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On the diophantine equation D,z + D, = k"

By TAIJIN XU (Zhanjiang) and MAOHUA LE (Zhanjiang)

Abstract. Let D, D1, D2, k be positive integers such that D = D1 D2, D1 > 1,
Dy > 1, k > 1 and ged(D1, D2) = ged(D, k) = 1. Let w(k) be the number of distinct
prime factors of k. Further, let N(D1, D2, k) be the number of positive integer solutions
(x,n) of the equation Dix? + Dy = k™. In this paper, we prove that if 2 { k and
max(D1, D2) > expexp exp 105, then N (D, Do, k) < 2¢(F)=1 11 or 2¢(k) =1 according
as the triple (D1, Da, k) is exceptional or not. The above upper bound is the best
possible if k is a prime.

1. Introduction

Let Z, N be the sets of integers and positive integers, respectively. Let
D,Dy,D5,k € N be such that D = D1Dy, Dy > 1, Dy > 1, k > 1 and
ged(Dy, Do) = ged(D, k) = 1. Let w(k) be the number of distinct prime
factors of k. Further let N(Dy, Do, k) be the number of solutions (z,n) of
the equation

(1) Diz?>+ Dy =k", z,neN.

In [2], BENDER and HERZBERG proved that if 2 { k£ and & > I'(D),
where I'(D) is an effectively computable constant depending on D, then
N(Dy, Dy, k) < 2¢°0)=1 Tn [6] and [7], the author proved that if k is a
prime and max(D1, D) > C, where C is an effectively computable abso-
lute constant, then N (D1, Dy, k) < 1 except in some explicit cases.

For any m € Z with m > 0, let F,,, be the m-th Fibonacci number. A
triple (D1, Da, k) will be called ezceptional if D1, D2 and k satisfy either

(2) 3Dys] — Dy =0, 4D1s7 — 0 = k™, 4Dy + 6 = 3k™,
0 € {—1,1}, ri,s1 € N,

Mathematics Subject Classification: 11D61, 11J86.
Supported by the National Natural Science Foundation of China.



294 Taijin Xu and Maohua Le

or
3
o ZF6m — Fom—1,
(3) Dys? = %, Dy = ;
ZFﬁm + Fom+1,
F6m—27
k" = m,r9, 89 € N,
{F6m+27 272

In this paper, we prove the following general result:

Theorem. If 21k and max(D;, Dy) > expexpexp 105, then we have

2@(k)=1 4 1 if (D1, Do, k) is exceptional,

ow(k)—1 otherwise.

(4) N(D1,D2,k) < {

Moreover, all solutions (z,n) of (1) satisfy n < 10v/Dlog2ev/D /.

If (D1, Da, k) is exceptional, then (1) has at least two solutions, na-
mely
(s1,71), (s1]D1sf — 3Dl,3r1),
if (2) holds,
(s2,72), (s2]D?s5 — 10Dy Dys3 + 5D3|, 5ra),
if (3) holds.

() (z,n) =

The upper bound (4) is the best possible if k is a prime.

2. Preliminaries

Let h(—4D) be the class number of the primitive binary quadratic
forms with discriminant —4D.

Lemma 1. h(—4D) < 4v/Dlog2evD/.

PROOF. By [4, Theorem 12.10.1], we have h(—4D)=2v DK (—4D) /T,
and by [4, Theorem 12.14.2], K(—4D) < log4D + 2. This implies the
lemma.

Lemma 2 ([8, Theorems 1 and 3|). If 21k and the equation
(6) D1X?’4+ D Y2 =k? XY, Z€Z, gdX,Y)=1, Z>0,

has solutions (X,Y, Z), then all solutions of (6) belong to at most 2«(*)~1
classes. Further, for any fixed class S, there exists a unique solution
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(X1,Y1,71) in S such that X; > 0, Yy > 0, Z1 < Z and h(—4D) = 0
(mod 277), where Z runs through all solutions in S. Further, every solu-
tion (X,Y,Z) in S can be expressed as

t
7 = Zyt, X /D1 4+ Y /=Dy = A\, <X1\/D1 n )\2Y1\/—D2>
teN, Q'ft, A1, Ao € {—1,1}.
The solution (X1,Y1, Z;) is called the least solution of S.

Lemma 3 ([5, the proof of the Theorem]). Let ¢ = X1/ D1 ++/—Dy
and € = X1/ D1 — \/—D5, where X; € N. If

(7) le" — &' < |e —€l,

for some t € N, then t < 8-10%. Moreover, if t > 7 and 2 { t, then
max(D1, Dy) < exp exp exp 105.

3. Proof of the Theorem

Let (x,n) be a solution of (1). Then (X,Y, Z) = (x,1,n) is a solution
of (6). By Lemma 2, we may assume that (z,1,n) belongs to a certain
class S. Let (X1,Y7, Z1) be the least solution of S. Then we have

(8) n=7it, teN, 24t

t
(9) 2y/D1++/—Da=\; (Xlx/Dl—MzYl\/—Dz) . AL As € {11}

From (9), we get

t B t _
1= M\ ((J (D, X2)t=D/2 4 (3> (D1 X232 DY) + ...

t _
+() oavpye).

whence we obtain Y7 = 1. This implies that (z,n) = (X1, Z1) is a solution
of (1). Moreover, if (1) has another solution (z,n) such that (z,n) #
(X1,71) and (z,1,n) also belongs to S, then x and n satisfy (8) and (9)
forYy=1and t > 1.

Let ¢ = X1v/D1 +v/—D3 and &€ = X1/D; — vV/—D>. Since Y =1, if
the other solution exists, (9) implies that (7) holds for ¢ > 1. Therefore,
by Lemma 3, if max(D1, D3) > expexp exp 105, then we have ¢t < 7. Since
21t, we get t =3 or 5.
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For any nonnegative integer m, let L,, and F,, be the m-th Lucas
number and Fibonacci number, respectively. For ¢ = 3 and ¢t = 5, by (9)
we get (2) and (3), respectively. Since Dy, Do and k are fixed, the integers
r1,81,0,T2, S2,m in (2) and (3) are given. Now we proceed to prove that (2)
and (3) cannot hold at the same time. Notice that Fgp,—o = Lay—1F3m-1
and

3F6m — 4F6m—1 +0 = 3Fsm—2 — Fom—1 +0
(Lgm_l —+ Lgm_g)Fgm_l, if 6=1 and 2 ‘ m or
d=—1and 2tm,

(F3m_1 + Fgm_g,)Lgm_l, if 0=1 and 2 'f m or
d=—1and 2| m.

If (2) and (3) were hold at the same time together with k™ = Fg,,_o, then
we would have

3" (Lgm-1F3m-1)" = ((Lam-1 + Lam—3)F3m-1) " or
((Fsm—1 + Fsm—3)Lam-1)", 11,72 €N.

Since ged(Lam—1, Lam—2L3m—3) = ged(F3m—1, F3m—2F3,m-3) = 1, (10) is
impossible. Using the same method, we can prove a contradiction in the
case k™ = Fg;12. Therefore, if (Dy, Do, k) is not exceptional, then (1)
has at most one solution (z,n) such that (z,1,n) belongs to a fixed class.
Moreover, if (D1, D2, k) is exceptional, then there exists exactly one class,
say S, such that (1) has exactly two solutions (5) with (z,1,n) belonging
to S, and the other classes have most one. Thus, by Lemma 2, (4) is
proved.

On the other hand, by (8), we have n < 57, and from Lemma 2,
27, < h(—4D). Thus, by Lemma 1, we obtain n < 10v/Dlog2ey/D/r.
This completes the proof.

(10)

Remark 1. The proof of the condition “max(Dq, D3) > expexp exp
105” in Lemma 3 involves an upper bound (of BAKER [1]) for the solutions
of Thue’s equations. Using the sharper bounds GYORY and PAPP [3], the
condition could be improved.

Remark 2. Using a similar argument as in the proof of our Theorem,
we can obtain an analogous result for the equation

Dia? + Dy = 4k™, x,n € N.
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