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Long-range dependence and asymptotic self-similarity
in third order

By GYORGY TERDIK (Debrecen)

Dedicated to the 100" anniversary of the birthday of Béla Gyires

Abstract. The object of this paper is studying the topic of long-range dependence
and asymptotic self-similarity from the viewpoint of third-order time series analysis in
frequency domain. The long-range dependent (LRD) time series in third-order is defined
by the bispectrum and by the bicovariances. A Tauber type connection between these
two definitions is shown.

1. Introduction

Processes with long-range dependence have attracted a great deal of work in
theory and applications. Applications include measurements from hydrology, soil
science, signal processing, musics, network traffic etc., see [Cox84], [BI98], [TG09].
Although most of these measurements are non-Gaussian the theory concerns the
second order structures of the processes which is sufficient only for Gaussian
case, see [Ber92], [DOTO03]. Another common property of measurements is that
the probability structure does not change too much when the process is aggre-
gated, in other words they are self-similar. Models for self-similar processes are
well developed for stable-processes and processes connected to Gaussian through
nonlinear functionals, see [ST94], [Maj81]. BARNDORFF-NIELSEN and LEONENKO
[BNLO5] consider second order long-range and self-similar processes with several
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(non-Gaussian) infinitely divisible marginal distributions each of which can be the
subject of long-range dependence in higher order. There are only a few results
capturing both properties long-range dependence and self-similarity, in particular
for the non-Gaussian case, see [Taq86].

The object of this paper is studying the topic of long-range dependence and
asymptotic self-similarity from the viewpoint of third-order time series analysis in
frequency domain. In Section 2 we define the long-range dependent (LRD) time
series in third-order by the bispectrum and by the bicovariances. A Tauber type
connection between these two definitions is shown. The self-similarity in third-
order is introduced in Section 3. Moreover we point out that a third order LRD
time series is asymptotically self-similar in third order. The Appendix contains
some technical details.

1.1. Long-range dependence. A stationary time series X,, £ = 0,4+1,£2...
+n is called long-range dependent if its spectrum Sy(w) behaves like |w|~2" at
zero, more precisely

. SQ(W)

S L) .
where h € (0,1/2) and L(-) is a slowly varying function at infinity. This definition
of long-range dependence can be stated in terms of the autocorrelation function
as well, since (1) is equivalent to:

lim W —q, hE(1/2). 2)
provided L(-) is a quasi monotone slowly varying function. Note here the con-
nection between these two constants q,/q. = 2'~2"7~2"T'(2h) cos(mh). In other
words, the autocorrelation function decays hyperbolically. In fact although the
spectrum is in L; its Fourier coefficients Cov(Xy, Xi) are not in L; any more.
The equivalence of (1) and (2) is studied in the theory of regular varying functions

in details, see Theorems, 4.3.2 and 4.10.1 of [BGTS87].

1.2. Bispectrum and bicovariances. Let the process X, be centered and sta-
tionary in third order, then its third order cumulants are

Cum(Xoqp,, Xoho» Xo) = EXppp, Xogn, Xo = Cs(k1:2),
Ky ko = 0,41,42, ... .

where k1.0 = (k1, k2). The third order cumulants are called bicovariances as well.
An easy consequence of this definition is the following properties

Cs(k1.2) = Cs(ka, k1) = C3(—k1, ko — k1).
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These equations provide the symmetry of the third order cumulants. The plain
is divided into six equivalent parts, each of them is sufficient for determining the
third order cumulants on the whole plane. One of these parts, called principal
domain for the third order cumulants, is where 0 < ko < kq i.e., the lower half of
the right upper quarter of the lattice with integer coordinates.

The bispectrum S3 is a complex valued function of two variables with Fourier
coefficients Cs(k1.2), i.e.

Cs(ki.2) = eitmlwikitwzha) Qo () 0 Ydwy ..

(—1/2,1/2)

While the spectrum is real and nonnegative the bispectrum is generally complex
valued and since C3(ky.2) is real, we have S3(w1.2) = S3(—wi.2). The bispectrum
Ss is periodic, i.e. S3(wi.2) = S3(wi.a + M1.2), my,me = £1,+2, ..., and it has
the following symmetry

S3(wr:2) = S3(wa, w1) = Sz(wr,ws),

where w3 = —w; —wsy. These symmetries imply twelve equivalent domains for the
bispectrum, the principal domain, among these, traditionally is the triangle /\;
with vertices (0,0), (1/2,0) and (1/3,1/3), see [Ter99].

2. Long-range dependence in third order

The relations (1) and (2) concern the behavior of the covariances at infinity
and the spectrum at zero. Similar results in 2D are available for the isotropic
case only, see STEIN-WEIsS [SW71], Ch. VII. Theorem 2.17. Since there is no
isotropic bispectrum (except constant) we have to deal with more general 2D
Fourier transforms then the isotropic one. Examples show, see [Ter08], that
the bispectrum S3(wi.2) and the third order cumulants are connected in some
particular way. Let o, /., = arctan(wz/w1), i.e. a corresponds to the angle of the
unit vector wy.o/|wi.2| and the wi-axis. When either the radius |w1.2| = /w? + w3
tends to zero and a,, /,, is fixed or ay,,/,, tends to zero and |w.o| is fixed then
the bispectrum might have singularity. Hence we assume the bispectrum has the
following form:

S3(w1:2) = C\w1:2\73900452,2/&7;1L(w1:2|71,04;21/w1)7 wiz2 € Ay, (3)

where L(-,-) is a slowly varying function in either variable when the other one is
fixed and from now on ¢ denotes a general constant.
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Definition 1. The time series X, is long-range dependent in third order with
radial exponent gg and angular exponent g; if the bispectrum Ss3 is factorized as
(3) on the principal domain Ay and 0 < go < 2/3, g1 € [0,1/2).

On the principal domain let the third order cumulants be given asymptoti-
cally in the form

C3(k1:2) = c|k'1:2|390*2L(|k1:2|)ng2/k1 (|k1:2\), |k1:2| — (4)

where (i, /r, = arctan(ka/k1), Bi,/k, € (0,7/4), and Kz(-) has a finite, contin-
uous in @ limit Kg, when |k1.2| — 0o, L(|k1.2]) is a slowly varying function. In
addition,

Kp = B2 (/4 = Brag ) LB, (/A= Brope) ™). (5)

The form (4)—(5) is corresponding to (3). We shall assume in sequel that the
third order cumulants are T-slowly varying, namely let 7(a) on Ry be regularly
varying at infinity with index d > —2, and for all k1.5 (k1 > ko), and for all series
k1.2(a), which k1.2(a) — k1.2, when a — oo, we have

C3(Cl]<i1;2(a)) — 03(ak‘1;2)
7(a)/a?

Definition 2. The time series X, is long-range dependent in third order with

— 0, a— oo.

radial exponent gy and angular exponent go, if the third order cumulants are
asymptotically of the factorized form (4) over the principal domain and (5) fulfils,
moreover 0 < go < 2/3, g2 € (0,1/2].

Now, suppose that the bispectrum Sj3 is third order LRD, i.e. it is written
in the form (3) inside the principal domain A;. Since |wi.2|cosay,/w, = wi,
|lwi:a|sin ay,, 7, = wo and —V/2|wi.o| sin(m /4 + Qy Juy ) = w3, there are different
possibilities of rewriting S5 in terms of frequencies. So we may always consider
S3 in the following general form

S3(w1.2) = csym <|w1:2|7h°w1_h1w2_h2w3_h3L(|w1;2|71, a? )) , (6)

wa/w
w1:3 2/w1

where Zg hr > 0.

Theorem 1. Suppose that the time series X, is long-range dependent in
third order with radial exponent gy and angular exponent g; and 0 < gg <
2/3, g1 € [0,1/2). If the bispectrum Ss is factorized as (6) and the third order
cumulants are slowly varying, where hy > ho > hs > 0 then go = (ho + h1 + ha +
h3)/3 and g1 = (h1 + ha + h3)/2, moreover the third order cumulants have the
form (4), (5) with exponents
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0 if hy =0,

ho ifh0>0, hQZO, h1>0,
292 =

hy ifh():hQ:O, hi >0,

hg + ho + hg otherwise.

g lfhl :O,
g3 = 4 g2 ifhi=ho=hs3s=h>0

0 otherwise.

See Appendix A.1 for the proof. The case when hg =0, h;y =hs =hg=h >0
corresponds to the linear process, it has been used for model fitting, see [BI98].

3. Self-similarity

A stationary time series Y; is called self-similar if the distribution of the
scaled sum of Y; over the interval [tn, (¢t + 1)n) is the same as the distribution
of Y; for any n, see [ST94]. More precisely, let

1 (t+1)n—1
Y= 3 Y ter (7)
Jj=tn
where « is an appropriate constant, then Yt("a) 4 Y;, for alln = 1,2,.... The

only Gaussian self-similar stationary time series (¢ = h +1/2 < 1), is
Z :/ 2™l (w) (127w) "MW (dw),

where W(dw) is a Gaussian stochastic spectral measure and

ei27rw -1
er(w) = ———

1) 12w
see [Sin76], it is defined in continuous time but one samples it in discrete time
points getting a time series. A pathological discrete self-similar stationary time
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series has been considered in [GVMO03]. An other example for the self-similar time
series is the following non-Gaussian process,

th — / ei27rt(w1+w2) el(wl + wQ)W(dwliz) (8)

R2 (127w1) P (127ws )
where the integral is multiple Wiener-Ito integral. It looks very likely that, un-
der some regularity conditions, Y; is also a unique self-similar process in the Lo
space defined by the stochastic spectral measure W(dw1.2). Y; is called also as

Rosenblatt process, again a continuous time process sampled in discrete time.
Indeed

(t+1)n—1
Z Y _ n/ 127rtn(w1+w2) 8]( [wl + wQDW(de?)
= (127w ) (127we )P

now changing the variables Ay = nwi, As = nwsy, we obtain

(t+1)n—1
S a/ g2t wn) ¢ (W1 + w2)W(dwi2)
RZ

(127w1 ) (127w )

j=tn

since E|)/V(7”Lclwl.2)|2 = ndwn.2. If the parameter «v in (7) is chosen to be 2h then
Y(n ) 4 =Y, foralln =1,2,.... Although there are self-similar time series defined
by higher order multiple Wlenerflto integrals similarly to the Rosenblatt process,
see [Maj81], nevertheless we are interested in a larger class of time series having
the self-similar property asymptotically. A simple example comes directly from
the fact that the time series Y; defined in (8), is the subject of some non-central
limit theorem ([DM79], [Taq79]). For instance the weak limit of the weighted
aggregated series

X, = / g2t +wn) ST (W1)er(wo)W(dwiiz)
R2 (i27w1) P (127w )
by the non-central limit theorem, provided 1/4 < h < 1/2, mentioned above, is Y;.
Actually X; = Hy(Z;) is a homogenous Hermite process with order 2, hence it
might be called Hs-process as well. We are interested in the correspondence
between the correlation of the aggregated series and the correlation of the limit
time series Y;. Consider

(t+1)n 1
(”) Z X / 2mtn(wi +ws) er (wl)ef (wQ) €r (n[wl—’_wQ])W(dwlﬂ) ) (9)

er(w +wa)  (127wq )" (i27we )P

Jj=tn
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)

The covariance of X\™ is straightforward:

n?=*" Cov (Xt(n) , Xt(zgf)

— 2 e’iQﬂ'k‘()\lJr)\Q)
R2

We see that the function |e;(A1/n)er(Aa/n)/er(A1/n + Aa/n)|? is slowly varying
in n and proceed

er(A1/n)er(Aa/n) |* ler(A1 + A2)|2dA 1.2
er(M/m+ Xa/n) | [2mA 2R 2m A0 2R

n2=4h Cov(Xt("),Xt(:i) ~ Cov (Yi4,Y:), asn — oo.

Note that if h < 1/4 then X} is not LRD and Xt(n) tends to an uncorrelated time
series.
Now we turn our attention to the bicovariances and checking the limit behav-

ior similarly to the covariances. We consider the bicovariances for the aggregated
series Xt(") of Xy = Hy(Z), see (9)

n3—6hC§n)(k1:2) _ 8/ ei2m[(A1+X2)k1+(Aa— A1) k2]
R3

« ler(A/n)er(Na/n)er(As/n)?
2[(A1/7’L+ )\Q/n)el()\g/n - Al/n)ej(—)\g/n - /\3/n)
o er(A1 4+ A2)er(Az — Ar)er(—A2 — Ag)
P SWEAD RS WERD RS WET:

d>\1:3

~ SCgh/ |k‘1 — ko +uy — UQ|2h_1|k‘1 +up — U3|2h_1|k’2 + Uo — u3|2h_1du1;3.
[0,1]3

where Cén)(klzg) = Cum(Xt(KLl,Xt(f_Lz,Xt(")) and see (13) for cgp. From this last
expression we conclude that in the limit n!=2"X(™ has the same third order
cumulants as Y;. Put ky = rcos 8 and ky = rsin g, (8 # 7/4,0) then we obtain

for large n and large |k;.2]

lim =" lim_ n3 =0 8™ (ko) = 8¢3, |V2 cos Bsin Bsin(w/4 — B)[*h1

= 2", B2 (/4= B TIL(B (w4 ) 7).

In other words n asymptotically has a third order cumulant structure

of Y;, also like a third order LRD process, compare to Definition 2.

1—2hXt(n)
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3.1. Asymptotic self-similarity. A property expressing the fractal-like feature
of the aggregated process

1 (k+1)n—1
xim = = > X5 kez, (10)

j=kn

closely related to long-range dependence, is asymptotic second order self-simi-
larity. This means that, as n — oo, the series of the autocorrelation functions
R™) (k) of the processes arising by averaging X; over the intervals [tn, (t + 1)n),
t € R, converges to an autocorrelation function R("O)(k), moreover R(>) and Rx
are equivalent at infinity, i.e., R(>)(m) and Rx(m) converge to zero as m — oo
in the same order.

Let us start with the Gaussian case, assume

Sx2(A) = [27A[ 2P L(IA7Y), (11)

then the correlation of X; is (up to some weak Tauberian conditions, see [Pal07])
necessarily R(k) =c|k|?"~1L(k). Since VarXt(n) ~ 2L (071209, # 0, see (14)
for og,, we consider the limit of the correlation

_ Cov(x{, X{")

R (k)
VarXt(n)
We have )
REI(k) = lim RO(E) = S A2, 120, (12)

which is called asymptotic self-similarity ([Cox84], [Cox91], [WPRTO03]), see (15)
for Ay /5. The justification of this definition is based on Cox’s observation [Cox84],
namely, a stationary Gaussian time series is characterized not only either by the
covariances or the spectrum but also the sequence of variances of the associated
aggregated series as well. More specifically, let us introduce the sequence of
variances Va(n) = VarXt("), then it is evident that Va(n) is determined by the
covariance function Cov (X4, X:), but the inversion

1
Cov (X, Xt) = §Af/2(k2V2(k))»

is also valid, see Lemma 2 in the Appendix. It follows that A? /2k2h+1 /2 cor-
responds to the variance V(k) = k2"~! hence the order of the convergence of
covariances is k*"~1. The fractal property shows up in the limit i.e., if a > 0,

R (ak) ~ a® " h(2h + 1)k = 21 R()(k),
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as k — oo. This type of self-similarity (mentioned by Cox in [Cox91] and BLADT
[Bla94] generalized it for multiple time series in [Bla94]), is the weakest, i.e., the
most general among the various other self-similarity concepts. It is the one that
always follows from long-range dependence.

3.2. Asymptotic self-similarity and third order properties. The third or-

der standardized cumulants
Cum (X7}, X1, X{)
(Var X(7)3/2

are not appropriate for the analysis of the third order asymptotic self-similarity.

R™ (ky.0) =

)

The main reason is that the denominator is second order and there are time
series which are LRD in third order but they are not in second order, see [Ter08])
The definition (12) can be changed in terms of covariance function. Namely, the
covariance function of the aggregated series in the limit does not change except
some properly normed slowly varying function.

Definition 3. The third order stationary time series X; with bicovariances
Cs5(kq.2) is asymptotically self-similar in third order if the bicovarince C’é")(kl:g)
of the aggregated series Xt(n) has the limit

nl:n;g C’én)(kl;g) = C3(k12),

where C~'3(k1:2) differs from Cs(k1.2) by some slowly varying function at most.

This notion of self-similarity is general enough to include the LRD similarly
to the second order case.

Theorem 2. A third order LRD time series is asymptotically self-similar in
third order.

See Appendix A.2 for the outline of the proof.
ACKNOWLEDGEMENT. The author is thankful to the referees for their valu-
able comments.

A. Appendix

Some constants mentioned in the paper:

_ T(1-2h)
Cop = ma (13)
c2h (14)

72h = ohh+ 1)
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A.1. Proof of Theorem 1. Before we prove the theorem let us make a note.
If the bispectrum S3 is given in the principal domain A; then for the definition
on the whole square [0,1]? one uses elementary transformations based on the
symmetry of S3 and including complex conjugation. Let us consider the integral

03(51732):/ etFrllinrtlaws) Go () o) dwy .o,
Ay

then it is easy to see that transforming S5 is equivalent to transforming (41, ¢2)
in c3.
Lemma 1. The cumulant function can be calculated in terms of the inte-

gral c3, namely

03(61752) = 4Re (Sym[c;g(fl,ég) + 63(82 — 61, 761) + 03(76162 — 61)]),

£y:2

where sym, . denotes the sum according to all possible permutations of {1.5 di-
vided by the number of the (two) terms.

PROOF OF THEOREM 1. We consider

Sz(wi:2) = csym wia| 0wy My e L (Jwe| T e )
1:3

where hy > hy > hy > 0, and >0 hy, > 0.

1. In case hy =0, (6) rewrites into the form

Sa(wi2) = csym |wra| " L(jwi2| 70, )s
wi1:3

and

/2 1/2
Cg(kl;g):/ / ezQﬂ(k1w1+k2w2)S3(wl:z)dw1:2

—1/2.J-1/2
/2 ,1/2
127 (k k —h -1 —1
—c el w(kiwi+ QWQ)|W1:2| OL(‘wl;Q‘ 7Oéw2/w1)dw1:2
—1/2J-1)2

2m Pa
= C’r‘hO_Q/ / ez27rpcos(a—6)p1—h0L((p/r)—l7 a_l)dpda
0 0
2m Pa
:c,,nho—Q/ / GZQWpCOSO‘pl_hOL((p/’I")_l,(Oé-i—ﬁ)_l)dpda,
0 0

where k1 = rcosf and ks = rsinf, § € (0,7/4), hence the result, see
STEIN-WEISS [SW71], Ch. IV. Theorem 4.1.
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2. Case hy =0, h; > 0. We have

1/2 1/2 }
03(k1:2) :/ / 612#<k1w1+k2w2)53(wl;g)dwl;g.

—1/2J-1/2

Consider first
c3(ki:2) = C/ ePmlbrenthaws) oMo M L (Jwiel 7Y @, )dwrio
/AN

= crhothi=2 cosh1=1 ggin=! B3| sin g|o

X / e?m(@itwa) | /2 tan? 3 4 w2
/AN

X wl_hlL(‘WI:Z‘_lu a;21/wl)dw1:2

—ho

~ crhothi=2 oM =1 ggin™! Bsinf g3

127 (w1 +ws —h —h —1 —1
X/ e (w1 2)0.)2 le 1L(|w1:2| ’awg/wl)dw1:2
JANY

~ C’/‘h0+h172ﬂh071 .

We proceed by changing ki.o into (ko, k1), (k2 — k1, —k1) etc. hence follow
the singularities gho—1, ghothi=1 (7 /4 gyho=1 (7 /4 — B)ho+tmi—1 provided
ho > 0.

3. hlthZhg, h3=0, hy >0

)dwlzz

C3(k1:2) _ C/ ei27r(k1w1+k2w2)|wl:2|—how1—h1w2—h2L(|w1:2|—17a;21/w1
JANY

— CTh°+h1+h2_2 COShl_l ﬂsin_l 6‘ Sinﬁ‘ho—Hw

X / e?rlwrtwa) | /2 tan? 3 4 w2
/AN

X wfhlwz_h"’L(\wl;g\_l, a;zl/wl)dwm

~ crhothitha=2 ooghi—1 ggip—1 S| sin ﬁ\hﬁh?

—ho

02 —ho—h2, . —h -1 -1
« / el w(w1+w2)w2 0=h2 0 1L(|w1:2‘ ’awz/wl)dwlﬁ
/AN

~ C?"ho +hi1+ha 726h0 +hy—1 ’

hence follow the singularities g"+"2=1 and (r/4 — B)hoth2—1
4. If hy = hy = hs = h > 0, then we have only a 3"+2"~1 singularity. If h3 > 0,
hy # hs, then ghothzths=1 and (7 /4 — B)rothzths=1 are the singularities.
([l
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A.2. Proof of Theorem 2. Let us introduce the following operators:

1. Ay/o is a one lag central difference operator
Aypaf(k) = f(k+1/2) = f(k—1/2). (15)

2. For the difference operator A; ; and Ag 5 in 2D we use the following defini-
tions

Agof(ki ko) = A1 f(k1 4+ 1,k + 1) — Ay 1 f(k1, ko)
Ay f(kr ko) = f(kik2) — f(k1 — 1, k2) — f(k1, k2 — 1)
+ f(ky — 1,k —1). (16)

Lemma 2. Suppose that the time series X; is third order stationary with
covariance function Cy(k) = Cov(Xy4k, Xt), bicovariance function Cs(k,l) =
Cum(X¢qk, Xite, Xt), and variance sequence Va(k) = Var Xt(k) and bicovariance
sequence Vs(k, () = Cum(X(()k) X(gz),X(Z)) Then

Ca(k) = A1/2(k2v2(k))a k>1,

Cs(k,0) = §A272(k€2%(k,€)) k>0>1.

The initial values are C5(0) =Va(1), C5(0,0) =V3(1,1), C5(k,0) = A(kV3(k, 1)) =
(k+1)Vs(k+1,1) — kV5(k,1).
PROOF. We prove the third order formula. If
/2
Xt _ / 6z2wth(dw)7
—1/2

then

1Y e — 1 7z i2mw
X(k) _ 7/ 2ntkw : d _ / 27thw k i d
p . 1/26 o M (dw) _1/26 er( w)ieﬂw — 1/\/l( w),

If k> ¢ >1 then

12 12
Vs(k, £) / / 1 (kw1)er (fwa)er (bws) U~ (wr.2) S5 (wr.2)dws.2,

1/2 1/2

where w3 = —w; — wo, and

3
Vira) =Ll
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Now, we rewrite

¥/ ¢
ke; (koo e () er(fus) = / / / ei2m e Azt Aows) gy

and prove the identity

Ao o (klPer(kwr)er(fws)er(fws))

_ (ei27r(kw1+fw2) + €i2ﬂ-(kwl+£w3))8](0)1)2](&)2)2[(&}3). (17)
We start with the first order difference

kf2A1 1 61((1€ + 1)&]1 61((€+ 1 w2)e[ £ + 1)&]3))

STV VA T A R Y

X 612#(}\1W1+)\2w2+)\3w3)d)\l:g

r k+1 £+1 41 4 14
_ / (/ / _/ / ):|€i27r(>\1w1+)\2w2+>\3w3)d/\1:3
LJk 0 0 0 0
r k+1 £+1 4 4 41 £+1 41
TR S
Lk ¢ 0 o Je ¢ ¢ 4

and proceed with the second order one

]CEQAl 1[2]((k + 1 wl)eI (f + 1)WQ 61((Z + 1)&)3) — 2[(/6&)1)8](&02)2[(&4)3)]

k+1 l+1 l+1
/ (/ / / / ) ’L27T()\1w1+/\2(U2+)\30J3)d>\ 1:3

_ (6127r(kw1+€w2) + 612w(kw1+2w3))21(w1)e1(w2)el(w3).

It follows
Ao o(kO?V3(k, 0)) = 2C5(k, £). 0
OUTLINE OF THE PROOF OF THEOREM 2. The bicovariances Cé")(kl;g) =

Cum(Xt(g~Cl Xt(_& ,X(")) of the aggregated series X™ is calculated directly

3 12Tnw; 1

(n) Eie i2mn (k kaws) e —
C3" (k1.2) / / eimnkiwrthows ——— 53 (wi.2)dwi 2
7’L3 1/2 1/2 jl;[l 61271'0.1] -1

1 n/2 n/ ]
1 / / 2N RN G (X )T (A1) S (M /) A
n? n/2J—n/2
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The bispectrum Sz has the form (3), put

Ls(Ar2on) = L{Ava/nl ™ a3l )0 /),

such that U=1(A\1.2)S3(A1.2) = s3(A1.2)L3(A1.2) and apply Lemma 2

n/2

n/2 )
n2_3g009(,n)(/€1:2) =c / etk A2 (N 5)s3( A1) La( A1, 1) d A2
—n/2

—n/2

1 ~
= C§A2,2 {klkS/ el(klwl)el(kQWQ)QI(kZWS)S?)(/\l:Q)L(a;gl/wl)dWLQ] = C3(k1:2),
]RQ

see (17), where 3go = ho + h1 + ha + hs. Hence we have

[Ber92]

Cum(X™)  x™  x™ ~
A ( H?:ggo—t;kz t ):CB(k1:2)~ U
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