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The Helmholtz conditions for systems of second order
homogeneous differential equations

By ZBYNEK URBAN (Pardubice) and DEMETER KRUPKA (Slatinice)

Abstract. Variationality of systems of second order ordinary differential equations
is studied within the class of positive homogeneous systems. The concept of a higher
order positive homogeneous function, related to Finsler geometry, is represented by the
well-known Zermelo conditions, and applied to the theory of variational equations. In
particular, it is shown that every system of m + 1 second order variational and positive
homogeneous differential equations is linearly dependent and admits subsystems of m
differential equations which are variational in sense of parameter-invariant variational
problems, and vice versa. An example of a positive homogeneous variational system of
second order differential equations is given.

1. Introduction

In this paper we study variationality of systems of second order ordinary
differential equations given by positive homogeneous functions. Euler-Lagrange
equations associated with systems of this class admit positive homogeneous Lag-
rangian, and they have solutions independent of parametrization which preserves
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orientation. From this point of view Lagrangians of the class of positive homoge-
neous and variational systems may represent fundamental functions for possible
higher order generalizations of Finsler geometry.

Recently in [10], we have analysed by means of the geometric theory of jet dif-
ferential groups (GRIGORE and KRUPKA [3], KRUPKA and KRUPKA [5], KRUPKA
and URBAN [6]), the concept of positive homogeneity for functions depending on
curves and their derivatives up to an arbitrary finite order. It appeared that this
higher order positive homogeneity is equivalent with the well-known Zermelo con-
ditions (see e.g. ZERMELO [11], MCKIERNAN [8], MATSYUK [7]), generalizing the
standard Euler formula for positive homogeneous functions depending on curves
and their first derivatives only. On this basis, every solution of a system of diffe-
rential equations with left-hand sides given by positive homogeneous functions is
an orientation-preserving solution.

In Section 2 we briefly recall basic concepts of the general theory of variational
differential equations (see e.g. HAvAS [4]). In Section 3 we give second order
version of our results contained in [10]; the Zermelo conditions for second order
systems are given explicitly.

Our main results contained in Section 4 include: a) every positive homogene-
ous system of m+1 second order equations of m~+1 dependent variables is linearly
dependent, b) variationality of a system of m + 1 second order differential equa-
tions, defined by positive homogenous functions, is equivalent with variationality
of certain of its subsystem of m equations in sense of parametrized variational
problems, ¢) explicit relationship between Lagrangians of both of these systems is
given. Finally, we give an example of two second order equations whose solution
is a unit circle in R?, with analysis of variationality and positive homogeneity.

The methods can be extended to the theory of differential equations on ma-
nifolds, as well as to higher order systems. Examples in higher order dimension
can be constructed analogously.

Throughout the paper we denote by y*, K =1,2,...,m + 1, the canonical
coordinate functions on the Euclidean space R™*! and by %, 4% and 7%
their first, second and third order derivatives, respectively. If v : I — R™*+!,
v(t) = (VE(t), 72 (1), ..., y™TL(¢)), is a curve, then for every K, y ov(t) = v5(2),
g* on(t) = D(y" 1)), §* o () = D*(y¥7)(t), and §* o 4(t) = D (y"7)(1).
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2. The Helmholtz conditions

Suppose we are given a system of m + 1 second order ordinary differential
equations

ex(y?,99,49) = 0, (1)

where K,Q = 1,2,...,m+ 1; the number of equations and the number of depen-
dent variables are both equal m + 1. Solutions of the system (1) are differentiable
regular curves v : J — R™ L (1) = (y'v(t),v*y(t), ...,y y(¢)), in R™HL,
defined on an open interval of the real line R, which satisfy the system (1).

In accordance with the general theory of variational differential equations,
we shall say that the system (1) is variational,if there exists a real-valued function
L = ZL(y?,y?) for which (1) is the system of Fuler-Lagrange equations; this
means that for every K,

oY doY oY PZL ., PL ., )
KT 9yK T dtagK  ayK  9yQagK Y T agQagk Y

If £ exists, it is called the Lagrange function for the system (1) which coincide
with the system of equations for extremals of a certain variational functional,
associated with .. We note that in the definition above the system of equations is
supposed to be as it stands: the functions defining the left-hand sides are supposed
to be fixed. All our assertions will be concerned with this system of functions; for
example, no variational integrating factors are considered. It is the standard result
that for a second order variational system of functions ex = ex (¥, §?, ij%) there
exists a second order Lagrangian . = £ (y¥, 9%, ), namely the Vainberg-Tonti
Lagrangian,

1
i”(yQ,yQ,yQ)=yK/ ex(sy?, 599, sij9)ds (3)
0

(see e.g. TONTI [9)]).

The necessary and sufficient conditions for variationality of systems of dif-
ferential equations are the well-known Helmholtz conditions. We formulate the
Helmholtz conditions for second order systems.

Theorem 1 (Helmholtz conditions). Suppose that we have a system of func-
tions e = e (y?, %, §?). The following two conditions are equivalent:
(a) The equation (2) has a solution.

(b) The functions e satisfy the system
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(6)

PRrOOF. This result is standard; see e.g. HAvAs [4] and references therein.
O

We note that (4) and (5) immediately implies that the functions ex must
be linear in second derivative variables, i.e. ex = A + BKQ;i/'Q7 where Brgg =
OCk |0y? = 0Cq /09" = Bok. The second order Lagrangian (3) can be then
reduced to a first order Lagrangian by deleting a total derivative term; namely

1 1
L2, 5°) =y / Ax(sy®, 599)ds — 5 / Cie (52, 599)ds
0 0

LroCk |
—yK/ ((affyp> ds. (7)
o \9Y (592,599

Clearly, the system of Helmholtz conditions can be rewritten to an equivalent
system for the first order functions Ax, Bg¢; however, we use in this paper the
conditions given by Theorem 1.

3. Second order positive homogeneous systems

We wish to study in this work variationality of systems of second order ordi-
nary differential equations, which are given by second order positive homogeneous
functions (in the Zermelo sense). We studied the class of higher order positive
homogeneous functions in [10]. Let us briefly recall the basic facts. The concept
of a positive homogeneous function we use, extends the classical positive homo-
geneity for functions depending on curves ¢t — 3% (¢) and their first derivatives
t — 5 (t), expressed by the standard Euler formula,

OF

W?J =F,
to functions depending also on second derivatives t — 4% (t). We shall say that
a function F = F(y¥, 9%, §%) is positive homogeneous in the variables y% and

9%, or simply positive homogeneous, if

F(yK7a1y.K7a%gK + a2yK) = alF(yKayK’ yK) (8)
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for all regular curves v : J — R®FL ~(t) = (yiy(t), vy (t),. ..,y (), in
R™*!, defined on an open interval of the real line R, and for all numbers a; > 0,
az € R. The condition (8) has, however, a geometric meaning: an integral
(variational) functional, associated with F', does not depend on parametrization.

In [10], we proved the following two results on positive homogeneous functions
of arbitrary finite order; here we give their second order versions.

The next theorem shows that the Zermelo conditions are necessary and suf-
ficient conditions for a function F' = F(y%, 4%, i) to be positive homogeneous.

Theorem 2. Let F = F(y%, 9%, §%) be a function. The following conditions
are equivalent:

(a) F is positive-homogeneous in the variables j% and 4.

(b) F satisfies the Zermelo conditions

OF . oF .
— 2—— =F 9
gtV 2y ; 9)
OF
oY~ (10)
PROOF. The proof, for arbitrary finite order, can be found in [10]. ([l

The following result concerns solutions of systems of second order ordinary
differential equations. Consider system (1), ex(y%?,9<?,§?) = 0. We shall say
that the system (1) is positive homogeneous, if all functions e are positive ho-
mogeneous in the sense of previous definition (8). Let v be a solution of the
system (1), defined on an open interval I C R. Then « is called an orientation-
preserving solution, if for every diffeomorphism 7 : J — I of open intervals such
that D7 > 0 on J, the regular curve v o 7 is again a solution of (1).

If, moreover, v o 7 is a solution of (1) for arbitrary reparametrization 7, we
say 7 is a set-solution. In order that v be a set-solution, it is sufficient that v is
orientation-preserving and the curve ¢ — y(—t) is also a solution. This observa-
tion explains, in particular, the role of the Zermelo conditions.

For second order equations, we have the following general result: the class
of positive homogeneous systems of differential equations has solutions which do
not depend on orientation-preserving parametrization.

Theorem 3. Let cx(y?,9%,i?) = 0 be a positive-homogeneous system
of second order differential equations. Then every solution of this system is an
orientation-preserving solution.
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PROOF. This result is valid for arbitrary higher order positive homogeneous
systems; see [10]. Nevertheless, we prove this proposition for second order systems
explicitly. Suppose that the functions ek, defining the system (1), are positive
homogeneous, i.e. functions satisfying the conditions (9) and (10). Let v : I —
R™*! be a curve in R™*!, and let 7 : J — I be a diffeomorphism of open
intervals in R. Choose ty € J, and we may suppose that D7(ty) > 0. From
positive homogeneity condition (8) we get for every K,

ex(y?(vor)(to), y? (v o m)(t), §°(v 0 7)(to))
= ex (y?y(7(t)), D(y®)(7(to)) D7 (to),

D2(y9y)(7(to))(D7(t0))? + D(y?7)(7(to)) D*7(t0))
= ek (y*(r(t0)), §%7(7(t0)) D7 (t0), §¥ (7 (t)) (D7 (t0))*+5° (7 (t0)) D*7 (t0))
= Dr(to) - ek (y*7(7(t0)), §°7(7(t0)), i1%7(7 (t0)))-

Hence « o 7 is a solution if and only if v is a solution, which completes the
proof. O

4. The Helmholtz conditions for second order positive
homogeneous systems

In this section we study variationality of positive homogeneous systems of
second order equations. Let us first recall a result we proved in [10]: the necessary
and sufficient condition for a variational system of second order equations to be
positive homogeneous.

Theorem 4. Suppose that the system (1), ex (y?, 99, §?) = 0, is variatio-
nal. The following two conditions are equivalent:
(a) The system (1) is positive homogeneous.

(b) The system (1) admits a positive homogeneous Lagrangian . = £ (y%,9?).
PROOF. The proof can be found in [10]. O

For purpose of formulating and proving our main theorem let us comment on
coordinate charts in R™*! we shall use. Throughout, we consider regular curves
in R™*! or, in other words, curves with non-vanishing tangent vector at every
point of a curve. In this case, there exists an index L such that 1 < L < m+1 and
g% # 0 at every point of a curve. We introduce another coordinates of regular
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curves in R™*!, namely the adapted coordinates which arise from the canonical
coordinates and their derivatives in the following way:

v v 1 v 1 U L v
w'=y", wi =79, wy=-—o 759", (11)
(")
and conversely we have
yt=wh, gt =at, gt =at,
o=, =, = el () + et (12)

Remark 1 (Invariant coordinates). It is not difficult to see that the coor-
dinates w¥, w”, w¥,wY, defined by (11), are invariant under the composition of
diffeomorphisms 7 of a neighbourhood of the origin 0 in R such that 7(0) = 0;
i.e. we have w¥vy = w(yo7), Wiy = wi(yo7), and wgy = w(yo 7). On the
other hand, the coordinates 1w’ and W’ are not invariant. We remark that in the
geometric theory of jet differential invariants coordinates of this kind arise when
we study quotient spaces of regular velocities with respect to a differential group
action; for futher details we refer to GRIGORE and KRUPKA [3], M. KRUPKA and
D. KrUPKA [5], KRUPKA and URBAN [6].

Remark 2 (Total derivative operator). For further need in proofs we find
the transformation of the total derivative operator into the adapted coordinates.
Suppose f = f(y%, 9%, %) to be a function given in the canonical coordinates,

and denote by f a function in the adapted coordinates defined by
Flw® o it w” wi wy) = Fy", 9", 5"y, 9", §7).

Then we obtain

df  of ., Of . Of .p Of ., Of ., .
d—iza—j;yL+_—J;yL+"—fLyL+8{y L 9y
Yy Oy dy Y dy dy
_Oof o (of of wy Of [wyit _wy\) g
“owr " (awL uy okt oug \ iy Cur) |

okt Owy (pl)? dw”

+ ( of L Of i ) (w§ (") + wyirt)

owy wl owy (L)

+<3f _of wy )wL+ OF vt
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L Of (.8 LL L af
———— (w3 (W 3wy w™w wi w ) :u'}L—,
(ih)* Owy (s (1) e dw”
where

is the formal derivative of a function f = f (wk,w

df _ of | of wt of W of , of , of ,

= T T T T w
dwl — owl " owlwl T 9wk wl T owr ' Qwy T dwy

L L v v v
;W wY wy wh).

Now we formulate the main result of this paper.

Theorem 5. The following two conditions for the system (1) are equivalent:
The system (1) is variational and positive homogeneous.

For every index L, 1 < L < m+ 1, there exists a coordinate transformation,
represented by adapted coordinates w’,w*, " w”, w¥,wy (11), such that
the functions €k, defined by

L

Ex(wh ", " w” wi wh) = ex(y™, 9" i% v 00 1Y), (13)

are of the form &y = pyw”, where g = px(wh, w’, wy, wy), pp = —pewy,
and the system of m ordinary differential equations

po (Wl w” W wy) =0, (14)
oc=1,2,...,m+1, o # L, is variational.

PROOF. 1. We consider the system (1) satisfying conditions (4), (5), (6)

(Helmholtz), and conditions (9), (10) (Zermelo) for second order systems. Let L,
1 < L <m+1, be a fixed index, and let w”, W, &’ w”, wY, wh be the L-adapted
coordinates, defined by (11).

First we wish to show that the transformed system & in adapted coordinates

is of the form £x = uxw’, for some functions px = pr (Wt w”, wY,wk). Using
the transformation equations (11), (12), between the canonical and the adapted

chart we get

88[(_65[( 65K 8{::[( 65[{ 1 8&:]{ 1IIL 85}{

dyr — owv’  dyE  awl’ ayr  wlowy  (wl)3 dwy’

e Ok wi Oég (wi\d}L wQ’\) Of K

oyt — owl Wl fw) Wk "Wl ) wd’
85K 1 (9E~K 88[{ 85[{ wi\ 6&:[{

oj” — (Wh)2owy’ gt~ ol (wh)? ow) (15)
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Applying (15), we can directly transform the Zermelo conditions into the adapted
coordinates. From (9) we get

6§K . L 35]{ . I ~
—_— — = 1
aat” et TR 16)
and from (10)
Ok .
W’LUL = 07 (17)

(no summation through L). Since the coordinate function w’

from (16) and (17) we immediately get

is non-vanishing,

— W =¢fg, — =0; 18
owk o gl (18)
the Zermelo conditions for the system of functions £ in adapted coordinates.
These conditions for €k, however, can be solved, and we get

Ex = pxu’, (19)

where p = px(wh, w”, wy, wy).
Now we apply the variationality of the system (1). Rewriting the Helmholtz
conditions for functions £k in adapted coordinates, we obtain from (4)
0é,  0¢, Oér,  0é5

_ =0 Zoh =0 20
owy  Owg T owg + owy “1 ’ (20)

from (5) we get

1 (02, 05\, b (05, 05\ 1 d (95  0a\_,
wh \ dwy — owg (wh)3 \ dwy ~ dwg Wk dwl \ owy = owg)

1 0éL Wt 9Ep 1 d (8€L>

wl owg (wh)3 owg  wl dw? \ dwg
N 1 . w 04, wy OZ, 0
—E&, — — -2 =
Wt Wl owy Wk dws ’

8§L wi\ 8§L (wg\ wi\wL> aéL wi\ d <8§L)_0

owt Wl owy wt o (wh)3 ) dwy Wk dwl \ dw)

(21)
and from (6)

02, 05, 1 Wl (02, 05\ 1.d (02, 05\ _,
owv  ow® 2 (wh)? \owy Owy 2dwl \owy  owy)
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0, 0, 1., d ( 1 05, 05, w) 0i, _w) 95,

— 5 7 — FW T - 7 T
owe  owt 27 dwt \wfow] OJwlt Wl ow) T wl ow)

)_o.@m

Substituting for £k from (19) in the variationality conditions (20), (21), and (22),
then the conditions for system of functions {u,, ur,} read

ZZZ - SZ =0, (23)
o+ s~ aur (9w o) =" 2
e T (gfjl - gf;l) =0, (25)
and
oy Detmo, P (2 k- St -2 —,
KL — gz}gwﬁ - Zﬁéwﬁ +wi\deL (g";g\) —0,
SZ{; - gzi o %d;l)L (gg; — Mo + 25;} wf + 225}2 w%) =0. (26)

To find py, = pr(wh w”, wY, wy) (L fixed) satisfying the previous conditions, we
note that it is possible to solve the conditions (26) directly. However, here we
apply again the positive homogeneity of the system ex(y?,9y?,ij%). The The-
orem 4 allow us to choose a positive homogeneous Lagrangian . = Z(y?, %)
for the system of functions ex (y?, 9, i%). We have

_ 0% d oL . 0L . ’PZL 4. L 5.
EKyK:< ) K _ K QK QK

yK  dt oyk kY T ayRagkY Y T ggeayrY

But differentiating the positive homogeneity condition

0L .k
= 3@7}(1/ )
we get
0z _ 0L . 02
5@ ~ 95Q0y<Y T 9y@
hence

0.7 02 0. 0 (0%
K _ 9% ok 9L @k _ 9% .k O K 0@ —0 (2
kYT = g w VT ~ guaagkt VT = gk T g (ayKy )y 0. (27)
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From (27) and (19) we now obtain
0=cexy” = &uiw" + e i’ = (") (pow] + pr),

and thus pr, is a linear combination of ., of the form pr = —pswy.

Finally, from Theorem 1 we see that the conditions (23), (24) and (25) are
the necessary and sufficient conditions for the system . (wl, w”, w¥,wy) = 0 to
be variational.

2. Conversely, suppose that the system of functions £k, defined by (13), is

of the form £x = pugw’, where g = px (w”

,wY wy wh), pr = —pewd in some
L-adapted coordinates, and let the system of functions pu, satisfies conditions
of variationality (23), (24) and (25). It is now sufficient to verify the Helmholtz
conditions (20), (21), (22), and the Zermelo conditions (18) for the system £k and
apply the transformation equations into the canonical coordinates, or equivalently,
it is sufficient to verify conditions (26) for the function puz,. This can be, however,

proceed by a direct calculation. This completes the proof. O

Remark 3. Clearly, Theorem 5 shows that every positive homogeneous sys-
tem of m 4 1 second order differential equations, ex (y?, 5%, 4?) = 0, is linearly
dependent. Moreover, if this system is variational, then its subsystem of m equa-
tions is also variational in sense of parameter-invariant variational problems (cf.
Theorem 3, Theorem 4), and vice-versa. The result (b) means that there exists
a function £ = (w’, w”, wY) such that

oL d 0L
Ho = Gwe ~ dul owg”
It is worth to note that the adapted coordinates play a crucial role in variational
analysis of positive homogeneous systems.

(28)

Corollary 1. Suppose that system e (y%,9?,4°) = 0 is variational and
positive homogeneous, with a positive homogeneous Lagrangian . = £ (y?, %)
(cf. Theorem 4), and let % be a function defined in the adapted coordinates by
L(wk, ik, w”, wh) = L(y?,§?). Then variational system o (w, w”, w?, wh) =0
(14) has a Lagrangian £ = £(wl, w”,w¥) given by

LAY v¥ o2y
C 0wk 9yt gy gt
PROOF. Applying the transformation (11) from the canonical to adapted

coordinates, we obtain the system of Euler-Lagrange equations of the form

1 07 o o7 1 d (ai;):&(w&?) d (6(1;;95’7))

Ho = %L dur (W3 ow? Wl dwl \ dwg owe  dw ows
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We put £ =(1/wr).#, and because of the positive homogeneity of .Z (cf. (18)),
we get

o lp 107, 07 02 0z
Sl wkowl T owl oyl oge gL’
the first order Lagrangian of the system (14). O

5. Example: second order positive homogeneous variational equations

We consider an example of a system of two second order differential equations
of two dependent variables,

. 1 . . 1 5. . 1 . . 1 5.5.
iy + Ey(zf + yij) — ﬁyzyz =0,—yy — ﬁyy(y2 + yij) + Eyzyzx =0, (29

where # = x(t) and y = y(t) are the canonical coordinate functions in R2. A so-
lution of this system is a regular curve t — (z(t),y(¢)) in R?, satisfying (29); we
suppose that & is a non-vanishing function at every point of a solution. It can
be easily checked that this system is positive homogeneous; this means that the
left-hand sides of (29) satisfy the Zermelo conditions (9), (10) from Theorem 2.
However, Theorem 5 shows that equations (29) must be linearly dependent which
can be, indeed, observed apparently. On the other hand, system (29) is varia-
tional; its left-hand sides satisfy the Helmholtz conditions (4), (5) and (6) from
Theorem 1. One can directly compute the Vainberg—Tonti Lagrangian (3) for
system (29),

1 R B ST S S S 2.y L1 5.
L =gylyd —wg) + v (0 +yil) — 5509 (2" +yih) +v°8) + 5 520" %,
and its first order reduction (7),

T 11,
Zo = 3ylyd —aj) - =y’ (30)

2z
In accordance with Theorem 5, we find now an equivalent system (14) with (29):
the one differential equation of one dependent variable in adapted coordinates
which is variational in sense of (28). We put w* = x, w! = y, and using coordinate
transformation we get from the first equation of (29),

p= (14 (w;)* +w'wy) w' = 0. (31)
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Indeed, (31) satisfies the Helmholtz condition for one second order equation,

ou _d o —0
owl  dwE \ow )

(cf. Theorem 1). The first order Lagrangian for (31), described in Corollary 1, is

of the form

1 1
£= sl —whl) - ().
We note that there exists another first order Lagrangian of equation (31) which
does not depend on w’, namely

€0 = %(wl)2 (1- (w})?).

The solution of second order differential equation (31) is the unit circle in R2.

Remark 4 (Added in proofs). The authors are thankful to the referee for
pointing out to recent sources, closely related to subject of this paper (ref. [1],
[2]), where the (contravariant) differential equation fields are considered.
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