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The difference quotient operator

By NICHOLAS A. MARTIN (Eger)

Introduction

In this paper we discuss the spectral properties of a linear operator
defined on a Hilbert space. Using the results of [1], we determine the
essential spectrum of our operator. This, together with the BERGER—SHAW
theorem enables us to assert that the operator is question, which we will
call the difference quotient operator, and the adjoint of the multiplication
operator are both essentially normal.

Our main result is an application of the BROWN-DOUGLAS—FILLMORE
theorem: we will show that the difference quotient operator is a compact
perturbation of the adjoint of the multiplication operator, defined on an
appropriately chosen space.

Preliminaries

We will define the difference quotient operator. We will be working
in the Hilbert space H?(G,u), consisting of the L? closure of the poly-
nomials in the independent complex variable z with respect to the usual
two-dimensional Lebesgue area measure p, defined on an open, simply
connected, bounded subset of the complex plane, G, containing the origin,
such that G is also connected. To avoid some pathological boundaries, we

will further assume that 9(G) = 9(G). The difference quotient operator is
defined as follows:

f(z) = £(0)

z

T:H*G,p) — H*(G,p), (Tf)(z) =
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Proposition 1. T is a bounded linear operator.

PRroOOF. Linearity is obvious, so we will establish an upper bound for
the norm of T'. Let R > 0 be the radius of the largest open disc around
the origin that is inside G; call this disc Dg. By definition

1/2

— £ ]?

f(z) = £(0) dM] |

z

IT|| = sup |ITfl> = sup [ /
G

Then

2
IT)1? = sup [ / du + / du] ,
Dr G\Dr

where the supremums are taken over the unit ball of H?(G, ). Let

2

f(z) = f(0)

z

f(z) - f(0)

z

= Zakzk, then M = Zak 2L
k=0 k=1

We obtain
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where we made use of the standard z = re?® change of variables. Carrying
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and we notice that

) [

f(z) = 1(0)

z

on the computation we obtain

/ f(2) = f0)

z

However,
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For z € G\Dg, |z| > R, so

/ f(z) — f(0)
G\Dg

z
We make use of the inequality

la = b* < 2(|al* + [b]),

2

to obtain
(**) ,
f(z) = f(0) 2 2|2 2

LI s |, verasor [ ldM] .

But )
£(0)] < R—ﬁHf||2 [4,p. 5],
so adding (x) and (xx) yields
2
[ [a-sop,
G\Dr z

2

<2 p(G) —mR*| 2 p(G)
<+

/G\DR|f(z)’2dﬂ+/DR|f(z)|2du+W—RQ -

Thus |T]| < 3= 29 “proving that T is bounded.

s

The spectrum

Proposition 2. o(T) = {z: 1 ¢ G}.

As a reminder, the spectrum of an operator 7' is the set of complex
numbers A for which (7" — \) is not invertible. We will therefore try to
determine those A for which (7" — \) is either not one-to-one or not onto.

We have (T — \)f(z) = f(z)(l_i‘z)_f(o), so the only possible candidate
for ker(T — A) is . This function may or may not be in H*(G, )
depending on A(C' denotes an arbitrary constant).

Case 1. % ¢ G. In this case & is analytic in GG, and also square
integrable because in this case |1 — Az| > d > 0 for some constant d, so
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Since b ¢ G, ﬁ
by Runge s theorem it is the uniform limit of polynomials on G. Thus

is analytic on an open set containing G as well, thus

5 is indeed in H%(G, p). We conclude that for + ¢ G, (T — )) is not
one-to-one.
Case 2. % € G. In this case & is neither analytic, nor square

integrable in G, so ker(T' — A) =0, so (T — A) is one-to-one if § € G.

Case 3. % € 0G. Asit turns out, the spectrum of T can be determined
even without analyzing this case.
We will determine now for which A is (7" — A) onto.

Case 1. 5+ ¢ G. In this case it was shown that (T — A) is not one-
to-one, so a given g(z) € H*(G, u) may have several inverse images under
(T — N).

Noticing that (T — \) <%> = g(z), we conclude that for § ¢

G, (T — )) is onto, since for any constant C, % us square integrable
and analytic in G. % is a uniform limit of a bounded sequence of

zg(z)+C’

is. It follows immediately that

. 1
polynomials on G because =

belongs to H2(G, ).

Case 2. + € G. In this case (T — \) in one-to-one. Given f(z) €

H?*(G, i), we show that h(z) = w is the inverse image of f(z).

Since ; € G, f(5) is defined. If f € H?*(G, p) then zf(z) € H*(G,pn). As
for a = 0 in Proposition 1, it can be shown that

(2f(2) — af(a))(z —a)~" € H*(G, ),
whenever a € G. Hence with a = A\™! € G, we obtain that
) AT E AT T = (f () AT (AT (L = AT
c H*(G, ).
We conclude that for ¥+ € G, (T' — \) is onto.
Gathering the information obtained so far we conclude tha (7" — \) is

invertible if € G and it’s not invertible if + ¢ G. If o(T') denotes the
spectrum of T this means, that

{z:%gé@}Ca(T) and {zéec}mam:@.



The difference quotient operator 171

The three sets {z : L ¢ G},{z: 1 € 0G} and {z : 1 € G} partition the
complex plane. Let’s call these three sets A, B and C respectively. We
know that the spectrum of any operator is a compact set, thus o(T) is
closed. Since A C o(T), we have A C o(T) as well. (In general, for two
sets, X C Y implies X C Y because by definition X is the intersection of
all closed sets containing X.) But it is easy to see that A= AU B = {z:
1 ¢ G}. Thus, since C No(T) = (), we obtain Proposition 2.

We notice that, since G and G are simply connected, H?(G,u) =
R?(G, ) as a consequence of Runge’s theorem. Here we denote the L?
closure of rational functions by R?(G, u). This means, that considering T'
to be defined on R?*(G, ), the spectrum of T remains {z : 2 ¢ G}.

The essential spectrum

We will now determine the essential spectrum of 7.

Definition. The essential spectrum of an operator L, denoted o.(L),
is defined to be the set of all complex numbers A such that L — X\ is not
Fredholm. The left-essential spectrum of an operator L (respectively right
essential spectrum) denoted oy.(L) respectively o,.(L) is defined to be
the set of all numbers A such that L — XA is not left (respectively right)
Fredholm.

The following theorem may be found in [4, p. 355, 373].

Theorem.
(1) o1e(L)Uope(L) =0e(L) C o(L).
(2) If A € Oo(L) then either X is an isolated point of o(L) or
A€ ge(L)Nope(L).

Lemma 3. Let R be as in Proposition 1, M = sup{|z| : 2 € G}. Then
o(T) contains an open disc around the origin of radius 5; and, denoting
the spectral radius of T by r(T), we have 17 < r(T) < 4. Also, o(T) has

no isolated points.

PROOF. Let 0 < |z| < 7;. Then || > M, so 1 ¢ G, thus z € o(T).
Clearly z = 0 is an element of o(T'). Since r(T') = sup{|z| : z € o(T)}, if
we suppose 7(T') > +, this would mean the existence of a point z € o(T')
such that |%| < R. But, by definition of R, this implies that % € G, so
z ¢ o(T), contradiction. Finally o(7') has no isolated points because it is
the closure of an open set.

We are now in position to determine the essential spectrum of 7T'.
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Proposition 4. o0.(T) = do(T).

PRrOOF. Denoting the resolvent set of T', i.e., the complement of the
spectrum of T' by p(T'), we partition the complex plane into the union of
the three sets:

C=p(T)U int (o(T))Uda(T).

By the first part of the theorem quoted above, o.(T) C o(T), so clearly the
essential spectrum of T" and the resolvent of T are disjoint. If A € int(o (7))

then we saw earlier that ker(T — ) = 5, so dimker(7 — \) = 1, and

that (I' — A) is Fredholm and ind(7T" — A) = 1. This means that \ is
not an element of the essential spectrum of 7. Therefore we must have
o.(T) C 0o (T).

On the other hand, the second part of the theorem and Lemma 3
imply that 0o (1) C 01.(T) U0y (T) C 0.(T). Thus the desired conclusion
follows.

To proceed further, we have to introduce some definitions.

Definition. The set of trace-class operators, By(H) consists of those
elements A of B(H) for which the sum

Z |(Ae;, e;)] is finite for all orthonormal bases {e;}ica.
1EA

The following theorem is from [6, p. 16].
Theorem. Trace-class operators are compact.
For convenience we will state the BERGER-SHAW Theorem [2, p. 1193].

Theorem. If A is an n-multicyclic hyponormal operator, then [A*, A
is trace class.

We are now ready to prove
Lemma 5. [T*,T| =T*T —TT" is trace class.

PRroOOF. Consider the multiplication operator S on H?(G, 1) defined
by (Sf)(z) = zf(2). S is subnormal, having M, : L?(G, u) — L*(G, p1) as
its normal extension. S™(1) = 2", so {S*(1)}32, is a total set in H*(G, u),
which means that {1} is a cyclic vector for S. S being subnormal, it is
also hyponormal, so the powerful Berger-Shaw theorem applies, and we
conclude that [S*, S] is trace-class.
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TS =1
It is easy to verify that , where F' is a rank one oper-
ST =1+F

ator.

Therefore [T*, T] = TT*[S*, S|T*T — TF*ST*T + TT*F. (We made
use of the relations S*T™* = I,T*S* =1 + F*).

Since Bi(H) is a two-sided ideal, and finite rank operators are trace
class, we conclude that [T*,T] € By(H).

Definition. A is an essentially normal operator if [A*, A] is compact.

Thus the difference quotient operator is essentially normal, and so is
the multiplication operator and its adjoint.

We will determine the essential spectrum of the operator S : H?(G, i)
— H?(G, ) defined by (Sf)(z) = zf(z). This is actually done in [1,
p. 472]. Since G is simply connected and 9(G) has no isolated points by
assumption, o.(S) = 9(G).

Proposition 6.
. 2 . .
ran(S — \) = { {F:f(z) e HX(G, ), f(A) =0}, ifA€C

H(G, p), ARG

PROOF. Denote M, = {f € H?(G,u) : f(A\) = 0},\ € G. Since
(S=N)g(2) = (= N)g(2), F(2) = (z—N)g(2) € My for all g(z) in HX(G, 1),
so ran(S — \) C M.

Conversely, let f(z) € M), then f(z) = (2 — A)g(z) for some g(z). We
will show that g(z) € H?(G, ). Choose R > 0 so that Dr = {z: [z — )| <
R} is contained in G.

M@%thWWW+me@mm

Now g(z) = % has a removable singularity at A\, and Dpg is closed, so
lg(z)| is bounded on Dpg, thus fDR |9(2)|? du < co. On the other hand
Jernpg 197 dpe < gz [ 1£(2)]? dpe.

This shows that g(z) € H?(G,p), proving My C ran(S — \). We

conclude My = ran(S — ) for A € G. We will show that M) is closed in
H?(G, j1). Define the linear functional

Ly: HYG,p) = C by La(f) = (V).
L) is bounded, for

LA 1
ifl: "k = Ry

[ L]l = sup
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The supremums are taken over H?(G, ).

M), is closed, because it is the kernel of Ly. Now if A ¢ G, given
g(z) € H*(G,n), f(z) = % is a uniform limit of a bounded sequence
of polynomials on G because (1 — \z)~*! is, therefore f(2) € H?(G,p),
showing that (S — A) is onto in this case.

It is a trivial observation that ker(S — A) = {0} for all A € C.

We may write f(z) = (f(2) — f(N)) + f(A) for all f(z) € H3(G, p).
Here (f(z) — f(A\)) belongs to ran(S — A) if A € G; f(\) being a constant
function belongs to H?(G, u). Thus H?(G, i) = ran(S — \) +C. Therefore
dim(ran(S — \))t = 1.

Summing up we coclude that (S — A) is a Fredholm operator for X\ ¢
0G, and
-1 for A € G,

ind(S_A):{o for A ¢ G.

We are now ready to use the Brown-Douglas—Fillmore theorem.

Theorem. IfT) and T are essentially normal operators on a Hilbert
space H, then a necessary and sufficient condition that T} be unitarily
equivalent to some compact perturbation of T is that Ty and T have the
same essential spectrum A, and ind(Ty — A\I) = ind(T5 — AI) for all X ¢ A.
We refer the reader to [3, p. 58-117| for a proof.

Let’s define now our operator S on the space H2((Gi*)c,
= ={z:1¢€aG}, Gl means the closure of 4. Let (GI,K)C =
0e(S%) = (0e(9))" = () =0({; : 2 € G}*) = {2 : ; € IG}
We have used the fact that for any set 4,04 = AN Ac = 9(A°).

Therefore T': H*(G,p) — H?*(G,p) and S* : H*(Q, ) — H?*(Q, p)
have the same essential spectrum,they are both essentially normal, and for
A §é Ue(T) = Ue(S*>7

i), where
2. Then
o.(T).

1, if A e (Q)*
0, ifAxe(Q).

ind(S* —\) = {

If A € ()*, we have

ve({Trea)) = {Lie) < {Les el - mom
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If A ¢ ((©2))*, then

o ([Teee] ) - ) = (on)

:{1;Z¢G}:a(:ﬁ).

z

So we conclude
1, if A €into(T)
0, ifxé¢o(T)

Finally we are able to assert:

1, if A € into(T)

ind(S* —\) = { 0, if A¢o(T)

— ind(T—)) = {

Theorem. T : H?(G,u) — H?*(G, ) is unitarily equivalent to some
compact perturbation of S* : H?(Q, i) — H?(Q, ).

Acknowledgements. The author gratefully acknowledges the many
helpful discussions with J. G. STAMPFLI during the preparation of this
work. I am also grateful to the referee for suggesting a number of im-
provements.

References

[1] S. AXLER, J. CoNnwaY and G. McDoONALD, Toeplitz operators on Bergman spaces,
Canadian J. Math. 34 (1982), 466-483.

[2] C. A. BERGER and B. I. SHAW, Selfcommutators of multicyclic hyponormal oper-
ators are trace class, Bull. Amer. Math. Soc. 79, 1193-1199.

[3] L. BRowN, R. G. DoucLASs and P. FILLMORE, Unitary equivalence modulo the
compact operators and extensions of C*-algebras, Proc. Conf. Operator Theory,
Lecture Notes in Math., Springer, Berlin 345 (1973), 58-128.

[4] J. B. CoNnwaYy, A Course in Functional Analysis, Springer- Verlag, New York, 1985.

[5] J. B. CoNwAY, Functions of One Complex Variable, second edition, Sringer- Verlag,
New York, 1986.

[6] J. B. CoNwAY, Subnormal Operators, Pitman Pub. Co., 1981.

NICHOLAS A. MARTIN
ESZTERHAZY KAROLY TEACHER’S TRAINING COLLEGE
DEPARTMENT OF MATHEMATICS LEANYKA U. 4.
H-3301 EGER PF. 43. HUNGARY

(Received June 3, 1993; revised February 3, 1994)



