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Bilinear character sums over norm groups

By SU HU (Beijing) and YAN LI (Beijing)

Abstract. Let k be a finite field with q elements. Let kn be the extension of k

with degree n. Let Nn be the kernel of the norm map Nkn/k : k×
n → k×. In this paper

we estimate the bilinear character sum

Wρ,θ(ψ,U,V) =
∑

U∈U

∑

V ∈V

ρ(U)θ(V )ψ(UV ),

where U and V are arbitrary subsets of Nn, ρ(U) and θ(V ) are arbitrary bounded

complex functions supported on U and V and ψ is a nontrivial additive character of kn.

We apply this bound to two problems.

(1) If S, T, U, V are subsets of Nn, we study the equation S + T = UV , where S ∈ S,

T ∈ T, U ∈ U, V ∈ V.

(2) We study the Nn analogy of the sum-product problem.

1. Introduction

Character sums over finite fields are very important and have many useful

applications. Recently, Gyarmati and Sárközy [2] estimated certain character

sums over finite fields and they used their results to show that if A, B, C, D are

“large” subsets of a finite field Fq, then the equations a+b = cd, resp., ab+1 = cd

can be solved with a ∈ A, b ∈ B, c ∈ C, d ∈ D [3]. Shparlinski [9] estimated

bilinear character sums over elliptic curves and he also gave various applications

in two papers [9], [10].
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Let k be a finite field with q elements. Let kn be the extension of k with

degree n. Let Nn be the kernel of the norm map

Nkn/k : k×n → k×.

In this paper, we estimate the bilinear character sum

Wρ,θ(ψ,U,V) =
∑

U∈U

∑

V ∈V

ρ(U)θ(V )ψ(UV ),

where U and V are arbitrary subsets of Nn, ρ(U) and θ(V ) are arbitrary bounded

complex functions supported on U and V, ψ is a nontrivial additive character

of kn. We apply this bound to the following two problems.

(1) If S, T, U, V are subsets of Nn, we study the equation S+T = UV , where

S ∈ S, T ∈ T, U ∈ U, V ∈ V. This equation has been considered by Sárközy

[4], Gyarmati–Sárközy [3] over finite fields and Shparlinski [9] over elliptic

curves.

(2) We study the Nn analogue of the sum-product problem which has been

considered by Garaev [6], Katz–Sen [7], [8] over finite fields and Shparlinski

[10] over elliptic curves (also see the survey of Terence Tao [16]).

Our main tool is the following result obtained by Deligne [13] (also see

Chapter 6 Section 3 of [14]).

Lemma 1.1 (Deligne [13]). Let ψ be a nontrivial additive character over

kn, we have ∣∣∣∣
∑

x∈Nn

ψ(x)

∣∣∣∣ ≤ nq(n−1)/2.

2. Bilinear sums

Theorem 2.1. Let ψ be a nontrivial additive character of kn. Let U and V

be arbitrary subsets of Nn such that

|ρ(U)| ≤ 1, U ∈ U, and |θ(V )| ≤ 1, V ∈ V.

We have

|Wρ,θ(ψ,U,V)| ¿
√
#U#Vq(n−1)/2 +

√
#U#Vq(n−1)/4.
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Remark 2.2. If #V ≤ q(n+1)/2, we have

√
#U#Vq(n−1)/4 ≤

√
#U#Vqn

and our bound is stronger than the general proposed bound obtained by Gyar-

mati and Sárközy [2].

Proof. Writing

|Wρ,θ(ψ,U,V)| ≤
∑

U∈U

∣∣∣∣
∑

V ∈V

ρ(U)θ(V )ψ(UV )

∣∣∣∣

and applying the Cauchy’s inequality, we obtain

|Wρ,θ(ψ,U,V)|2 ≤ #U
∑

U∈U

∣∣∣∣
∑

V ∈V

θ(V )ψ(UV )

∣∣∣∣
2

≤ #U
∑

U∈Nn

∣∣∣∣
∑

V ∈V

θ(V )ψ(UV )

∣∣∣∣
2

= #U
∑

V1∈V

∑

V2∈V

θ(V1)θ̄(V2)
∑

U∈Nn

ψ(UV1 − UV2).

In the case V1 = V2, we estimate the sum over U as #Nn = O(qn−1). Otherwise

ψ̃(x) = ψ(x(V1 − V2)) is also a nontrivial additive character over kn. Using

Lemma 1.1, we obtain

∣∣∣∣
∑

U∈Nn

ψ(UV1 − UV2)

∣∣∣∣ =
∣∣∣∣
∑

U∈Nn

ψ(U(V1 − V2))

∣∣∣∣ =
∣∣∣∣
∑

U∈Nn

ψ̃(U)

∣∣∣∣ ≤ nq(n−1)/2.

Therefore, we have the following estimate

|Wρ,θ(ψ,U,V)|2 ¿ #U(#Vqn−1 + (#V)2q(n−1)/2). ¤

3. Sums and products

Sárközy [4] shows that for any subsets A, B, C, D of Fq, the number of

solutions N(A,B,C,D) of the equation

a+ b = cd, a ∈ A, b ∈ B, c ∈ C, d ∈ D,

satisfies ∣∣∣∣N(A,B,C,D)− #A#B#C#D

q

∣∣∣∣ ≤
√
#A#B#C#Dq.
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In particular,

N(A,B,C,D) = (1 +O(q−ε/2))
#A#B#C#D

q
,

where #A#B#C#D ≥ q3+ε for some fixed ε and sufficiently large q.

Here we estimate the number of solutions M(S,T,U,V) of the equation

S + T = UV, S ∈ S, T ∈ T, U ∈ U, V ∈ V,

for any subsets S, T, U, V of Nn.

Theorem 3.1. For every ε > 0 and arbitrary subsets S, T, U, V of Nn with

#S#T#U#V ≥ q(7n−3)/2+(n−1)ε,

we have

M(S,T,U,V) = (1 +O(q−(n−1)ε/2))
#S#T#U#V

qn
.

Remark 3.2. In fact, we show that when S, T, U, V are subsets of Nn, the

equation

S + T = UV, S ∈ S, T ∈ T, U ∈ U, V ∈ V,

has more solutions than the situation when S, T, U,V are arbitrary subsets of

Fqn . Since from the general proposed result of Sárközy [4], we have

M(S,T,U,V) = (1 +O(q−nε/2))
#S#T#U#V

qn
.

Proof. Let Ψ be the set of all additive characters of kn and Ψ∗ be the set of

nontrivial characters. Using the orthogonality property of the additive characters,

we obtain

M(S,T,U,V) =
1

qn

∑

S∈S

∑

T∈T

∑

U∈U

∑

V ∈V

∑

ψ∈Ψ

ψ(S + T−UV ) =
#S#T#U#V

qn
+∆,

where

|∆| ≤ 1

qn

∣∣∣∣
∑

S∈S

∑

T∈T

∑

U∈U

∑

V ∈V

∑

ψ∈Ψ∗
ψ(S + T − UV )

∣∣∣∣

≤ 1

qn

∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
∣∣∣∣
∑

T∈T

ψ(T )

∣∣∣∣
∣∣∣∣
∑

U∈U

∑

V ∈V

ψ(UV )

∣∣∣∣.
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Using Theorem 2.1 and the Cauchy’s inequality, we obtain

|∆| ¿ 1

qn

(√
#U#Vqn−1 +

√
#U#V q(n−1)/4

) ∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
∣∣∣∣
∑

T∈T

ψ(T )

∣∣∣∣

≤ 1

qn
(√

#U#Vqn−1 +
√
#U#V q(n−1)/4

)

×
√√√√ ∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
2
√√√√ ∑

ψ∈Ψ∗

∣∣∣∣
∑

T∈T

ψ(T )

∣∣∣∣
2

.

Now we conclude that

∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
2

≤
∑

ψ∈Ψ

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
2

= qn#S.

Using the same argument for the sum over T ∈ T, we obtain the bound

|∆| ¿ (√
#U#Vqn−1 +

√
#U#V q(n−1)/4

)√
#S#T

=
√
#S#T#U#Vqn−1 +

√
#S#T#U#Vq(n−1)/4.

It is obvious that for #S#T#U#V ≥ q(7n−3)/2+(n−1)ε ≥ q(3n−1)+(n−1)ε, we have

√
#S#T#U#Vqn−1

#S#T#U#Vq−n
=

q(3n−1)/2

√
#S#T#U#V

≤ q−(n−1)ε/2.

Clearly, we can assume that #U ≥ #V. Then

#S#T ≥ q(7n−3)/2+(n−1)ε

#U#V
≥ q(7n−3)/2+(n−1)ε

(#U)2
.

Therefore,

√
#S#T#U#Vq(n−1)/4

#S#T#U#Vq−n
=

q(5n−1)/4

√
#S#T#U

≤
√
#U

q(n−1)/2+(n−1)ε/2
¿ q−(n−1)ε/2,

which concludes the proof. ¤

4. Sum-product problem

We study the Nn analogy of the sum-product problem by modifying the

method of Garaev [6]. This method has also been used by Shparlinski [11] to

investigate the elliptic curve analogy of the sum-product problem.
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Theorem 4.1. Let R and S be arbitrary subsets of Nn. Then for the subsets

U = {S + T : S ∈ S, T ∈ R} and V = {ST : S ∈ S, T ∈ R},

we have

#U#V À min{qn#R, (#R#S)2q1−n, (#R)2#Sq(1−n)/2}.

Remark 4.2. If #S ≤ q(n+1)/2, we have

(#R#S)2q−n ≤ (#R)2#Sq(1−n)/2

and our bound is stronger than the general proposed bound obtained by Garaev

[6].

Proof. We denote J the number of solutions (S1, S2, V, U) to the equation

V S−1
1 + S2 = U, S1, S2 ∈ S, V ∈ V, U ∈ U.

Since obviously the vectors

(S1, S2, RS1, R+ S2), R ∈ R, S1, S2 ∈ S,

are all pairwise distinct solution of the above equation, we obtain

J ≥ #R(#S)2.

To obtain an upper bound on J , we use Ψ to denote the set of all additive charac-

ters of kn and write Ψ∗ the set of nontrivial characters. Using the orthogonality

property of the additive characters, we obtain

J =
∑

S1∈S

∑

S2∈S

∑

V ∈V

∑

U∈U

1

qn

∑

ψ∈Ψ

ψ(V S−1
1 + S2 − U)

=
1

qn

∑

ψ∈Ψ

∑

S1∈S

∑

V ∈V

ψ(V S−1
1 )

∑

S2∈S

ψ(S2)
∑

U∈U

ψ(−U).

For ψ being nontrivial, Theorem 2.1 implies that

∣∣∣∣
∑

S1∈S

∑

V ∈V

ψ(V S−1
1 )

∣∣∣∣ ¿ (#V)1/2(#S)1/2q(n−1)/2 + (#V)1/2#Sq(n−1)/4.
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Therefore,

J − (#S)2#U#V

qn

¿(
(#V)1/2(#S)1/2q(n−1)/2+(#V)1/2#Sq(n−1)/4

) 1

qn

∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
∣∣∣∣
∑

U∈U

ψ(U)

∣∣∣∣.

Extending the summation over Ψ∗ to the full set Ψ and using the Cauchy’s ine-

quality, we obtain

∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)
∣∣ ∣∣ ∑

U∈U

ψ(U)

∣∣∣∣ ≤
√√√√∑

ψ∈Ψ

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
2
√√√√∑

ψ∈Ψ

∣∣∣∣
∑

U∈U

ψ(U)

∣∣∣∣
2

.

From the orthogonality property of the additive characters, we have

∑

ψ∈Ψ

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
2

≤ qn#S.

Similarly,
∑

ψ∈Ψ

∣∣∣∣
∑

U∈U

ψ(U)

∣∣∣∣
2

≤ qn#U.

Thus ∑

ψ∈Ψ∗

∣∣∣∣
∑

S∈S

ψ(S)

∣∣∣∣
∣∣∣∣
∑

U∈U

ψ(U)

∣∣∣∣ ¿ qn
√
#S#U.

From the above inequalities, we have

J − (#S)2#V#U

qn
¿ (#V#U)1/2(#Sq(n−1)/2 + (#S)3/2q(n−1)/4).

Thus,

(#S)2#V#U

qn
+ (#V#U)1/2(#Sq(n−1)/2 + (#S)3/2q(n−1)/4) À #R(#S)2.

Hence

#U#V À min{qn#R, (#R#S)2q1−n, (#R)2#Sq(1−n)/2}. ¤
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