f = g)ll2 + | Maglla < C(nllf — gllo + llgll2)
< On(||f = gllo +n Ygll2) < 2CnKF(f,n ). (3.4)

We have by (3.1), (3.3), (3.4)

K{(f,6%) < C(n™% + 80K (f,n7)).
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Applying the Berens-Lorentz Lemma [1, P122], we can get K{(f,t?) < Ct*.
For A = 1, K§(f, ) = K2, (£,£2), then w2, (/) = O(%).
For 0 < A < 1, now we estimate |A%wf(x)|.
(i) Fixed h € (0,3),2 € [h,1 — h] and for any f € Cy 5, one has
82,0 £@)| < 1@+ b @)] + 211 ()] + | £ — e (@)
< 4| flloM (z)** =,

where M (z) := max{|o(z + ho*(2))], [p(x)], lp(z — he?(@))]}.
(ii) Using Lemma 3.4, for any g € C’i’/\, one has

het
2
’Aiwg(m)‘ = // s g"(x + s+ t)dsdt
-5

hot
< gl // :
>~ 2

< Cgllah® M (x) (=20,

@ 20N (g 4 s 4 t)| dsdt

Using (i), (ii) and (3.2), there holds
182 S (@)] 183 (F(@) = g(@)] + |82 g(a)]
< Cu[I1f = glloM @)*C + lgl|ah? M (x) 20|
2
f’ M(:L.)2(1—A)

If we take supremum over h : 0 < h < t, we have
Wi (f,t) = O@t%).

Noting that My (f,2) = f(2) = M (fo, z) = fo(x), where fo(x) = f(z) = f(0), the
proof of Theorem 1.2 is completed. [

< CoM (z)* A NEKS ( ) < Ch®.

4. Proofs of Lemma 3.2 and Lemma 3.3

We will need the following two representations of derivations of Mn( f,x)
which are given by [4] or simple computations.

(3f) " (2) = 3 @ s (Fhrapmnile), € (0,1), (4.1)
k=0
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where
w3 )
(3.1 ) () =(1-2)7 i A k()i (@), @ € (0,1), (4.2)
k=0
where

Ak (f) = (n+k+1D)[(n4+k+2) Py gro(f) —2(n+k+1) Py g1 (f)+(n+E) P 1 (f)]-

PROOF OF LEMMA 3.2. Supposing that E,, = [%, 1), we will estimate F,,
and EY separately.

Case I. For © € E,,, in view of (4.1), by the Hélder inequality,

\&M(*”(@ (Mo f)" (@)

- 2
A1) Z (1-2) ( - W) Py 1 (f)mn k()
oo — )2 n T
+ |3V @) > $ - ) <k_ ( ltlx) )q)”k(f)mnk( )
k=0
T SDa()\fl)(x) Z(n + 1D, 1 (f)mpi(z)| :=T1 + T2 + T5.
k=0

First using the Cauchy—Schwarz inequality, the Hélder inequality and the relation
(2.6), we have

a(1=2)
2

1 1
Colaimr [ 0 Om-aaa(0e < (0% [ Pomasatiar)
0 0

1
< (C;lz,,cl /O t“'mn_2,k_1dt>

a(l—2)

5 a(l—X)
< k n .
- n+k n+k

Next we estimate T3, using the Holder inequality twice and Lemma 2.3, we obtain

a(A—1) Z )mnk( )

k=1

a(l=X a(l—X)
4

1
~(0;12,k1 / <1—t>4mn_2,k-1<t>dt)
0

Ty = |p
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o0

1
< Cnlloe" 000 3 Ol / G0N (g ()b ()

o0 k M a(l-X)

< Cunll Fllog® ™ (@) ( ) ( ) _—
k=1

a(1—X)

n+k
o0 k 2 4
< Gyl fllop™ Y () <Z <n+ k> mnvk(ﬂf))

k=1

n+k

. (i (n " k>4mn,k<m>> < Cin| fllo-

k=1

For Ts, using the Holder inequality and Lemma 2.2, Lemma 2.3, there holds

> — T 2 n x
TQ — soa(Afl)(x) Z (1 - ) <k — ( 1—’;]2 ) @nyk(f)mn*;(x)
k=1
< 0 30| S (k- 2D

< I fllop™ V() Y

n a(l—X)

Noticing that

(1 - )2 <k_ (n+ 1)z

- 1—=z ) mn,k’(x) < (TL + 2)(mn+2,k—1(1') + mn,k’(l‘))a

we have

a(1-2)
2

> k
Ty < | flog™ O (@) 3+ 2)( mn+2,k_1<x>+mn,k<x>>< )
k=1

n+k
a(l—=X)
n
<n+k) =@+ Q2.

The estimate of Q)2 is similar to T3, so we only need to estimate Q.

a(1-))
2

(ae1) S k n a(l—X)
= @ 2 n .
Q1 = [[fllop ;TLJF M2 k—1(T )(n—l-k) (n+k>
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00 a(1=2) NGRS
< On|lfllog"® V(a Z( ) ( ) S
Pt n+k n+k
N 0o k a(l—X) %
<Onlfloe® V@) (3 (2g)  mmeanalo
k=1

00 2a(1-A) 3
. (Z < n k) mn+27k_1($)>
k=1 n+

2
< COnl|fllog™* 1 (x (Z (n+k) mn+2,k1($)>

a(l—X)

a(1=))

‘ (gl <nik>4mn+2,k—1($)> 4

a(1=2)
o0

> <n_]i4k_41_1>2 mn+2,k(=’f)> 4

k=0

= Cnl|fllop** Y (x) (

a(l=2)

‘ (2 <n+2+1>4m”+2’k(m)> 4

k

By Lemma 2.3 and Remark 3, we get

m( bl )m (@)
Er— n+2,k
— n+k+1

> i : 1 +3 2
= - . n <
2];:1 (n TRy 2) Mpt2,k(2) + CESIE (I—x)"™ < Cz* (forxe E,),

and

f} — 4mn+2k<x>
n+k+1 ’

k=0

[e%s} 4 4
— n n _ n+3
kZ(HkH) maszste) + (557) (1=

c- n+2 \* 4 4

from which Q1 < Cnl|f]lo. Therefore, Ty < Cnl|f||o-
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Finally we estimate T7.

o) 2
T, — | e 1) Z (1—x)2 ( (n—l—l)x) Do (£ ()

P 1—x
00 _ 2 2
< anow“-”(x); (e )

(nt+k-2)(n+k-1)

n—1

1
/@a(l_A)(t)mn,g’k,l(t)dtmn,k(m)
0

a(1=))

(A (1—z)? n+1)z\” k z
< oD@ Y S (- BEE) (B

n a(l=X)
.<n+k> —

IS a(1-))
1 k 2
<C a(A=1) —[k— k)z]?
< O™ @) § 3 2l = 0+ Bl (5
a(l-X) 00 a(l=x)
n ) k
| () £y ( )
(n +k —\n+ k
n a(l—X)
. <n+k> mmk(l‘)} = P1 +P2
Similarly we estimate P;, P> respectively.
a(1—2)
2

o~ 1
—Clfloe 0 Y 1 (5

k
> (v e) (25)
n O\ e=-2
.(n+k) —
ai-x)

< Ol fllog** (@) (Z (n f_ k) mn,k(x>>

k=1

(B mete)

2—a(l—))

oo -8 8
k=1
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and

a(1=))

2 a(l1-X)
o n
= Ol OV e }j(wk) () o < callsle

From the estimate of T, T and T3, we obtain the required result.

Case II. For x € ES = (0, L).

‘n

For f € Cj, , the representation (4.2) shows that

‘()02-&-0[()\ 1) (Mnf)// ‘

@)z > (n+k+1)[(n+k+2)Ppnia(f) =20+ k + 1D ir1(f)
k=1

+ (n+ k)P i (f)] mn i (2)

oz(/\ 1) [

2(n 4k +1)°®p g1 (f)ma k()

Z nA+k+1)(n+k+2)® pro(f)mn i)
k=

+

NE

>
Il
—

+

NE

(n +k+ 1)(” + k)q)n,k(f)]mn,k(x)

‘| 2111+I2+I3.

el
Il

1
The methods of estimating Iy, Is, I3 are similar, we make an example of I;.

1

Li=|e** V(@)Y (n+k+1)(n+k+2)C," 2Hl/f(t)mn,z,kﬂ(t)dtmn,k(x)
k=1 s

/ (t)d

Mp—2 k+1(t)dt

Tty k()

n

< fllog*? V(@)Y (n+k+1)(n+k+2)C 2k, 1y
k=1

o0

1
< [ fllo@**~ (z)an(n+1) Z n,}m/ D)L =) Py g (8) b i ()
0

n a(l—X)—2
. <n+ k) ().

oc(l—)\)

< O\ flloe® =D (z)an(n +1) Z( )
k=1
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Using the Holder inequality and Lemma 2.3, and noticing that x < %, (1-2)"2<
(1- %)_2 < 4(n > 2), there holds

50 a(l—X)
- k
L < Clfllog P (@)an(n + 1) (Z an,k(x)>
k=1

2—a(1-))
2

. (f: (nzkymn,k(m)) < C1n flo-

k=1

PrROOF OF LEMMA 3.3. In view of (4.2) and

m;zk(f) = % [mnﬂ,kq(w) - mn+1,k($)] )

M) = fx)Q [0+ B) (0 + Js + 1) 1 (2) — 200+ k)1 (2)

+(n+k)(n+k—Lmy p—2(z)],

using the integration by parts, we have

1 1
Anilf) = / FEynm! gy ()t = n / PO M ().

Furthermore, there holds
oo 1
(V1)@ = (0= 2) S [ 1 @Omn s ()t (o)
k=0 O
To prove the lemma, for f € C’i»\, we estimate

|20 ()" (@) =

[e’e} 1
OV (@)2 Y n / I (O g1 () dtmn, ()
k=1 70

00 1
< ||f||2<P“(A*1)(I)$Zﬂ/ o Bl By, g (£)dtma, i (z) = H.
k=1 70

Noticing that
- n(n+1)
n+k+2)(n+k+3

 (n+)n+k)(n+k—1)
S (n+k+2)n+k+3)(n—1

)mn,k(x)

)mn—l,k(fﬂ)s02(w)
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n+1
< 2 (@) (@) < 3man(@0)e? (@), (for n22),

we can deduce

00 1
1 <320 @ Ok [ o O s ().
k=1
- ) 2oa0o))
< 3 o™ V@) S (Cn [ 2mn,k+1<t>dt)
k=1

2—a(1-1)
4

1
' (Cn,}fﬂ/ (1- t)_4mn,k+1(t)dt> Mp—2,k(T).
0

Using the method in the proof of Lemma 2.2, we also get

1 -2
k
1 —2
c- kH/o £ 2m g1 (t)dt < C <n+ - 2) :

1 _9 —4
- 1—t)4m, e (Ddt < C [ -2} .
Cokn [ =07 mnnar < 0 (220

Hence using the Holder inequality and Lemma 2.3, one has
a(1-X2)—2

e = ( k
i < Ol 2@ Y (=)

k=1
n—2 a(l-X)—2
' (n—i—k—2> Mn=24(7)
1
B o] k a(l—X)—2 2
< CHf”z(pa(A 1)+2(x) (Z (W) mnfg’k(.%')
k=1
<i ( n_9 \2a1-)-2) 3
: — M2 ()
n+k— 2) ’ >
k=1
5 2—a(1-21)
o0 — 4
< Ol g0+ (Z (=) mn_g,k(@)
1
2—a(l1—)\)
S )
—\n + k-2 n-2.k
< O flla D2 (2) 5 (1L - 1)~ G0N < € £ 0
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