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General characterizations of anisotropic Besov spaces

By B. BARRIOS (Madrid) and JORGE J. BETANCOR (La Laguna)

Abstract. In this paper we establish general characterizations of anisotropic Besov

spaces associated with expansive matrices.

1. Introduction

Celebrated monographies of Peetre [23] and Triebel ([27], [28] and [29])

present exhaustive studies about Besov and Triebel–Lizorkin spaces. In this paper

we are going to concentrate on Besov spaces but analogous properties for Triebel–

Lizorkin spaces can be established.

Several equivalent ways exist to define Besov spaces. We adopt here a

Littlewood–Paley type definition as starting point. Let 0 < p, q ≤ ∞ and α ∈ R.
Assume that ϕ is a C∞ function on Rn such that

suppϕ ⊆ {x ∈ Rn : |x| ≤ 2},

and ϕ(x) = 1, |x| ≤ 1. For every j ∈ N, we define

ϕj(x) = ϕ(2−jx)− ϕ(2−j+1x), x ∈ Rn,

and ϕ0 = ϕ. A distribution f ∈ S′(Rn) is in the Besov space Bα
p,q if and only if

‖f‖Bα
p,q

=

( ∞∑

j=0

2jαq‖(f̂ϕj )̌ ‖qp
)1/q

< ∞,
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with the usual modification when q = ∞. As mentioned earlier complete studies

of Besov spaces Bα
p,q can be found in [23], [27], [28] and [29].

Recently, several authors (see [8], [12], [13], [15], [16], [17], and [22], amongst

others) have investigated (diagonal)-anisotropic Besov spaces. These anisotropic

Besov spaces are defined also in terms of Fourier analytical quasinorm as follows.

By a = (a1, a2, . . . , an) we denote an anisotropy, that is, a n-uple of positive

numbers such that a1 + a2 + · · ·+ an = n. We write, for every j ∈ Z,

2jax = (2ja1x1, . . . , 2
janxn), x = (x1, . . . , xn) ∈ Rn.

Let 0 < p, q ≤ ∞ and α ∈ R. If ϕ is a function as above, a distribution

f ∈ S′(Rn) is in the anisotropic Besov space Bα,a
p,q if and only if

‖f‖Bα,a
p,q

=

( ∞∑

j=0

2jαq‖(ϕj f̂ )̌ ‖qp
)1/q

< ∞,

with the usual modification if q = ∞, where, for every j ∈ N,

ϕj(x) = ϕ(2−jax)− ϕ(2−(j+1)ax), x ∈ Rn,

and ϕ0 = ϕ. The basic result for the (diagonal)-anisotropic Besov spaces can be

encountered in [20] and [25].

Bownik ([2], [3], [4], and [5]) and Ho ([18] and [21]) (see also the papers of

Bownik and Ho [6], Dappa and Triebel [9], Dintelmann [10] and [11] and Ho

[21]) have studied anisotropic function spaces associated with expansive matrices.

In [2] general anisotropic Besov spaces are introduced. In this paper we complete

that study by proving a rather general characterization of the anisotropic Besov

spaces associated with expansive matrices.

We now recall some definitions and properties concerning to expansive dila-

tions. Let n ∈ N. A real n × n matrix A is an expansive matrix provided that

minλ∈σ(A) |λ| > 1, where σ(A) denotes the spectrum of A. A quasinorm associa-

ted with an expansive matrix A is a Borel measurable function ρA : Rn → [0,∞)

satisfying the following conditions

(i) ρA(x) > 0, x 6= 0,

(ii) ρA(Ax) = |detA|ρA(x), x ∈ Rn,

(iii) ρA(x+ y) ≤ H(ρA(x) + ρA(y)), x, y ∈ Rn,

where H ≥ 1.
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All quasinorms associated with a fixed dilation A are equivalent ([2], Lem-

ma 2.4). We consider in the sequel the quasinorm ρA defined for a fixed expansive

matrix A by

ρA(x) =

∞∑

k=−∞
| detA|kχOk

(x), x ∈ Rn,

where Ok = Ak([−1, 1]n) \⋃k−1
i=−∞ Ai([−1, 1]n).

If by | · | we denote the Lebesgue measure, (Rn, ρA, | · |) is a space of homoge-

neous type in the sense of Coifmann and Weiss ([7]). For any locally integrable

function f on Rn, the Hardy–Littlewood maximal operator MρA
is defined, as

usual, by

MρAf(x) = sup
x∈B∈B

1

|B|
∫

B

|f(y)|dy, x ∈ Rn,

where B represents the collection of ρA − balls. The following fact will be useful

(see [6, (2.4)])

|BρA(0, r)| ∼ r, r > 0, (1)

where BρA(0, r) = {x ∈ Rn : ρA(x) < r}, r > 0. It is well known that the

maximal operator MρA is bounded from Lp(Rn) into itself for every 1 < p < ∞
and from L1(Rn) into L1,∞(Rn).

Note that, according to [3, (2.2), p. 4], there exists j0 ∈ N such that

A−j [−1, 1]n ⊂ A−2[−1/2, 1/2]n, j ≥ j0, j ∈ N,
and

A−1[−1, 1]n
⋃

[−1, 1]n
⋃

A[−1, 1]n ⊂ Aj0 [−1/2, 1/2]n.

Assume that ϕ,Φ ∈ S(Rn) are such that

supp ϕ̂ ⊆ {x ∈ Rn : |detA|−j0 ≤ ρA∗(x) ≤ |detA|j0} (2)

supp Φ̂ ⊆ {x ∈ Rn : ρA∗(x) ≤ |detA|j0} (3)

and

sup
j∈N

{|ϕ̂((A∗)−jx)|, |Φ̂(x)|} > 0, x ∈ Rn. (4)

By A∗ we represent the matrix adjoint to A. Observe that if x 6= 0 there exists

k ∈ Z such that x ∈ O∗
k, where O∗

k = (A∗)k([−1, 1]n) \⋃k−1
i=−∞(A∗)i([−1, 1]n).

Let α ∈ R and 0 < p, q ≤ ∞. We say that a distribution f ∈ S′(Rn) is in

the inhomogeneous Besov space Bα,A
p,q associated with A if and only if

‖f‖Bα,A
p,q

= ‖f ∗ Φ‖p +
( ∞∑

j=1

(| detA|jα‖f ∗ ϕj‖p)q
)1/q

< ∞.



182 B. Barrios and Jorge J. Betancor

Here and in the sequel, for every j ∈ Z, the function ϕj is defined by

ϕj(x) = |detA|jϕ(Ajx), x ∈ Rn.

The anisotropic Besov spaces Bα,A
p,q are independent of the function ϕ and Φ

as above. These spaces were introduced in [2]. There Bownik characterized them

by the magnitude of the anisotropic ϕ-transforms in appropriate sequence spaces.

He also obtained atomic and molecular decompositions of the elements of the ani-

sotropic Besov spaces extending isotropic results of Frazier and Jawerth [14].

Recently, the authors ([1]) have established other characterizations of the spaces

Bα,A
p,q .

In this paper our objective is to establish aBα,A
p,q version of [28, Theorem 2.5.1].

We choose two functions hA,HA ∈ S(Rn) such that

supp ĥA ⊆ {x ∈ Rn : ρA∗(x) ≤ | detA|j0} and ĥA(x) = 1, ρA∗(x) ≤ 1,

and

supp ĤA ⊆ {x ∈ Rn : | detA|−j1 ≤ ρA∗(x) ≤ |detA|j1} and ĤA(x) = 1,

1

|detA|j0 ≤ ρA∗(x) ≤ |detA|j0 ,

where j1 ∈ N is large enough (see [3, (2.2), p. 4]). Here A is as always an expansive

matrix and in the sequel to simplify we will write h and H to refer to hA and HA.

Theorem 1.1. Let 0 < q ≤ ∞, 1 < p < ∞, α > 0 and s0 < α < s1.

Assume that A is an expansive matrix and that Ψ and ψ belong to L1(Rn) being

Ψ̂(x) 6= 0, ρA∗(x) ≤ |detA|j0 . Suppose also that there exist C1 and C2 such that

if ψ̂(x) 6= 0, C1 ≤ ρA∗(x) ≤ C2, and that the following conditions hold:

sup
t∈[0,1] ,m∈N

∥∥∥
( ψ̂((A∗)tz)Ĥ((A∗)−mz)

ρA∗(z)s0

)
ˇ
∥∥∥
1
< ∞, (P1)

sup
m∈N

∥∥∥
( Ψ̂(z)Ĥ((A∗)−mz)

ρA∗(z)s0

)
ˇ
∥∥∥
1
< ∞, (P2)

sup
t∈[0,1]

∥∥∥
( ψ̂((A∗)tz)ĥ((A∗)−j0z)

ρA∗(z)s1

)
ˇ
∥∥∥
1
< ∞, (P3)

where j0 is that appears in (2). Then, the quasinorms ‖ · ‖(1)
Bα,A

p,q
and ‖ · ‖(2)

Bα,A
p,q

defined by

‖f‖(1)
Bα,A

p,q
= ‖f ∗Ψ‖p +

(∫ 1

0

t−αq‖(ψ̂((A∗)log| detA| t·)f̂(·))̌ ‖qp
dt

t

)1/q

,



General characterizations of anisotropic Besov spaces 183

and

‖f‖(2)
Bα,A

p,q
= ‖f ∗Ψ‖p +

( ∞∑

j=1

(| detA|jα‖f ∗ ψj‖p)q
)1/q

, f ∈ Bα,A
p,q ,

(where the usual changes are made when q = ∞) are equivalent to ‖ · ‖Bα,A
p,q

on

Bα,A
p,q . ¡

Anisotropic Triebel–Lizorkin spaces Fα,A
p,q associated with expansive matrices

were studied in [4], [5], [6], and [21]. A version of Theorem 1.1 for Fα,A
p,q -spaces

can be established following a similar procedure by using an anisotropic Peetre

maximal function (see [28, Theorem 2.4.1] for the isotropic case).

Throughout this paper by C we always denote a positive constant that can

change in each occurrence.

2. Proof of Theorem 1.1.

We will show that the quasinorms ‖ · ‖(1)
Bα,A

p,q
and ‖ · ‖Bα,A

p,q
are equivalent on

Bα,A
p,q . The corresponding property for ‖ · ‖(2)

Bα,A
p,q

can be seen in a similar way with

minor changes.

For every α, β > 0 we will repeatedly use the following well known properties:

(i) AαAβ = Aα+β ;

(ii) | det(Aα)| = | det(A)|α; and
(iii) (A∗)α = (Aα)∗.

First we prove that, for every f ∈ Bα,A
p,q ,

‖f ∗Ψ‖p +
(∫ 1

0

t−αq‖(ψ̂((A∗)log| detA| t·)f̂(·))̌ ‖qp
dt

t

)1/q

≤ C‖f‖Bα,A
p,q

,

when 1 ≤ q < ∞. When q = ∞ we only need to make the usual changes.

We choose two functions Φ and ϕ ∈ S(Rn) such that

supp Φ̂ ⊆ BρA∗ (0, | detA|j0),
supp ϕ̂ ⊆ BρA∗ (0, | detA|j0) \BρA∗ (0, | detA|−j0)

and

Φ̂(y) +

∞∑

k=1

ϕ̂k(y) = 1, y ∈ Rn.
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Here j0 is that appears in (2). Also we have that, for every f ∈ S′(Rn),

f = f ∗ Φ+

∞∑

k=1

f ∗ ϕk in S′(Rn). (5)

To simplify we write ϕ0 = Φ and we define ϕk = 0, when k ∈ Z, k ≤ −1.

Let f ∈ Bα,A
p,q , j ∈ N and t ∈ [| detA|−j , | detA|−j+1

]
. We define

ψ(t)(x) =
1

t
ψ(A− log| detA| tx), x ∈ Rn.

Then

ψ̂(t)(y) = ψ̂((A∗)log| detA| ty), y ∈ Rn.

To obtain this we have used that |det(Aβ)| = | detA|β , and (A∗)β = (Aβ)∗, for
every β ∈ R.

By (5) we can write

f ∗ ψ(t) =

0∑

l=−∞
f ∗ ψ(t) ∗ ϕl+j +

∞∑

l=1

f ∗ ψ(t) ∗ ϕl+j in S′(Rn). (6)

Moreover, since the series in (5) also converges in Lp(Rn) and ψ(t) ∈ L1(Rn), the

last series converges in Lp(Rn) and it represents, in the suitable way (that is, via

some subsequence), pointwise the function ψ(t) ∗ f a.e. Rn.

We analyse the first series in the right hand side in (6). We define, for every

k ∈ Z the function ϕ̃k by

ϕ̃k = (ρA∗((A∗)−k·)s1 ϕ̂k(·))̌ .
We can write

∣∣∣∣
0∑

l=−∞
|detA|jα(f ∗ ψ(t) ∗ ϕl+j)(x)

∣∣∣∣

≤
0∑

l=−∞
|detA|jα

∣∣∣
(
ψ̂((A∗)log| detA| tz)ϕ̂((A∗)−l−jz)f̂(z))̌ (x)

∣∣∣

≤
0∑

l=−∞
|detA|l(s1−α)

∣∣∣
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s1
| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)

)
(̌x)

∣∣∣

=

0∑

l=−∞
|detA|l(s1−α)

×
∣∣∣
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s1
ĥ((A∗)−j−j0z)|detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)

)
(̌x)

∣∣∣.
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In the last equality we have used that ĥ(z) = 1, when ρA∗(z) ≤ 1. Indeed, since

supp ϕ̂ ⊆ BρA∗ (0, | detA|j0),
then

supp ˆ̃ϕj+l = supp(ρA∗((A∗)−(j+l)·)s1 ϕ̂j+l) ⊆ BρA∗ (0, | detA|j+l+j0).

Hence,

supp ˆ̃ϕj+l ⊆ BρA∗ (0, | detA|j+j0),

and ĥ((A∗)−j−j0z) = 1, z ∈ supp ˆ̃ϕj+l, l ∈ Z, l ≤ 0.

For every l ∈ Z, l ≤ 0, we have

∣∣∣
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s1
ĥ((A∗)−j−j0z)|detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)

)
(̌x)

∣∣∣

≤
∫

Rn

∣∣∣
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s1
ĥ((A∗)−j−j0z)

)
(̌y)

∣∣∣

× ∣∣(|detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)
)̌
(x− y)

∣∣dy, x ∈ Rn.

Minkowski and Young inequalities lead to

∥∥∥∥
0∑

l=−∞
| detA|jα(f ∗ ψ(t) ∗ ϕl+j)

∥∥∥∥
p

≤
0∑

l=−∞
|detA|l(s1−α)

∥∥∥
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s1
ĥ((A∗)−j−j0z)

)
ˇ
∥∥∥
1

×
∥∥(| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)

)̌ ∥∥
p
.

Moreover, by making suitable changes of variables it obtains

∥∥∥
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s1
ĥ((A∗)−j−j0z)

)
ˇ
∥∥∥
1

=
∥∥∥
( ψ̂((A∗)j+log| detA| tu)

ρA∗(u)s1
ĥ((A∗)−j0u)

)
ˇ
∥∥∥
1
.

By (P3), we get

sup
| detA|−j≤t≤| detA|−j+1

∥∥∥∥
0∑

l=−∞
|detA|jα(f ∗ ψ(t) ∗ ϕl+j)

∥∥∥∥
p

≤ C

0∑

l=−∞
|detA|l(s1−α)

× ‖(| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖p.
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Hence, since s1 > α, if 1 ≤ q ≤ ∞ (with the usual changes with q = ∞)

( ∞∑

j=1

|detA|jαq
(

sup
| detA|−j≤t≤| detA|−j+1

∣∣∣∣
∣∣∣∣

0∑

l=−∞
(f ∗ ψ(t) ∗ ϕl+j)

∣∣∣∣
∣∣∣∣
p

)q)1/q

≤ C

0∑

l=−∞
|detA|l(s1−α)

( ∞∑

j=1

| detA|α(j+l)q‖(f̂ ˆ̃ϕj+l)̌ ‖qp
)1/q

≤ C

( ∞∑

j=0

|detA|αjq‖(f̂ ˆ̃ϕj )̌ ‖qp
)1/q

, (7)

and if 0 < q < 1,

( ∞∑

j=1

| detA|jαq
(

sup
| detA|−j≤t≤| detA|−j+1

∥∥∥∥
0∑

l=−∞
(f ∗ ψ(t) ∗ ϕl+j)

∥∥∥∥
p

)q)1/q

≤ C

( 0∑

l=−∞
|detA|l(s1−α)q

∞∑

j=1

| detA|α(j+l)q‖(f̂ ˆ̃ϕj+l)̌ ‖qp
)1/q

≤ C

( 0∑

l=−∞
|detA|l(s1−α)q

∞∑

j=0

| detA|αjq‖(f̂ ˆ̃ϕj )̌ ‖qp
)1/q

≤ C

( ∞∑

j=0

| detA|αjq‖(f̂ ˆ̃ϕj )̌ ‖qp
)1/q

. (8)

Our next objective is to see that

( ∞∑

j=0

| detA|jαq‖(f̂ ˆ̃ϕj )̌ ‖qp
)1/q

≤ C

( ∞∑

j=0

|detA|jαq‖(f̂ ϕ̂j )̌ ‖qp
)1/q

. (9)

Inequality (9) will be proved when we show that

‖(f̂ ˆ̃ϕj )̌ ‖p ≤ C‖(f̂ ϕ̂j )̌ ‖p , j ∈ N ∪ {0}, (10)

where C > 0 does not depend on j.

Let j ∈ N. The support of ϕ̂j is contained in Ω∗
j =

⋃j0+j
l=−j0+j O

∗
l , where

O∗
l = (A∗)l[−1, 1]n \

l−1⋃

k=−∞
(A∗)k[−1, 1]n, l ∈ Z.
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We can write,

(f̂ ˆ̃ϕj )̌ (x) = (f̂(z)ϕ̂j(z)ρA∗((A∗)−jz)s1 )̌ (x)

= (f̂(z)ϕ̂j(z)χΩ∗
j
(z)ρA∗((A∗)−jz)s1 )̌ (x)

= |detA|j((f ∗ ϕj )̂ ((A
∗)jz)χΩ∗

j
((A∗)jz)ρA∗(z)s1 )̌ (Ajx)

= (((f ∗ ϕj)(A
−ju))̂ (z)χΩ∗

0
(z)ρA∗(z)s1 )̌ (Ajx)

=

j0∑

l=−j0

(((f ∗ ϕj)(A
−ju))̂ (z)χO∗

l
(z)ρA∗(z)s1 )̌ (Ajx)

=

j0∑

l=−j0

|detA|ls1(((f ∗ ϕj)(A
−ju))̂ (z)χO∗

l
(z))̌ (Ajx), x ∈ Rn.

If, for l = −j0, · · · , j0, the function χO∗
l
is an Lp-Fourier multiplier, then

‖(f̂ ˆ̃ϕj )̌ ‖p ≤ C

j0∑

l=−j0

‖((f ∗ ϕj)(A
−ju))̂ (z)χO∗

l
(z))̌ (Aj ·)‖p

≤ C

j0∑

l=−j0

| detA|− j
p ‖(((f ∗ ϕj)(A

−ju))̂ (z)χO∗
l
(z))̌ ‖p

≤ C| detA|− j
p ‖(f ∗ ϕj)(A

−j ·)‖p ≤ C‖f ∗ ϕj‖p = C‖(f̂ ϕ̂j )̌ ‖p,
and (10) is established, for every j ∈ N.

We are going to see that χO∗
1
is a Lp Fourier multiplier. In a similar way we

can see that χO∗
l
is a Lp Fourier multiplier, for every l ∈ Z. We have that

O∗
1 = A∗[−1, 1]n \

0⋃

l=−∞
(A∗)l[−1, 1]n.

According to [21, Lemma 1.1.1], liml→∞ |(A∗)−lx| = 0, uniformly in [−1, 1]n.

Then, there exists l0 ∈ N such that

−l0−1⋃

l=−∞
(A∗)l[−1, 1]n ⊆ [−1/2, 1/2]n.

Hence

O∗
1 = A∗[−1, 1]n \

0⋃

l=−l0

(A∗)l[−1, 1]n.

Moreover, since (A∗)k[−1, 1]n is a polygon for every k ∈ Z, O∗
1 is a finite union of

polygons in Rn. Then, by [19, Corollary 3.2] (see also [26]), χO∗
1
is an Lp-Fourier
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multiplier.

Moreover, the support of ϕ̂0 is contained in
⋃j0

k=−∞ O∗
k. Then we can write

( ˆ̃ϕ0f̂ )̌ = (ϕ̂0ρ
s1
A∗ f̂ )̌ =

∞∑

k=−j0

| detA|−ks1(ϕ̂0χO∗
−k

f̂ )̌ .

As above, we have that, for every k ∈ N ∪ {0},

‖(ϕ̂0f̂χO∗
−k

)̌ ‖p = ‖((f ∗ ϕ0)̂χO∗
−k

)̌ ‖p
= ‖(((f ∗ ϕ0)(A

ku))̂χO∗
0
)̌ ((A∗)−k·)‖p ≤ C‖f ∗ ϕ0‖p.

Hence, it follows

‖( ˆ̃ϕ0f̂ )̌ ‖p ≤ C

∞∑

k=0

| detA|−ks1‖f ∗ ϕ0‖p ≤ C‖f ∗ ϕ0‖p.

By combining (7), (8) and (9) we conclude

( ∞∑

j=1

|detA|jαq
(

sup
| detA|−j≤t≤| detA|1−j

∥∥∥∥
0∑

l=−∞
f ∗ ψ(t) ∗ ϕl+j

∥∥∥∥
p

)q)1/q

≤ C

( ∞∑

j=0

|detA|jαq‖f ∗ ϕj‖qp
)1/q

. (11)

We now analyze the second series in the right hand side of (6). We define,

for every k ∈ Z, the function ϕ̃k by

ϕ̃k = (ρA∗((A∗)−k·)s0 ϕ̂k(·))̌ . (12)

Let j ∈ N. We have that

∣∣∣∣
∞∑

l=1

| detA|jα(f ∗ ψ(t) ∗ ϕl+j)(x)

∣∣∣∣

≤
∞∑

l=1

| detA|jα
∣∣(ψ̂((A∗)log| detA| tz)ϕ̂((A∗)−l−jz)f̂(z)

)̌
(x)

∣∣

≤
∞∑

l=1

| detA|l(s0−α)
∣∣∣
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s0
| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)

)
(̌x)

∣∣∣

=

∞∑

l=1

| detA|l(s0−α)
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×
∣∣∣
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s0
Ĥ((A∗)−j−lz)| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z)

)
(̌x)

∣∣∣, x ∈ Rn.

The last equality can be justified as follows. The support of ˆ̃ϕj+l is contained in

{z ∈ Rn : | detA|j+l−j0 ≤ ρA∗(z) ≤ | detA|j+l+j0}, for every l ∈ Z. Then, since

Ĥ(z) = 1, | detA|−j0 ≤ ρA∗(z) ≤ | detA|j0 , it has

Ĥ((A∗)−j−lz) ˆ̃ϕj+l(z) = ˆ̃ϕj+l(z), z ∈ Rn and l ∈ Z.

By using Minkowski and Young inequality we obtain

∥∥∥∥
∞∑

l=1

| detA|jα(f ∗ ψ(t) ∗ ϕl+j)

∥∥∥∥
p

≤
∞∑

l=1

|detA|l(s0−α)
∥∥∥
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s0
Ĥ((A∗)−j−lz)

)
ˇ
∥∥∥
1

× ‖(|detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖p.

Suitable changes of variables lead to

∥∥∥
( ψ̂((A∗)log| detA| tz)

ρA∗((A∗)−jz)s0
Ĥ((A∗)−j−lz)

)
ˇ
∥∥∥
1

=
∥∥∥
( ψ̂((A∗)j+log| detA| tu)

ρA∗(u)s0
Ĥ((A∗)−lu)

)
ˇ
∥∥∥
1
.

By using (P1) and by proceeding as in the above case, we get

( ∞∑

j=1

| detA|jαq
(

sup
| detA|−j≤t≤| detA|1−j

∥∥∥∥
∞∑

l=1

f ∗ ψ(t) ∗ ϕl+j

∥∥∥∥
p

)q)1/q

≤ C

( ∞∑

j=1

| detA|jαq‖(f̂ ˆ̃ϕj )̌ ‖qp
)1/q

.

≤ C

( ∞∑

j=1

| detA|jαq‖f ∗ ϕj‖qp
)1/q

, (13)

because s0 < α.

By combining (6), (11) and (13) we conclude that

(∫ 1

0

t−αq‖f ∗ ψ(t)‖qp
dt

t

)1/q

=

( ∞∑

j=1

∫ | detA|−j+1

| detA|−j

t−αq‖f ∗ ψ(t)‖qp
dt

t

)1/q
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≤ C

( ∞∑

j=1

| detA|jαq
(

sup
| detA|−j≤t≤| detA|−j+1

‖f ∗ ψ(t)‖p
)q)1/q

≤ C

( ∞∑

j=1

| detA|jαq‖f ∗ ϕj‖qp
)1/q

. (14)

On the other hand, we have that

f ∗Ψ = f ∗Ψ ∗ ϕ0 +

∞∑

l=1

f ∗Ψ ∗ ϕl. (15)

where the convergence is in S′(Rn) and in Lp(Rn), and hence, in a suitable way

(via certain subsequence), pointwise in a.e. Rn.

Since Ψ ∈ L1(Rn), Young inequality implies that

‖f ∗Ψ ∗ ϕ0‖p ≤ C‖f ∗ ϕ0‖p (16)

and ∥∥∥∥
∞∑

j=1

f ∗Ψ ∗ ϕj

∥∥∥∥
p

≤ C

( ∞∑

j=1

| detA|jαq‖f ∗ ϕj‖qp
)1/q

. (17)

Then, (15), (16) and (17) imply that

‖f ∗Ψ‖p ≤ C

(
‖f ∗ ϕ0‖p +

( ∞∑

j=1

| detA|jαq‖f ∗ ϕj‖qp
)1/q)

. (18)

Finally, (14) and (18) lead to

‖f ∗Ψ‖p +
(∫ 1

0

t−αq‖f ∗ ψ(t)‖qp
dt

t

)1/q

≤ C‖f‖Bα,A
p,q

.

We are going to show that, for every f ∈ Bα,A
p,q ,

‖f‖Bα,A
p,q

≤ C

(
‖f ∗Ψ‖p +

(∫ 1

0

t−αq‖(ϕ̂(A∗)log| detA| t·)f̂(·))̌ ‖qp
dt

t

)1/q)
,

for 0 < q < ∞. When q = ∞ we make the usual changes.

Let f ∈ Bα,A
p,q and j ∈ N \ {0}. We choose a function Λ ∈ S(Rn) such that Λ̂

has compact support and

Λ̂(x) = 1 , ρA∗(x) ≤ | detA|K .
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Here K ∈ N will be specified later.

The support of ϕ̂j is contained in BρA∗ (0, |detA|j+j0)\BρA∗ (0, |detA|j−j0).

Moreover, according to [2, Lemma 2.2], we have, for certain ξ0, ξ1 > 0,

ρA∗((A∗)−j−log| detA| tz) ≤ C(|(A∗)− log| detA| t(A∗)−jz|ξ0 + 1)

≤ C(‖(A∗)− log| detA| t‖ξ0 |(A∗)−jz|ξ0 + 1) ≤ C(ρA∗((A∗)−jz)ξ1 + 1)

≤ C((|detA|−jρA∗(z))ξ1 + 1) ≤ C, z ∈ supp ϕ̂j and 1 ≤ t ≤ | detA|,

and for some ξ2, ξ3, ξ4, ξ5 > 0,

ρA∗((A∗)−j−log| detA| tz) ≥ Cmin {|(A∗)− log| detA| t−jz|ξ2 , |(A∗)− log| detA| t−jz|ξ3}
≥ Cmin {(‖(A∗)log| detA| t‖−1|(A∗)−jz|)ξ2 , (‖(A∗)log| detA| t‖−1|(A∗)−jz|)ξ3}
≥ Cmin {|(A∗)−jz|ξ2, |(A∗)−jz|ξ3} ≥ Cmin {ρA∗((A∗)−jz)ξ4, ρA∗((A∗)−jz)ξ5}
= Cmin {(| detA|−jρA∗(z))ξ4 , (|detA|−jρA∗(z))ξ5}
≥ C, z ∈ supp ϕ̂j and 1 ≤ t ≤ | detA|.

Then, there exist C1, C2 > 0 such that

C1 ≤ ρA∗((A∗)−j−log| detA| tz) ≤ C2, z ∈ supp ϕ̂j and 1 ≤ t ≤ | detA|.

Hence, if ψ̂(x) 6= 0, when C1 ≤ ρA∗(x) ≤ C2, we can write, for every K ≥ j0,

f ∗ ϕj = (f̂ ϕ̂j )̌ = (f̂(·)ϕ̂j(·)Λ̂((A∗)−j ·))̌

=
( ϕ̂j(·)
ψ̂((A∗)−j−log| detA| t·) ψ̂((A

∗)−j−log| detA| t·)f̂(·)Λ̂((A∗)−j ·)
)
,̌

1 ≤ t ≤ | detA|.

Indeed, note that Λ̂((A∗)−jx) = 1, provided that ρA∗(x) ≤ | detA|j+K . Then,

Λ̂((A∗)−jx) = 1, for every x ∈ supp ϕ̂j when K ≥ j0.

Interchange formula leads to

|(f ∗ ϕj)(x)| ≤ C×
∫

Rn

∣∣∣∣
( ϕ̂j(z)

ψ̂((A∗)−j−log| detA| tz)

)
(̌y)

(
ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz)

)̌
(x−y)

∣∣∣∣dy,

for 1 ≤ t ≤ | detA|, x ∈ Rn.
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Let a > 0. By [2, Lemma 2.2] we get

(1 + ρA(y))
a ≤ C(1 + |y|2m), y ∈ Rn,

for some m ∈ N. Moreover, if ∆ denotes the Euclidean Laplacian operator, it

follows that

|y|2m
∣∣∣
( ϕ̂(u)

ψ̂((A∗)− log| detA| tu)

)
(̌y)

∣∣∣ =
∣∣∣
(
∆m

( ϕ̂(u)

ψ̂((A∗)− log| detA| tu)

))
(̌y)

∣∣∣ ≤ C,

1 ≤ t ≤ | detA| and y ∈ Rn.

Then, by making changes of variables we obtain

∣∣∣
( ϕ̂j(z)

ψ̂((A∗)−j−log| detA| tz)

)
(̌y)

∣∣∣ =
∣∣∣
( ϕ̂((A∗)−jz)

ψ̂((A∗)−j−log| detA| tz)

)
(̌y)

∣∣∣

= |detA|j
∣∣∣
( ϕ̂(z)

ψ̂((A∗)− log| detA| tz)

)
(̌Ajy)

∣∣∣

≤ C|detA|j(1 + ρA(A
jy))−a, 1 ≤ t ≤ |detA| and y ∈ Rn.

On the other hand, we can write

(( ϕ̂j(z)

ψ̂((A∗)−j−log| detA| tz)

)
(̌y)

(
ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz)

)
(̌x−y)

)
(̂u)

=
( ϕ̂j(z)

ψ̂((A∗)−j−log| detA| tz)

)
∗
(
e−ixzψ̂(−(A∗)−j−log| detA| tz)f̂(−z)Λ̂(−(A∗)−jz)

)
(u),

for 1 ≤ t ≤ | detA| and x , u ∈ Rn. The support of this last function is contained

in the set

supp ϕ̂j + supp Λ̂(−(A∗)−j ·) ⊆ BρA∗ (0, | detA|j+K+L),

for some L > 0 that is not depending on j.

Assume that 0 < r < 1. By applying [27, Proposition 1.3.2] we get

|(f ∗ ϕj)(x)|r ≤ C| detA|(j+K)(1−r)

∫

Rn

∣∣∣
( ϕ̂j(z)

ψ̂((A∗)−j−log| detA| tz)

)
(̌y)

∣∣∣
r

×
∣∣∣
(
ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz)

)
(̌x− y)

∣∣∣
r

dy

≤ C| detA|jr+(j+K)(1−r)

∫

Rn

(1 + ρA(A
jy))−ar

×
∣∣∣(ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ (x− y)

∣∣∣
r

dy,
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1 ≤ t ≤ | detA| and x ∈ Rn.

Then, a standard decomposition procedure by using (1) leads to

|(f ∗ ϕj)(x)|r ≤ C| detA|jr+(j+K)(1−r)

×
( ∞∑

l=0

∫

| detA|−j+l<ρA(y)≤| detA|−j+l+1

|(ψ̂((A∗)−j−log|det| tz)f̂(z)Λ̂((A∗)−jz))̌ (x−y)|r
(1 + | detA|jρA(y))ar dy

+

∫

ρA(y)≤| detA|−j

|(ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ (x− y)|rdy
)

≤ C| detA|jr+(j+K)(1−r)

×
( ∞∑

l=0

1

| detA|lar
∫

ρA(y)≤| detA|−j+l+1

|(ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ (x−y)|rdy

+

∫

ρA(y)≤| detA|−j

|(ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ (x− y)|rdy
)

≤ C| detA|K(1−r)MρA
(|ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ |r)(x),

for 1 ≤ t ≤ | detA| and x ∈ Rn, provided that ar > 1.

We fix 0 < r < min{1, q}. By integrating in t ∈ [1, | detA|], since the

Hardy–Littlewood maximal function MρA is bounded from Lp/r(Rn) into itelf

([6, Theorem 2.4]), it follows

‖(f ∗ ϕj)
r‖p/r

≤C| detA|K(1−r)

∫ | detA|

1

‖MρA
(|ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ |r)‖p/rdt

≤C| detA|K(1−r)

∫ | detA|

1

‖(ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ ‖rpdt.

Then,

|detA|jαr‖f ∗ ϕj‖rp

≤ C| detA|K(1−r)+jαr

∫ | detA|

1

‖(ψ̂((A∗)−j−log| detA| tz)f̂(z)Λ̂((A∗)−jz))̌ ‖rp
dt

t

≤ C|detA|K(1−r)

∫ | detA|−j

| detA|−j−1

u−αr‖(ψ̂((A∗)log| detA| uz)f̂(z)Λ̂((A∗)−jz))̌ ‖rp
du

u
.
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We conclude, by using Jensen inequality,

( ∞∑

j=1

(| detA|jα‖f ∗ ϕj‖p)q
)1/q

≤ C| detA|K 1−r
r

(( 1∫

0

u−αq‖(ψ̂((A∗)log| detA| uz)f̂(z))̌ ‖qp
du

u

)1/q

+

( ∞∑

j=1

| detA|−j∫

| detA|−j−1

u−αq‖(ψ̂((A∗)log| detA| uz)f̂(z)(1−Λ̂((A∗)−jz)))̌ ‖qp
du

u

)1/q)
. (19)

We now analyze the second summand in the right hand side of (19).

Let j ∈ N and u ∈ (0,∞). As in (6), we write

f ∗ ψ(u) − f ∗ ψ(u) ∗ Λj =

∞∑

l=−∞
(f ∗ ψ(u) − f ∗ ψ(u) ∗ Λj) ∗ ϕl+j

=

∞∑

l=−∞
(f̂(z)ψ̂((A∗)log| detA| uz)(1− Λ̂((A∗)−jz))ϕ̂((A∗)−l−jz))̌ ,

when the convergence is understood in S′(Rn), in Lp(Rn) or, in a suitable way

(via certain subsequence), pointwise a.e. Rn. Note that Λ̂((A∗)−jz) = 1, ρA∗(z) ≤
| detA|K+j and supp ϕ̂((A∗)−l−j ·) ⊆ BρA∗ (0, | detA|l+j+j0). Then

f ∗ ψ(u) − f ∗ ψ(u) ∗ Λj

=

∞∑

l=K−j0

(f̂(z)ψ̂((A∗)log| detA| uz)(1− Λ̂((A∗)−jz))ϕ̂((A∗)−l−jz))̌ ,

and we get

| detA|−j∫

| detA|−j−1

u−αq

∥∥∥∥
∞∑

l=K−j0

(f̂(z)ψ̂((A∗)log| detA| uz)(1−Λ̂((A∗)−jz))ϕ̂((A∗)−l−jz))̌

∥∥∥∥
q

p

du

u

≤ C|detA|αjq sup
| detA|−j−1<u<| detA|−j

∥∥∥∥
∞∑

l=K−j0

(f̂(z)ψ̂((A∗)log| detA| uz)(1− Λ̂((A∗)−jz))ϕ̂((A∗)−l−jz))̌

∥∥∥∥
q

p

.

Assume that u ∈ [| detA|−j−1, | detA|−j ]. By proceeding as in the paragraph in
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the first part of this proof concerning to the estimate of
∑∞

l=1 ·, it obtains

| detA|αj
∥∥∥∥

∞∑

l=K−j0

(f̂(z)ψ̂((A∗)log| detA| uz)(1− Λ̂((A∗)−jz))ϕ̂((A∗)−l−jz))̌

∥∥∥∥
p

≤
∞∑

l=K−j0

|detA|l(s0−α)
∥∥∥
( ψ̂((A∗)log| detA| uz)Ĥ((A∗)−j−lz)(1− Λ̂((A∗)−jz))

ρA∗((A∗)−jz)s0

)
ˇ
∥∥∥
1

× ‖(| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖p,

where ϕ̃j is defined by (12) for every j ∈ Z.
Also, we have

∥∥∥
( ψ̂((A∗)log| detA| uz)Ĥ((A∗)−j−lz)(1− Λ̂((A∗)−jz))

ρA∗((A∗)−jz)s0

)
ˇ
∥∥∥
1

=
∥∥∥
( ψ̂((A∗)j+log| detA| uz)Ĥ((A∗)−lz)(1− Λ̂(z)

ρA∗(z)s0

)
ˇ
∥∥∥
1

≤
∥∥∥
( ψ̂((A∗)j+log| detA| uz)Ĥ((A∗)−lz)

ρA∗(z)s0

)
ˇ
∥∥∥
1

+
∥∥∥
( ψ̂((A∗)j+log| detA| uz)Ĥ((A∗)−lz)

ρA∗(z)s0

)
ˇ∗ Λ

∥∥∥
1

≤
∥∥∥
( ψ̂((A∗)j+log| detA| uz)Ĥ((A∗)−lz)

ρA∗(z)s0

)
ˇ
∥∥∥
1
(1 + ‖Λ‖1) , l ∈ Z.

Hence by (P1) we get

| detA|αj
∥∥∥∥

∞∑

l=K−j0

(f̂(z)ψ̂((A∗)log| detA| uz)(1− Λ̂((A∗)−jz))ϕ̂((A∗)−l−jz))̌

∥∥∥∥
p

≤
∞∑

l=K−j0

| detA|l(s0−α)‖(| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖p.

Then,

( ∞∑

j=1

(∫ | detA|−j

| detA|−j−1

u−αq‖(ψ̂((A∗)log| detA| uz)f̂(z)(1− Λ̂((A∗)−jz)))̌ ‖qp
du

u

)1/q)

≤ C

( ∞∑

j=1

( ∞∑

l=K−j0

|detA|l(s0−α)‖(|detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖p
)q)1/q
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≤ C





∞∑

l=K−j0

| detA|l(s0−α)

( ∞∑

j=0

‖(| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖qp
)1/q

,

q ≥ 1,( ∞∑

l=K−j0

| detA|l(s0−α)q
∞∑

j=0

‖(| detA|α(j+l)f̂(z) ˆ̃ϕj+l(z))̌ ‖qp
)1/q

,

0 < q < 1,

≤ C|detA|(s0−α)(K−j0)

( ∞∑

j=0

|detA|jqα‖(f̂ ˆ̃ϕj )̌ ‖qp
)1/q

≤ C|detA|(s0−α)(K−j0)

( ∞∑

j=0

|detA|jqα‖(f̂ ϕ̂j )̌ ‖qp
)1/q

. (20)

Since Ψ̂(x) 6= 0, ρA∗(x) ≤ | detA|, by using (P2) we obtain

‖f ∗ ϕ0‖p ≤ C|detA|K 1−r
r ‖(Ψ̂f̂ Λ̂)̌ ‖p

≤ C| detA|K 1−r
r (‖f ∗Ψ‖p + ‖(Ψ̂f̂(1− Λ̂))̌ ‖p)

≤C

(
‖f ∗Ψ‖p+| detA|K 1−r

r +(s0−α)(K−j0)

( ∞∑

j=0

| detA|jqα‖(f̂ ϕ̂j )̌ ‖qp
)1/q)

. (21)

From (19), (20) and (21), by choosing 0 < r < 1 such that α − s0 > (1 − r)/r,

we get

( ∞∑

j=0

|detA|jαq‖f ∗ ϕj‖qp
)1/q

≤ C

(
| detA|K 1−r

r

(∫ 1

0

u−αq‖(Ψ̂((A∗)log| detA| uz)f̂(z))̌ ‖qp
du

u

)1/q

+ ‖f ∗Ψ‖p + | detA|K 1−r
r +(s0−α)(K−j0)

( ∞∑

j=0

|detA|jqα‖(f̂ ϕ̂j )̌ ‖qp
)1/q)

≤ C

(
‖f ∗Ψ‖p +

(∫ 1

0

u−αq‖(ψ̂((A∗)log| detA| uz)f̂(z))̌ ‖qp
du

u

)1/q)

+
1

2

( ∞∑

j=0

| detA|jqα‖(f̂ ϕ̂j )̌ ‖qp
)1/q

,

provided that K is large enough.
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It concludes that

( ∞∑

j=0

| detA|αjq‖f ∗ ϕj‖qp
)1/q

≤ C

(
‖f ∗Ψ‖p +

(∫ 1

0

u−αq‖(ψ̂((A∗)log| detA| u·)f̂(·))̌ ‖qp
du

u

)1/q)
.

Thus the proof is completed.
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