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FP-injectivity relative to a semidualizing bimodule

By XI TANG (Guilin)

Abstract. In this paper, we extend the notion of C-injective module to that of

C-FP-injective module, where SCR is a semidualizing bimodule over associative rings.

We first obtain a result on the (pre)covering and (pre)enveloping properties of C-FP-

injective modules. Then we study right C-FP-injective dimension of modules via right

derived functors of Hom. As applications, a necessary and sufficient condition of semi-

dualizing modules having finite FP-injective dimension and a new characterization of

left noetherian rings are given.

1. Introduction and preliminaries

Since Foxby, Vasconcelos and Golod independently initiated the study of se-

midualizing modules, there have been numerous publications concerning these

objects (e.g. [1], [4], [8], [21]). Holm and White [9] extended the notion of

a semidualizing module to associative rings and furthered the study of Foxby

equivalence theory. On the other hand, semidualizing modules, under another

name by Wakamatsu [22] (Generalized tilting modules or Wakamatsu tilting

modules), proved to be powerful tools in tilting theory. Huang and Tang [12]

proved that if S is left coherent, R is right coherent and SWR is a faithfully balan-

ced self-orthogonal bimodule (semidualizing bimodule), then FP − id(SW ) 6 n

and FP − id(WR) 6 n if and only if every finitely presented left S-module and

every finitely presented right R-module have finite generalized Gorenstein dimen-

sion at most n. This paper is motivated by this result and aims at describing the

FP -injective dimension of a semidualizing module from another point of view.
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Throughout this paper, we assume that all rings have non-zero unities, and

that all modules are unitary. For a ring R, we denote by Mod−R (resp., R −
Mod) the category of right (resp., left) R-modules. A degreewise finite projective

resolution of an R-module M is a projective resolution P of M such that each Pi

is finitely generated (projective). Let S be a ring. A left S-module M is called

FP-injective (or absolutely pure) if Ext1S(N,M) = 0 for all finitely presented left

S-modules N . We write FI(S) for the class of all FP -injective left S-modules.

The FP -injective dimension of M , denoted by FP − id(M), is defined to be the

smallest non-negative integer n such that Extn+1
S (N,M) = 0 for every finitely

presented left S-module N (if no such n exists, set FP − id(M) = ∞).

Let R be a ring and F be a class of R-modules, by an F-preenvelope of an

R-module M we mean a homomorphism ϕ : M → F with F ∈ F such that

for any homomorphism f : M → F ′ with F ′ ∈ F , there is a homomorphism

g : F → F ′ such that g ◦ ϕ = f . If furthermore, when F = F ′ and f = ϕ the

only such g are automorphisms of F , then ϕ : M → F is called an F-envelope

of M . So if envelopes exist, they are unique up to isomorphism. We say that F
is (pre)enveloping if every R-module has an F-(pre)envelope. Dually we have the

definitions of an F-precover and an F-cover.

By a right F-resolution of M , we will mean a Hom(−,F) exact complex

0 → M → F 0 → F 1 → · · · (not necessarily exact) with each F i ∈ F . Let

L0 = M,L1 = coker(M → F 0), Li = coker(F i−2 → F i−1) for i ≥ 2. The nth

cokernel Ln (n ≥ 0) is called the nth F-cosyzygy of M . M is said to have right

F-dimension≤ n, denoted right F−dimM ≤ n, if there is a right F-resolution of

the form 0 → M → F 0 → · · · → Fn−1 → Fn → 0 of M . If n is the least, then we

set right F − dimM = n and if there is no such n, we set right F − dimM = ∞.

In a similar manner, we can define the left F-dimension of M , denoted by left

F − dimM .

In Section 2 of this paper, we introduce the concept of C-FP -injective mo-

dules. It is shown that the class FIC(R) of all C-FP -injective left R-modules is

both enveloping and covering under some conditions.

Section 3 is devoted to investigating right FIC(R)-dimension in terms of

right derived functors ExtnFIC
(−,−). If S is left coherent and SCR is a faithfully

semidualizing bimodule, for a left R-module M , it is shown that right FIC(R)−
dimM ≤ n if and only if Extn+1

FIC
(−,M) = 0 if and only if there exists a right

FIC(R)-resolution of M such that the nth FIC(R)-cosyzygy is C-FP -injective.

In the final section, we focus on the applications of results obtained in Sec-

tion 2 and 3. The main results of this section are Corollary 4.4 and Proposition 4.5.
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Now, let us recall the concept of a semidualizing bimodule over arbitrary

rings, which is taken from [9, Definition 2.1].

Definition 1.1. An (S −R)-bimodule C = SCR is semidualizing if

(a1) SC admits a degreewise finite S-projective resolution.

(a2) CR admits a degreewise finite R-projective resolution.

(b1) The homothety map SSS
Sγ→ HomR(C,C) is an isomorphism.

(b2) The homothety map RRR
γR→ HomS(C,C) is an isomorphism.

(c1) Ext>1
S (C,C) = 0.

(c2) Ext>1
R (C,C) = 0.

Definition 1.2 ([9]). A semidualizing bimodule C = SCR is faithfully semi-

dualizing if it satisfies the following conditions for all modules SN and MR.

(a) If HomS(C,N) = 0, then N = 0.

(b) If HomR(C,M) = 0, then M = 0.

RRR is a typical faithfully semidualizing bimodule, and more examples can

be found in [9] and [15]. It is recommended to consult [9, Section 3] for more

properties of faithfully semidualizing bimodules.

Fact 1.3. Related to a bimodule SCR with R = EndS C we have the adjoint

pair of functors

C ⊗R − : R−Mod → S −Mod, HomS(C,−) : S −Mod → R−Mod,

and for any M ∈ R−Mod and N ∈ S −Mod, the canonical homomorphisms

µM : M → HomS(C,C ⊗R M), m 7→ [c 7→ c⊗m],

νN : C ⊗R HomS(C,N) → N, c⊗ f 7→ (c)f.

We recall from [23] that M ∈ R − Mod (resp., N ∈ S − Mod) is called C-

adstatic (resp., C-static) if µM (resp., νN ) is an isomorphism. The class of all

C-adstatic (resp., static) left R-modules (resp., S-modules) is denoted by Adst(C)

(resp., Stat(C)). The functor C ⊗R − : Adst(C) → Stat(C) defines an equiva-

lence with inverse HomS(C,−) (see [23, 2.4]). It is straightforward to check the

following:

νC⊗RM ◦ (C ⊗ µM ) = idC⊗RM and HomS(C, νN ) ◦ µHomS(C,N) = idHomS(C,N) .

In what follows, let us consider two classes of modules related to a semidua-

lizing bimodule.
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Definition 1.4 ([9]). The Auslander class AC(R) with respect to a semidua-

lizing bimodule C consists of all left R-modules M satisfying

(A1) TorR>1(C,M) = 0,

(A2) Ext>1
S (C,C ⊗R M) = 0, and

(A3) The natural evaluation homomorphism µM : M → HomS(C,C ⊗R M) is an

isomorphism (of R-modules).

Definition 1.5 ([9]). The Bass class BC(S) with respect to a semidualizing

bimodule C consists of all left S-modules N satisfying

(B1) Ext>1
S (C,N) = 0,

(B2) TorR>1(C,HomS(C,N)) = 0, and

(B3) The natural evaluation homomorphism νN : C ⊗R HomS(C,N) → N is an

isomorphism (of S-modules).

Lemma 1.6 ([9, Proposition 4.3]). Let SCR be a semidualizing bimodule.

There are equivalences of categories

AC(R)
F=C⊗R− // BC(S).

G=HomS(C,−)

∼oo

By an argument similar to the proof of [21, Theorem 2.8], we have the follo-

wing result in non-commutative setting.

Lemma 1.7. Let SCR be a faithfully semidualizing R-module, M ∈ R−Mod

and N ∈ S −Mod. Then the following hold.

(a) M ∈ AC(R) if and only if C ⊗R M ∈ BC(S).

(b) N ∈ BC(S) if and only if HomS(C,N) ∈ AC(R).

Using [11, Lemma 3], we obtain the following result.

Lemma 1.8. Let R and S be rings. If S is left coherent, in the situation

(AR, SBR, SI), for n > 0, TorRn (A,HomS(B, I)) ∼= HomS(Ext
n
R(A,B), I), where

AR admits a degreewise finite R-projective resolution, SB is finitely presented,

and SI is FP-injective.

The next three classes of modules have been studied extensively in, for

example, [4], [9], [21].

Definition 1.9 ([9]). Let SCR be a semidualizing bimodule, a left S-module

is C-flat (resp., C-projective) if it has the form C ⊗ RF for some flat (resp., pro-

jective) module RF . A left R-module is C-injective if it has the form HomS(C,E)
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for some injective module SE. Dually, the above notions can be defined for right

modules. Set the notation

FC(S) = {C ⊗R F | RF is flat} FC(R) = {F ⊗S C | FS is flat}
PC(S) = {C ⊗R P | RP is projective} PC(R) = {P ⊗S C | PS is projective}
IC(R) = {HomS(C,E) | SE is injective} IC(S) = {HomR(C,E) | ER

is injective}.

Analogously, we say that a left R-module is C-FP-injective if it has the form

HomS(C, I) for some FP -injective module SI. By FIC(R) = {HomS(C, I) |S I

is FP-injective} we mean the class of all C-FP -injective left R-modules. Obvio-

usly, PC(S) ⊆ FC(S), and IC(R) ⊆ FIC(R). Note that HomS(C,C ⊗R F ) ∼= F

for any flat left R-module F , and so R is left perfect if and only if PC(S) = FC(S).

It will be shown below that S is left noetherian if and only if IC(R) = FIC(R).

2. C-FP-injective modules

In this section we study C-FP -injective modules and their basic properties.

Lemma 2.1. Let SCR be a semidualizing bimodule.

(a) FI(S) ⊆ Stat(C) and FIC(R) ⊆ Adst(C).

(b) If S is left coherent, then FI(S) ⊆ BC(S) and FIC(R) ⊆ AC(R).

(c) Adst(C) is closed under products, coproducts and summands.

Proof. (a). Since CR is finitely presented, we have an exact sequence F1 →
F0 → C → 0 with F0, F1 finitely generated and free. Applying HomS(−, C) to

the exact sequence gives an exact sequence 0 → HomR(C,C) → HomR(F0, C) →
HomR(F1, C). Note that all modules in the above exact sequence are finitely

presented. For any FP -injective S-module I, we get another exact sequence

HomS(HomR(F1, C), I)→ HomS(HomR(F0, C), I)→HomS(HomR(C,C), I)→ 0.

Then we have the following commutative diagram

F1 ⊗R Hom(C, I) //

²²

F0 ⊗R Hom(C, I) //

²²

C ⊗R Hom(C, I) //

νI

²²

0

T1
// T0

// HomS(HomR(C,C), I) // 0
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with exact rows, where Ti = HomS(HomR(Fi, C), I) for i = 0, 1. But the first two

vertical maps are isomorphisms. So νI is an isomorphism and the first inclusion

follows. The other inclusion is a consequence of Fact 1.3.

(b) is immediate from Lemmas 1.6 and 1.8.

(c). It is straightforward. ¤

Proposition 2.2. Let SCR be a semidualizing bimodule, then S is left noe-

therian if and only if IC(R) = FIC(R).

Proof. “Only if” part is trivial.

“If” part. Let {Ei}i∈A be a family of injective left S-modules, then
∐

A Ei

is FP -injective by [20, Corollary 2.4]. Thus HomS(C,
∐

A Ei) = HomS(C,E) for

some injective module E.
∐

A Ei
∼= C⊗RHomS(C,

∐
A Ei) = C⊗RHomS(C,E) ∼=

E by Lemma 2.1(a). Hence S is left noetherian. ¤

Lemma 2.3. Let SCR be a semidualizing bimodule. For U ∈ R−Mod, the

following hold.

(a) If C ⊗R U is an FP-injective left S-module and U ∈ Adst(C), then U ∈
FIC(R).

(b) If S is left coherent, then U ∈ FIC(R) if and only if C⊗RU is an FP-injective

left S-module and U ∈ AC(R).

Proof. (a) is trivial.

(b) follows from Lemma 2.1 and part (a). ¤

In what follows, we turn to study the existence of FIC(R)-envelopes and

FIC(R)-covers.

Proposition 2.4. Let SCR be a semidualizing bimodule.

(a) FIC(R) is closed under products, coproducts and summands.

(b) S is left coherent if and only if FIC(R) is closed under direct limits.

Proof. (a). Since Adst(C) and FI(S) are closed under products, copro-

ducts and summands, the statement holds by Lemmas 2.1 and 2.3.

(b).“Only if” part. Let (Ui)I be a direct system of C-FP -injective left R-

modules. Then C ⊗R lim−→Ui
∼= lim−→(C ⊗R Ui) is an FP -injective left S-module (for

S is left coherent). On the other hand, lim−→Ui ∈ AC(R) by [9, Proposition 4.5(a)].

Hence lim−→Ui ∈ FIC(R) by Lemma 2.3.

“If” part. By [20, Theorem 3.2], it is enough to check that FI(S) is closed

under direct limits. Let {Ii} be a direct system of FP -injective left S-modules,

then lim−→HomS(C, Ii) = HomS(C, I) for some FP -injective left S-module I. So
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lim−→Ii ∼= lim−→(C ⊗R HomS(C, Ii)) ∼= C ⊗R lim−→HomS(C, Ii)=C ⊗R HomS(C, I)∼= I.

¤

Proposition 2.5. Let SCR be a semidualizing bimodule. Consider the exact

sequence 0 → U ′ → U → U ′′ → 0 of left R-modules with U ′ ∈ FIC(R).

(a) If U ′′ ∈ FIC(R), then U ∈ FIC(R).

(b) If S is left coherent and C is faithfully semidualizing, then U ∈ FIC(R)

implies U ′′ ∈ FIC(R).

Proof. (b). If U ′ and U are both in FIC(R), then they are in AC(R) by

Lemma 2.1(b). It follows from [9, Theorem 6.5] that U ′′ is in AC(R). Hence we

get a short exact sequence 0 → C ⊗R U ′ → C ⊗R U → C ⊗R U ′′ → 0. Note that

S is left coherent, C ⊗R U ′′ is FP -injective by [16, Proposition 4.2]. So we are

done.

(a) can be proved similarly because AC(R) is closed under extensions by [9,

Theorem 6.3], so we omit its proof. ¤

Lemma 2.6. Let S be a left coherent ring and SCR be a faithfully semi-

dualizing bimodule, then the class FIC(R) is closed under pure submodules and

pure quotients.

Proof. Consider a pure exact sequence Y = 0 → U ′ → U → U ′′ → 0 with

U ∈ FIC(R). Clearly, C ⊗R Y is also pure exact. In the pure exact sequence

C ⊗R Y, C ⊗R U is FP -injective by Lemma 2.3 as U is in FIC(R). Because the

class FI(S) over a coherent ring S is closed under pure submodules and pure

quotients, C ⊗R U ′ and C ⊗R U ′′ are both FP -injective. Therefore, the result

holds by Lemmas 1.7, 2.1 and 2.3. ¤

Proposition 2.7. Let SCR be a semidualizing bimodule. Then the following

hold.

(a) The class FIC(R) is preenveloping on R − Mod. In particular, every C-

adstatic R-module M has a monic FIC(R)-preenvelope.

(b) If every S-module has an FP-injective envelope, then FIC(R) is enveloping

on R−Mod.

(c) If S is left coherent and C is faithfully semidualizing, then the class FIC(R)

is covering on R−Mod.

Proof. (a) By [5, Proposition 6.2.4], the class of all FP -injective left S-

modules is preenveloping. Thus, for any R-module M , the S-module C ⊗R M
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has an FP -injective preenvelope α : C ⊗R M → I. Define β to be the composite

homomorphism

M
µM // HomS(C,C ⊗R M)

HomS(C,α) // HomS(C, I).

Hence β is an FIC(R)-preenvelope of M in virtue of [2, Proposition 2.6]. From

the construction of FIC(R)-preenvelope, the other statement is quite easy.

(b) This proof is analogous to that of [9, Proposition 5.10(c)] (and dual to

that of [9, Proposition 5.10(a)]). ¤

Remark 2.8. Rada and Saorin [17] asked whether every module over an

arbitrary ring S has an FP -injective envelope. The answer is negative (see [6,

Corollary 6.3.19]), but from [14, Theorem 5] (i.e., S is von Neumann regular if

and only if every S-module is FP -injecitve) we easily deduce that this statement

holds over a von Neumann regular ring.

3. Characterizing right FIC(R)-dimension via right derived functors

Consider an additive functor T : C → E between module categories. Let

F ,G ⊆ C be two full subcategories and F• be a deleted complex corresponding

to a left F-resolution of an object of C. If T is covariant, then the nth homology

groups of T (F•) give left derived functors LnT of T . Similarly, the right derived

functors RnT are the nth cohomology groups of T (G•), where G• corresponds

to a deleted right G-resolution. The situation where T is contravariant is hand-

led similarly. We refer to [5, Section 8.2] for a more detailed discussion on this

matter. In this section, (−, I) stands for the functor HomR(−, I) or HomS(−, I).

Let ExtnFI(M,−), ExtnFIC
(M,−) and ExtnIC

(M,−) denote the nth right deri-

ved functors of Hom(M,−) respectively, since FI(S), FIC(R) and IC(R) (see

Definition 1.9) are preenveloping by Proposition 2.7 and [9, Proposition 5.10(c)].

Lemma 3.1. Let SCR be a semidualizing bimodule, M ∈ R − Mod and

N ∈ S −Mod.

(a) If M has a right FIC(R)-resolution X, then C⊗RX is an exact right FI(S)-
resolution of C ⊗R M .

(b) If N is C-static and has a right FI(S)-resolution Y, then HomS(C,Y) is a

right FIC(R)-resolution of HomS(C,N).

Proof. (a). Suppose X = 0 → M → HomS(C, I
0) → HomS(C, I

1) → · · · ,
where HomS(C, I

n) ∈ FIC(R) for n ≥ 0. Tensoring by C yields a complex
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C ⊗R X = 0 → C ⊗R M → C ⊗R HomS(C, I
0) → C ⊗R HomS(C, I

1) → · · · . For
any I ∈ FI(S), applying (−, I) to C ⊗R X, we obtain a commutative diagram

· · · // (C ⊗R (C, I1), I) //

∼=
²²

(C ⊗R (C, I0), I) //

∼=
²²

(C ⊗R M, I) //

∼=
²²

0

· · · // ((C, I1), (C, I)) // ((C, I0), (C, I)) // (M, (C, I)) // 0.

The exactness of the bottom row implies that of the top row. Because injective

S-modules belong to FI(S), the assertion is true.
(b). Suppose Y = 0 → N → I0 → I1 → · · · , then HomS(C,Y) = 0 →

HomS(C,N) → HomS(C, I
0) → HomS(C, I

1) → · · · . For any I ∈ FI(S), apply-
ing (−, (C, I)) to the complex HomS(C,Y), we obtain a commutative diagram

· · · // (I1, I) //

∼=
²²

(I0, I) //

∼=
²²

(N, I) //

(νN , I)

²²

0

· · · // (C ⊗R (C, I1), I) //

∼=
²²

(C ⊗R (C, I0), I) //

∼=
²²

(C ⊗R (C,N), I) //

∼=
²²

0

· · · // ((C, I1), (C, I)) // ((C, I0), (C, I)) // ((C,N), (C, I)) // 0.

Since N is C-static, HomS(νN , I) is an isomorphism. It follows that the bottom

row is exact, hence we are done. ¤

We now investigate how right FIC(R)-dimension, right FI(S)-dimension

and FP -injective dimension relate.

Theorem 3.2. Let SCR be a semidualizing bimodule, M ∈ R − Mod and

N ∈ S −Mod. The following equalities hold.

(a) right FIC(R)−dimM = right FI(S)−dim(C⊗RM). Moreover, if S is left

coherent, right FIC(R)− dimM = FP− id(C ⊗R M).

(b) IfN is C-static, then right FI(S)−dimN= rightFIC(R)−dim(HomS(C,N)).

Proof. (a). Assume that right FI(S)−dim(C⊗RM) = n, there is an exact

right FI(S)-resolution Y of C ⊗R M , that is, Y = 0 → C ⊗R M
f→ I0

d0

→ I1 →
· · · → In → 0, then we claim that the complex 0 → M

β−→ (C, I0)
δ0−→ (C, I1) →

· · · → (C, In) → 0 is a right FIC(R)-resolution ofM , where β = HomS(C, f)◦µM ,
δi = HomS(C, d

i) for 0 ≤ i ≤ n. For any FP -injective left S-module I, we get a
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commutative diagram after applying (−, (C, I)) to the complex above

· · · // (C ⊗R (C, I1),I))
(C⊗Rδ0)∗ //

∼=
²²

(C ⊗R (C, I0),I))
(C⊗Rβ)∗ //

∼=
²²

(C ⊗R M,I)

∼=
²²

· · · // ((C, I1), (C, I)) // ((C, I0), (C, I)) // (M, (C, I)).

Because the assignment ν is natural, it is routine to check that (C ⊗R β) =

(ν−1
I0 ◦f) and C⊗Rδi = ν−1

Ii+1 ◦di◦νIi for 0 ≤ i ≤ n−1. Then we have (C⊗Rβ)∗ =

(ν−1
I0 ◦ f)∗ = f∗ ◦ ν−1

I0

∗
, and (C ⊗R δi)∗ = (ν−1

Ii+1 ◦ di ◦ νIi)∗ = νIi
∗ ◦ di∗ ◦ ν−1

Ii+1

∗
.

Hence the bottom row is exact, as Y is a HomS(−, I) exact complex. This means

that right FIC(R) − dimM ≤ n. Conversely, it is straightforward to get that

right FI(S)− dim(C ⊗R M) ≤ right FIC(R)− dimM by Lemma 3.1 (a). Hence

we have the first equality in (a). Furthermore, if S is left coherent, it follows from

[13, Lemma 3.4] that right FI(S) − dim(C ⊗R M) = FP − id(C ⊗R M), and so

we get the other equality.

(b) Since N is C-static, N ∼= C ⊗R HomS(C,N). Hence, by (a), we have

rightFIC(R)− dim(HomS(C,N)) = rightFI(S)− dim(C ⊗R HomS(C,N))

= rightFI(S)− dimN ¤

Motivated by [21], we then study how vanishing of the relative cohomology

functor ExtiFIC
(−,M) characterizes the finiteness of FIC(R)− dimM .

Theorem 3.3. Let S be a left coherent ring and SCR be a faithfully semi-

dualizing bimodule. The following are equivalent for a left R-module M .

(a) Ext1FIC
(−,M) = 0.

(b) Ext>1
FIC

(−,M) = 0.

(c) M is C-FP-injective.

Proof. (a)⇒(c). Suppose X = 0 → M
f→ HomS(C, I

0)
d0

→ HomS(C, I
1)

d1

→
· · · is a right FIC(R)-resolution of M . Let L be the cokernel of f and g :

HomS(C, I
0) → L the natural epimorphism. There is a homomorphism l : L →

HomS(C, I
1) such that d0 = l◦g. Noting that d1◦l◦g = d1◦d0 = 0, the surjectivity

of g implies that d1 ◦ l = 0. Since Ext1FIC
(L,M) = 0, the induced sequence

HomR(L,HomS(C, I
0)) → HomR(L,HomS(C, I

1)) → HomR(L,HomS(C, I
2)) is

exact. Hence, there exists h ∈ HomR(L,HomS(C, I
0)) such that l = d0 ◦ h =

l ◦ g ◦ h. There is an equality C ⊗R l = (C ⊗R l) ◦ (C ⊗R g) ◦ (C ⊗R h) and so

(C ⊗R g) ◦ (C ⊗R h) = idC⊗RL (for C ⊗R l is monic by Lemma 3.1). Therefore,
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the exact sequence 0 → C ⊗R M → C ⊗R (C, I0) → C ⊗R L → 0 splits. Thus we

have C ⊗R M is FP -injective, and so M is C-FP -injective by Lemmas 1.7, 2.1

and 2.3.

(b)⇒(a) and (c)⇒(b) are trivial. ¤

It should be noted that if one replaces FIC(R) with an arbitrary preenve-

loping class, then one does not always have (a) ⇒ (c) as in Theorem 3.3 (see [7,

Lemma 3.3 and Remark 5.6]). Using dimension shifting, we can easily obtain the

following results.

Theorem 3.4. Let S be a left coherent ring, SCR a faithfully semidualizing

bimodule and n a non-negative integer. The following are equivalent for a left

R-module M .

(a) Extn+1
FIC

(−,M) = 0.

(b) Ext>n+1
FIC

(−,M) = 0.

(c) right FIC(R)− dimM ≤ n.

(d) There exists a right FIC(R)-resolution of M with the nth FIC(R)-cosyzygy

C-FP-injective.

(e) Every right FIC(R)-resolution of M has a C-FP-injective nth FIC(R)-

cosyzygy.

Proposition 3.5. Let SCR be a semidualizing bimodule, M,N ∈ R−Mod.

The following hold.

(a) ExtiFIC
(M,N) ∼= ExtiFI(C ⊗R M,C ⊗R N).

(b) If S is left coherent and M is finitely presented, then ExtiFIC
(M,N) ∼=

ExtiFI(C ⊗R M,C ⊗R N) ∼= ExtiS(C ⊗R M,C ⊗R N).

Proof. (a). Let X be a right FIC(R)-resolution of N . By Lemma 3.1(a),

C ⊗R X is a right FI(S)-resolution of C ⊗R N. Thus, by definition, we have

ExtiFI(C ⊗R M,C ⊗R N) = Hi(HomS(C ⊗R M,C ⊗R X•))

∼= Hi(HomR(M,HomS(C,C ⊗R X•))

∼= Hi(HomR(M,X•)) = ExtiFIC
(M,N)

where X• denotes the deleted complex of X.

(b). By hypothesis, C ⊗R M is also finitely presented. Hence we get

ExtiFI(C ⊗R M,C ⊗R N) ∼= ExtiS(C ⊗R M,C ⊗R N) by [19, Theorem C]. ¤
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4. Applications

Lemma 4.1. Let S be a left coherent ring and SCR be a faithfully semidu-

alizing bimodule. Then M is in FIC(R) if and only if the Pontryagin dual M+

is in FC(R).

Proof. Assume that M is C-FP -injective, so there exists an FP -injective

left S-module I such that M = HomS(C, I). Thus M+ ∼= HomZ(I,Q/Z) ⊗S C.

Since I is FP -injective and S is left coherent, HomZ(I,Q/Z) is flat. Hence,

M+ is in FC(R). Conversely, if M+ = F ⊗S C with F a flat right S-module,

then M++ ∼= HomS(C,F
+) ∈ FIC(R). But C ⊗R M is a pure submodule of

C ⊗R M++ ∼= F+. So C ⊗R M is FP -injective. Hence M ∈ FIC(R). ¤

Following [5, Definition 8.2.13], let C, D and E be abelian categories and

let F and G be classes of objects of C and D respectively. Let T : C×D → E be

an additive functor contravariant in the first variable and covariant in the second.

Then T is said to be right balanced by F × G if for each object M of C, there is

a T (−,G) exact complex · · · → F1 → F0 → M → 0 with each Fi ∈ F , and if for

every object N of D, there is a T (F ,−) exact complex 0 → N → G0 → G1 → · · ·
with each Gi ∈ G. Similarly, the definition above is easily modified to give the

definitions of a left or right balanced functor relative to F ×G with other choices

of variances and complexes.

Proposition 4.2. Let S be a left coherent ring and SCR be a faithfully

semidualizing bimodule. Then − ⊗ − is right balanced on Mod−R × R − Mod

by FC(R)×FIC(R).

Proof. We need to show that if 0 → M → X0 → X1 → · · · is a right

FC(R)-resolution of a right R-module M , which exists by [9, Proposition 5.10(d)],

and G is a C-FP -injective module, then 0 → M ⊗RG → X0⊗RG → X1⊗RG →
· · · is exact. Applying the functor HomZ(−,Q/Z) and using adjoint isomorphism,

we get the sequence · · · → HomR(X
0, G+) → HomR(M,G+) → 0. But G+ is

in FC(R) by Lemma 4.1 and so this sequence is exact. This means the desired

sequence is exact. On the other hand, given a right FIC(R)-resolution X = 0 →
N → U0 → U1 → · · · of a left R-module N . Applying C ⊗ − to this sequence,

we obtain an exact sequence by Lemma 3.1(a). Note that F ⊗S C ∼= lim−→C(ni) for

any flat right S-module F , hence F ⊗S C ⊗R X is exact. Therefore the result

follows. ¤

Let TornR(−,−) denote the nth right derived functor of − ⊗ − with respect
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to the pair FC(R) × FIC(R). Based in part on an idea of Enochs and Jenda

in [5, Theorem 8.4.31], we now come to the first main result of this section.

Theorem 4.3. Let S be a left coherent ring and SCR be a faithfully semi-

dualizing bimodule and n ≥ 0. Then the following are equivalent.

(a) For every flat left R-module F , right FIC(R)− dimF ≤ n.

(b) If 0 → M → X0 → X1 → · · · is a right FC(R)-resolution of MR, then the

sequence is exact at Xk for k ≥ n− 1 where X−1 = M .

(c) If 0 → M → W 0 → W 1 → · · · is a right Pf
C(R)-resolution of a finitely

presented right R-module M , then the sequence is exact at W k for k ≥ n−1

where W−1 = M .

(d) right FIC(R)− dimR R ≤ n.

Proof. (a)⇒(d) is immediate.

(d)⇒(b). Suppose 0 → R → U0 → · · · → Un → 0 is an exact right FIC(R)-

resolution of R by [9, Theorem 6.5], Proposition 2.7 and Theorem 3.4. If n ≥ 2, we

get TorkR(M,R) = 0 for k ≥ n− 1. Computing using 0 → M → X0 → X1 → · · ·
as in (b), we see that TorkR(M,R) is just the kth homology group of this complex,

giving the desired result.

For n = 1, R → U0 → U1 → 0 exact gives Tor>1
R (M,R) = 0 so that, as above,

X0 → X1 → X2 → · · · is exact at Xk for k ≥ 1 and M ⊗R R → Tor0R(M,R)

is onto. Computing the latter homomorphism using 0 → M → X0 → X1 shows

that 0 → M → X0 → X1 is exact at X0.

If n = 0 then (d) means R is a C-FP -injective module. But the balance of

−⊗− then gives 0 → M ⊗R R → X0 ⊗R R → X1 ⊗R R → · · · is exact. That is,

0 → M → X0 → X1 → · · · is exact.

(b)⇒(c) is trivial.

(c)⇒(a). Assume (c) with n ≥ 2. By [9, Theorem 6.5], Proposition 2.7

and the fact that flat modules are in AC(R), we suppose that 0 → F → U0 →
U1 → · · · is an exact right FIC(R)-resolution of a flat left R-module F . Then

by (c), we get TorkR(M,F ) = 0 for k ≥ n − 1 and all finitely presented right

R-modules M , as F is flat. Computing using 0 → U0 → U1 → U2 → · · · and

using [5, Lemma 8.4.23], we get K = ker(Un → Un+1) is pure in Un and so K is

also C-FP -injective. Hence 0 → F → U0 → · · ·Un−1 → K → 0 gives the desired

exact sequence.

Now let n = 1. Then (c) says M → W 0 → W 1 → · · · is exact. So

TorkR(M,F ) = 0 for k ≥ 1 and M⊗RF → Tor0R(M,F ) is onto. Hence M⊗RF →
M ⊗R U0 → M ⊗R U1 → M ⊗R U2 is exact for all finitely presented right
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R-modules M . By [5, Lemma 8.4.23], we again get the desired exact sequence

0 → F → U0 → K → 0 with K = ker(U1 → U2).

If n = 0 then 0 → M → W 0 → W 1 → · · · exact means Tork(M,F ) = 0

for k ≥ 1 and M ⊗R F → Tor0R(M,F ) is an isomorphism. This gives that

0 → M ⊗R F → M ⊗R U0 → M ⊗R U1 is exact for all M . Thus F is a pure

submodule of U0 and so it is C-FP -injective. ¤

Following the definition of a noetherian pair of rings in [3, Definition 1.1], we

call an ordered pair 〈S,R〉 a coherent pair of rings provided that S is left coherent

and R is right coherent.

Corollary 4.4. Let SCR be a faithfully semidualizing bimodule over a co-

herent pair 〈S,R〉. Then the following are equivalent.

(a) inf{n | Tor>n
R (−, F ) = 0 for every flat left R-module F} =

inf{n | Tor>n
S (F ′,−) = 0 for every flat right S-module F ′} < ∞.

(b) FP-id(SC) < ∞, FP-id(CR) < ∞.

Proof. (a)⇔(b) follows from Theorems 3.2, 4.3 and [25, Theorem 2.6] (i.e.,

FP -id(SC) =FP -id(CR) if both of them are finite). ¤

We conclude this section with a new characterization of a left noetherian

ring. In fact, the result of [16, Theorem 5.4] is just a particular case of our

conclusion, when we take C = SSS in Proposition 4.5 below. Suppose that

we have a right FIC(R)-resolution 0 → N → HomS(C, I
0) → HomS(C, I

1) →
· · · of N . Suppose further that we have a right IC(R)-resolution 0 → N →
HomS(C,E

0) → HomS(C,E
1) → · · · of N . Because IC(R) ⊆ FIC(R), we are

able to complete the following diagram

0 // N //

idN

²²

(C, I0) //

φ0

²²

(C, I1) //

φ1

²²

· · ·

0 // N // (C,E0) // (C,E1) // · · · .

Now applying HomS(M,−) to the diagram gives natural maps ExtnFIC
(M,N) →

ExtnIC
(M,N) for all n ≥ 0.

Proposition 4.5. Let SCR be a faithfully semidualizing bimodule, then the

following conditions are equivalent.

(a) S is left noetherian.

(b) Ext1FIC
(M,N) → Ext1IC

(M,N) is an isomorphism for all M and N .
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(c) ExtnFIC
(M,N) → ExtnIC

(M,N) is an isomorphism for all non-negative inte-

ger n, M , and N .

Proof. (a)⇒(c) and (c)⇒(b) are trivial.

(b)⇒(a). Let N ∈ FIC(R), then Ext1FIC
(M,N) = 0 for all M . So by

assumption Ext1IC
(M,N) = 0 for all M . Observe that C is faithful, N is C-

injective by a similar argument in the proof of [21, Theorem 3.1(b)]. Hence the

class FIC(R) is equal to the class IC(R), and S is left noetherian by Proposit-

ion 2.2. ¤
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