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A new class of projectively flat Finsler metrics in terms
of hypergeometric functions

By LIBING HUANG (Tianjin) and XIAOHUAN MO (Beijing)

Abstract. In this paper, we study a class of Finsler metrics in the form F (x, y) =

|y|φ(|x|, 〈x,y〉
|y|

)
. We obtain the second-order differential equation for F to be projectively

flat and manufacture new projectively flat Finsler metrics on an open subset in Rn using

hypergeometric functions. We also express F in terms of elementary functions in some

special cases.

1. Introduction

Hilbert’s Fourth Problem (characterize the distance functions on an open

subset in Rn such that straight lines are shortest paths) is particularly attractive

[8], [13]. Distance functions induced by Finsler metrics are regarded as smooth

ones. Thus Hilbert’s Fourth Problem in the smooth case is to characterize and

study projectively flat Finsler metrics on an open subset in Rn. In general, pro-

jectively flat Finsler metrics are characterized by vanishing Douglas curvature and

Weyl curvature. A Randers metric F = α+ β is projectively flat if and only if α

is projectively flat and β is closed. Randers metrics are simplest (α, β)-metrics.

Apart from some special case, Z. Shen have obtained the equations which cha-

racterizes projectively flat (α, β)-metrics [5], [12]. One of them is φ satisfying

ODE [
1 + (k1 + k2s

2)s2 + k3s
2
]
φ′′(s) = (k1 + k2s

2) [φ(s)− sφ′(s)] (1.1)
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where k1, k2 and k3 are constants. Recall that an (α, β)-metric is a Finsler metric

in the form F = αφ
(
β
α

)
where α is a Riemannian metric and β is a 1-form with

‖βx‖α < bo and φ = φ(s) is a C∞ positive function on an open interval (−bo, bo).

By using Shen’s equations, many Finslerian geometers manufactured explicitly

or classified projectively flat Finsler metrics on an open subset in Rn [7], [10],

[12]. For instance, the second author constructed projectively flat (α, β)-metrics

with k2 6= 0 by using hypergeometric functions (see (1.1)) [6]. Hypergeometric

functions are solutions of hypergeometric differential equations, which include

binomial functions, logarithmic functions and arctangent functions. Lately, a

Finsler metric in the form F = αφ(ρ, s) was studied in [14] (see Section 2 for

details). These metrics not only include Randers metrics and (α, β)-metrics, but

also include a Bryant metric which is projectively flat on the standard unit sphere

Sn with constant flag curvature K = 1.

In fact, the following projectively flat Finsler metric is also general (α, β)-

metric

Fε(x, y) =
1

2

{√
(1− |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉

1− |x|2
}

− 1

2

{
ε
√
(1− ε2|x|2)|y|2 + ε2〈x, y〉2 + ε2〈x, y〉

1− ε2|x|2
}

where ε < 1. It is easy to see that

Fε = αφε(ρ, s)

where

α = |y|, φε(ρ, s) =
1

2

{√
1− (ρ− s2) + s

1− ρ
− ε

√
1− ε2(ρ− s2) + ε2s

1− ε2ρ

}

where

ρ = |x|2, s =
〈x, y〉
|y| .

We know that F is of constant flag curvature K = −1. This example was disco-

vered by Z. Shen in 2002 (see [1], [9] and [11, Example 2.5]). In particular, F−1

is the famous Klein metric on the unit ball Bn. In [14], a sufficient condition on

φ, α and β for the general (α, β)-metric to be projectively flat was obtained.

In this paper, we study general (α, β)-metrics in the form

F (x, y) = α

[
ε+ ρµf

(
s

ρ

)]

where ε > 0, ρ = ‖β‖α and s = β/α. We obtain the ordinary differential equation

on f for F to be projectively flat (see Theorem 3.1 below). Furthermore, we give
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the solutions of this ODE in terms of hypergeometric functions. Precisely we

prove the following:

Theorem 1.1. Let f(λ) be a function defined by

f(λ) = δλ+ hypergeom

([
−1

2
,−µ

2

]
,

[
1

2

]
, λ2

)

where δ and µ are constants (µ ≥ 0). Then the following general (α, β)-metric on

an open subset in Rn\{0}

F = |y|
{
ε+ |x|µf

( 〈x, y〉
|x| |y|

)}

is projectively flat.

Recall that for a, b, c ∈ R, the hypergeometric function is defined by

hypergeom([a, b], [c], t) :=

∞∑
n=0

(a)n(b)n
n!(c)n

tn (1.2)

where a, b, c ∈ R and

(d)n :=

{
1 if n = 0

d(d+ 1) . . . (d+ n− 1) if n ≥ 1.
(1.3)

From Theorem 1.1, we construct explicitly a lot of new projectively flat Finsler

metrics. In addition, we give the elementary function expression of F for some

special µ (see Proposition 4.4 and Proposition 4.5 below).

2. Preliminaries

A Finsler metric F = F (x, y) on an open subset U ⊂ Rn is said to be

projectively flat if all geodesics are straight in U , equivalently, it satisfies the

following system of equations [3],

Fxjyiyj = Fxi . (2.1)

Consider Finsler metrics defined by a Riemannian metric α =
√
aij(x)yiyj

and a 1-form with ‖βx‖α < bo. They are expressed in the form F = αφ(ρ, s),

ρ = ‖βx‖α, s = β
α , where φ = φ(ρ, s) is a C∞ positive function on an open interval
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(−bo, bo). It is known that F = αφ
(‖βx‖α, β

α

)
is a Finsler metric for any α and β

with ‖βx‖α < bo if and only if

φ(s)− sφs(s) > 0, φ(s)− sφs(s) + (ρ2 − s2)φss(s) > 0, |s| ≤ ρ < bo

where n ≥ 3 or

φ(s)− sφs(s) + (ρ2 − s2)φss(s) > 0, |s| ≤ ρ < bo

where n = 2 [14]. Such a metric is called a general (α, β)-metric.

A function ξ defined on TU can be expressed as ξ(x1, . . . , xn; y1, . . . , yn). We

use the following notation

ξ0 =
∂ξ

∂xi
yi.

By (2.1), we obtain the following

Lemma 2.1. A Finsler metric F = F (x, y) is projectively flat if and only if

it satisfies the following system of equations

(F0)yi = 2Fxi . (2.2)

3. Reducible differential equation

Consider the general (α, β)-metric F = αφ
(‖βx‖α, α

β

)
on an open subset

U ⊂ Rn, where φ = φ(ρ, s) is given by

φ = ε+ ρµf

(
s

ρ

)

and

α = |y|, β = 〈x, y〉.
In this section, we are going to find a necessary and sufficient condition on f for

F to be projectively flat.

Lemma 3.1. Define

F̃ (x, y) := F (x, y)− ε|y|. (3.1)

Then F = F (x, y) is projectively flat if and only if F̃ satisfies the following system

of equations

(F̃0)yi = 2F̃xi .
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Proof. By (3.1), we obtain

F̃xi = Fxi .

It follows that

F̃0 = F0, (F̃0)yi = (F0)yi .

Together with Lemma 2.1 yields Lemma 3.1. ¤

We rewrite our general (α, β)-metric as follows:

F (x, y) = |y| {ε+ |x|µf (λ)} (3.2)

where

λ =
〈x, y〉
|x| |y| .

Direct calculations yields

|x|xi =
xi

|x| , |y|yi =
yi

|y| . (3.3)

It follows that

λxi =
1

|y|
( 〈x, y〉

|x|
)

xi

=
1

|y|
|x|yi − 〈x, y〉 xi

|x|
|x|2 =

|x|2yi − 〈x, y〉xi

|y| |x|3 . (3.4)

Similarly, we get

λyi =
|y|2xi − 〈x, y〉yi

|x| |y|3 . (3.5)

By (3.1) and (3.2), we have

F̃ (x, y) = |y| |x|µf (λ) , λ =
〈x, y〉
|x| |y| .

Together with (3.4) yields

F̃xi = |y|
(
µ|x|µ−2xif + |x|µf ′ |x|2yi − 〈x, y〉xi

|y| |x|3
)

= µ|x|µ−2|y|xif + |x|µ−3(|x|2yi − 〈x, y〉xi)f ′ (3.6)

where we have used the following

(|x|µ)xi =
[(|x|2)

2
µ

]
xi

= µ|x|µ−2xi, f ′ =
∂f

∂λ
= f ′

( 〈x, y〉
|x| |y|

)
.
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It follows that

F̃0 := F̃xiyi = µ|x|µ−2|y|〈x, y〉f + |x|µ−3(|x|2|y|2 − 〈x, y〉2)f ′

= µ|x|µ−2|y|〈x, y〉f + |x|µ−1|y|2(1− λ2)f ′. (3.7)

A simple calculation gives the following formula:

[|y|2(1− λ2)
]
yi = 2yi − 2〈x, y〉xi

|x|2 .

Together with (3.5) and (3.7) we obtain

(
F̃0

)
yi

= µ|x|µ−2 (|y|〈x, y〉f)yi + |x|µ−1
[|y|2(1− λ2)f ′]

yi

= µ|x|µ−2

{
yi

|y| 〈x, y〉f + |y|xif + 〈x, y〉 |y|
2xi − 〈x, y〉yi
|x| |y|2 f ′

}

+ |x|µ−1

{
2

(
yi − 〈x, y〉xi

|x|2
)
f ′ + |y|2(1− λ2)f ′′λyi

}

= µ|x|µ−2

(
|y|xi +

〈x, y〉
|y| yi

)
f

+ |x|µ−3

[
(µ− 2)〈x, y〉xi +

(
2|x|2 − µ

〈x, y〉2
|y|2

)
yi
]
f ′

+ |x|µ−1|y|2(1− λ2)λyif ′′. (3.8)

By (3.6), (3.7) and Lemma 3.1, F = F (x, y) is projectively flat if and only if

µ|x|µ−2

(
|y|xi +

〈x, y〉
|y| yi

)
f + |x|µ−1|y|2(1− λ2)λyif ′′

+ |x|µ−3

[
(µ− 2)〈x, y〉xi +

(
2|x|2 − µ

〈x, y〉2
|y|2

)
yi
]
f ′

= 2µ|x|µ−2|y|xif + 2|x|µ−3(|x|2yi − 〈x, y〉xi)f ′. (3.9)

By (3.5), (3.9) holds if and only if

− |x|µ−1|y|2(1− λ2)λyif ′′ − µ|x|µ−3〈x, y〉λyi |x| |y|f ′

+ µ|x|µ−2λyi |x| |y|2f = 0. (3.10)

By the definition of λ, (3.10) holds if and only if

|x|µ−1|y|2λyi

[
(λ2 − 1)f ′′ − µλf ′ + µf

]
= 0. (3.11)
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Plugging (3.5) into (3.11) yields

|x|µ−2 |y|2xi − 〈x, y〉yi
|y|

[
(λ2 − 1)f ′′ − µλf ′ + µf

]
= 0. (3.12)

Contracting (3.12) with xi yields

|x|µ−2 |y|2|x|2 − 〈x, y〉2
|y|

[
(λ2 − 1)f ′′ − µλf ′ + µf

]
= 0.

Taking x and y with x ∧ y 6= 0. Then

(λ2 − 1)f ′′ − µλf ′ + µf = 0. (3.13)

Thus we have the following

Theorem 3.1. Let F (x, y) := |y|{ε + |x|µf( 〈x,y〉
|x| |y|

)}
be a general (α, β)-

metric on an open subset U ⊂ Rn. Then F = F (x, y) is projectively flat if and

only if f satisfies (3.13).

Note that (3.13) is the Gegenbauer-type ordinary differential equation.

4. Solutions

In order to find projectively flat general (α, β)-metrics we consider the follo-

wing ordinary differential equation:

{
(1− λ2)f ′′(λ) = µ(f − λf ′)

f(0) = 1, f ′(0) = δ.
(4.1)

Lemma 4.1. The solution of (4.1) is

fµ(λ) = 1 + δλ+ µ

∫ λ

0

∫ τ

0

(1− σ2)
µ
2 −1dσdτ. (4.2)

Furthermore, if g = g(λ) satisfies

{
g′′(λ) = µ(1− λ2)

µ
2 −1

g(0) = 1, g′(0) = δ.

Then g = 1 + δλ+
∫ λ

0

∫ τ

0
(1− σ2)

µ
2 −1dσdτ .
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Proof. When µ = 0, our conclusion is obvious. We assume that µ 6= 0. We

have the expansion

(1 + x)ξ =

∞∑

k=0

Ck
ξ x

k, x ∈ (−1, 1)

where

Ck
ξ :=

ξ(ξ − 1) . . . (ξ − k + 1)

k!
.

By simple calculations, we have

ξ

k + 1
Ck

ξ−1 = Ck+1
ξ , fµ(λ) = 1 + δλ+

∞∑

k=0

µCk
ξ−1t

kλ2k+2

(2k + 1)(2k + 2)
,

f ′
µ(λ) = δ +

∞∑

k=0

µCk
ξ−1t

kλ2k+1

2k + 1
, f ′′

µ (λ) = µ(1− λ2)
µ
2 −1

where ξ = µ
2 , t = −1. Thus we have

fµ(0) = 1, f ′
µ(0) = δ

and

fµ(λ)− λf ′
µ(λ) = 1 +

∞∑

k=0

µ

[
Ck

ξ−1t
k

(2k + 1)(2k + 2)
− Ck

ξ−1t
k

2k + 1

]
λ2k+2

= 1 +

∞∑

k=0

ξCk
ξ−1t

k+1λ2k+2

k + 1
= 1 +

∞∑

j=1

Cj
ξ (tλ

2)j

= (1 + tλ2)ξ =
(
1− λ2

)µ
2

=

(
1

µ
− 1

µ
λ2

)
µ(1− λ2)

µ
2 −1 =

(
1

µ
− 1

µ
λ2

)
f ′′
µ (λ).

It follows that fµ satisfies (4.1). ¤

Lemma 4.2. Suppose that f is given in Lemma 4.1. Then

φ(ρ, s) = ε+ ρµf

(
s

ρ

)
, µ ≥ 0

satisfies

φ(s)− sφs(s) > 0, φ(s)− sφs(s) + (ρ2 − s2)φss(s) > 0, |s| ≤ ρ.
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Proof. Direct computations yield

φs = ρµ−1f ′
(
s

ρ

)
, φss = ρµ−2f ′′

(
s

ρ

)
.

It follows that

φ(s)− sφs(s) = ε+ ρµ−1(ρf − sf ′) = ε+ ρµ(f − λf ′) (4.3)

where we used λ = s
ρ . Similarly, we get

φ(s)− sφs(s) + (ρ2 − s2)φss(s) = ε+ ρµ(f − λf ′) + ρµ(1− λ2)f ′′. (4.4)

Assume that µ = 0. In this case

f(λ) = 1 + δλ.

Then

φ(s)− sφs(s) = φ(s)− sφs(s) + (ρ2 − s2)φss(s) = 1 + ε > 0

from (4.3) and (4.4).

Assume that µ > 0. Direct computations yield (cf. proof of Lemma 2.2 in [7])

f(λ)− λf ′(λ) =
1

µ
(1− λ2)

µ
2 , f ′′(λ) = µ(1− λ2)

µ
2 −1.

It follows that

φ(s)− sφs(s) = ε+ ρµ(1− λ2)
µ
2 = ε+ (ρ2 − s2)

µ
2 ≥ ε > 0, |s| ≤ ρ

and

φ(s)− sφs(s) + (ρ2 − s2)φss(s) = ε+ (1 + µ)ρµ(1− λ2)
µ
2

= ε+ (1 + µ)(ρ2 − s2)
µ
2 ≥ ε > 0, |s| ≤ ρ. ¤

Lemma 4.3. If µ = 2n, n ∈ N, then the solution of (4.1) is

f(λ) = 1 + δλ+ 2n

n−1∑

k=0

(−1)kCk
n−1λ

2k+2

(2k + 1)(2k + 2)
.

Proof. Similar to the proof of Lemma 4.1 in [7]. ¤
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Proposition 4.4. Let f(λ) be a polynomial function defined by

f(λ) = 1 + δλ+ 2n

n−1∑

k=0

(−1)kCk
n−1λ

2k+2

(2k + 1)(2k + 2)
.

Then the following general (α, β)-metric on an the open subset at origin in Rn\ {0}

F = |y|
{
ε+ |x|2nf

( 〈x, y〉
|x| |y|

)}

is projectively flat.

Proof. Combine Theorem 3.1, Lemma 4.2 and Lemma 4.3. ¤

Remark. When δ = 0, then

f(λ) = (2n+ 1)Hn(−λ2)

where

Hn(z) := Σk
i=0

(
1

2k + 1
Ci

k+1 −
1

2i− 1
Ci−1

k

)
zi.

These general (α, β)-metrics, up to a scaling, were constructed in [4, page 70,

Example 4.48].

Proposition 4.5. Let f(λ) be a function defined by

f(λ) = δλ+
(2n− 1)!!

(2n− 2)!!

[√
1− λ2 + λ arcsinλ−

n−1∑

k=1

(2k − 2)!!

(2k + 1)!!
(1− λ2)

2k+1
2

]
.

Then the following general (α, β)-metric on an open subset in Rn\{0}

F = |y|
{
ε+ |x|2n−1f

( 〈x, y〉
|x| |y|

)}

is projectively flat.

Proof. Lemma 4.2 tells us F is a general (α, β)-metric. Similar to proofs of

Lemma 5.1 and Theorem 5.4 in [7] where we take µ = 2n− 1 in Lemma 4.1. ¤

5. Hypergeometric functions and proof of Theorem 1.1

In this section, we are going to give the solutions of (4.1) in terms of hyper-

geometric functions and manufacture new projectively flat Finsler metrics.
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Lemma 5.1. Let µ be a real number. Then

∫ τ

0

(1− x2)
µ
2 −1dx = τhypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
.

Proof. The hypergeometric function is given in (1.2) and (1.3) (see Sec-

tion 1). In particular,

hypergeom([−a, b], b,−t) = (1 + t)a. (5.1)

where a, b ∈ R. From (5.1) and (1.2) we have

∫ τ

0

(1− x2)
µ
2 −1dx =

∫ τ

0

∞∑
n=0

(1− µ
2 )n

n!
x2ndx =

∞∑
n=0

(1− µ
2 )n

n!

∫ τ

0

x2ndx

=

∞∑
n=0

(1− µ
2 )n

n!

τ2n+1

2n+ 1
= τ

∞∑
n=0

(1− µ
2 )n

n!

τ2n

2n+ 1
. (5.2)

By using (1.2), we have

(
1
2

)
n(

3
2

)
n

=
1
2 (

1
2 + 1) . . . ( 12 + n− 1)

3
2 (

3
2 + 1) . . . ( 32 + n− 1)

=
1
2

3
2 + n− 1

=
1

2n+ 1
.

Plugging this into (5.2) yields

∫ τ

0

(1− x2)
µ
2 −1dx = τ

∞∑
n=0

(1− µ
2 )n

n!

(
1
2

)
n(

3
2

)
n

(τ2)n = τ

∞∑
n=0

(
1
2

)
n
(1− µ

2 )n

n!
(
3
2

)
n

(τ2)n

= τ hypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
. (5.3)

¤

Lemma 5.2. Let µ be a non-zero constant. Then

∫ λ

0

τ hypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
dτ

=
1

µ
+

1

µ
hypergeom

([
−1

2
,−µ

2

]
,

[
1

2

]
, λ2

)
.
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Proof. By (5.3) we obtain

∫ λ

0

τ hypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
dτ =

∫ λ

0

∞∑
n=0

(
1
2

)
n
(1− µ

2 )n

n!
(
3
2

)
n

τ2n+1dτ

=

∞∑
n=0

(
1
2

)
n
(1− µ

2 )n

n!
(
3
2

)
n

∫ λ

0

τ2n+1dτ =

∞∑
n=0

(
1
2

)
n
(1− µ

2 )n

n!
(
3
2

)
n

λ2n+2

2n+ 2
.

Taking m = n+ 1 we obtain

∫ λ

0

τ hypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
dτ

=
1

2

∞∑
m=1

(
1
2

)
m−1

(1− µ
2 )m−1

m!
(
3
2

)
m−1

(
λ2

)m
. (5.4)

By straightforward computations one obtains

(
1

2

)

m−1

= −2×
(
−1

2

)

m

,
(
1− µ

2

)
m−1

= − 2

µ

(
−µ

2

)
m
,

(
3

2

)

m−1

= 2×
(
1

2

)

m

. (5.5)

Substituting (5.5) into (5.4) yields

∫ λ

0

τ hypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
dτ

=
1

2

∞∑
m=1

−2
(− 1

2

)
m

(− 2
µ

)(− µ
2

)
m

m!2
(
1
2

)
m

(
λ2

)m
=

1

µ

∞∑
m=1

(− 1
2

)
m
(−µ

2 )m

m!
(
1
2

)
m

(
λ2

)m

= − 1

µ
+

1

µ
hypergeom

([
−1

2
,−µ

2

]
,

[
1

2

]
, λ2

)
. ¤

Proof of Theorem 1.1. From Lemma 4.1, the solution of (4.1) is

f(λ) = 1 + δλ+ µ

∫ λ

0

∫ τ

0

(1− σ2)
µ
2 −1dσdτ.

Combining this with Lemma 5.1 and Lemma 5.2 we obtain

f(λ) = 1 + δλ+ µ

∫ λ

0

τ hypergeom

([
1

2
, 1− µ

2

]
,

[
3

2

]
, τ2

)
dτ
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= 1 + δλ+ µ

[
− 1

µ
+

1

µ
hypergeom

([
−1

2
,−µ

2

]
,

[
1

2

]
, λ2

)]

= δλ+ hypergeom

([
−1

2
,−µ

2

]
,

[
1

2

]
, λ2

)
(5.6)

for arbitrary nonzero µ. When µ = 0, (5.6) is automatically true. Lemma 4.2 tells

us that F is a general (α, β)-metric when µ ≥ 0. By Theorem 3.1, the general

(α, β)-metric

F = |y|
{
ε+ |x|µf

( 〈x, y〉
|x| |y|

)}

is projectively flat. ¤

References

[1] S. S. Chern and Z. Shen, Riemann–Finsler Geometry, Nankai Tracts in Mathematics, 6.
World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2005.

[2] X. Chen, X. Mo and Z. Shen, On the flag curvature of Finsler metrics of scalar curvature,
J. London Math. Soc. 68 (2003), 762–780.
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