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A class of systems of differential equations and its
treatment with matrix methods. IL

By E. MAKAI in Budapest.

1. In the first part of this paper (Publ. Math. Debrecen 5 (1957),
5—37.), on p. 15, the following theorem was enounced.

Let P,(x) be a polynomial with n simple roots a,,a,,...,ax, Puw-i(x) @
polynomial of degree not exceeding n—i (i=1,2,...,m) and m an
integer not greater than n. Then one can associate with the differential
equation

(M) PRIV + Paa(X) YD - + Pacn(x)y =0
a system of differential equations of the type

(x—ﬂl)yi =n)h+au)s+ -+ + Ay Pn
@) (X—0))Y:==au )+ @0y + +++ + Ao Yn

(X—a)yr=au)+ s+ +AQudu

(aix = const.) having the following properties :
(i) the first component of each solution vector of the system (2) is a
solution of the equation (1);

(ii) each solution of (1) is the first component of a certain solution vector
of the system (2). ,

The proof of this theorem is founded on the fact, that to the equation
(1) and to a given order of the quantities a;, a»....,a, one can associate
(uniquely) a system of type (2) having the properties (i) and (ii) where

ﬂ.',.‘+1=l if i=],2,...,m"—'l
ar=0 if k>i+1 and i<m—1

Qs = Qi if k>m and i=m—1,
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i.e. the matrix A= ||ax| is of the form

[ an 1 0 e 0 0 0 - 0 -]
ax as 1 0 0 0 P 1
as as: A3 0 0 0 <+ 0
Qu-2,1 An-2,2 1 0 0 L

@ A=|gr o

am- 1,1 am-l.2 am-l.m 1 1 1 SR 1
Q1 am, - A, m-1 Ay Ay ot Amm
anl+l, 1 am-H. 2 am+l__ ni-1 am+l,m am+l' | o anH—L "

_anl apo “** Qn,m-1 Anin Qi s+ Opm il

Before proving the theorem we make the following agreement. Two
systems of differential equations with the unknown functions y, ¥, ..., ¥»
resp. 2,, 2, ...,24 will be termed equivalent with respect to the first
unknown if the first component of any solution vector of each of these
systems is the first component of some solution vector of the other system.

The proof will be obtained in the following way. We associate with
equation (1) a set S of systems of differential equations. The first element
of this set is trivially equivalent to (1) and the last element of itis a system
of type (2) having the matrix (3). Then we will show that the first and last
elements of the set are equivalent in the sense defined above.

Let & =x—a;, yYi=E&&--+-& and let y, be a solution of the
equation (1): -

) 2 y""+2‘ Puor(x)y(" " =

This _‘:system consisting of only one equation is the first member of the set S.
Next we define the function y. by

(5. Eyi=aun+y:

where the constant a,; is for the present undefined. Differentiating this
equation m—1 times we get

Ep\ = (ay—m+ 1)y 450,

Eliminating yi" with the help of this equation from (4,) we have

yrl@u—m+ )y "+ 4 P @A+ 2, YP.. (XY =0.

As & ¥ ys, au can be chosen in such a way, that in the last equation the
(m-1)

coefficient of y;" ', namely (an—m+ 1)+ P,..1(x) should be divisible by
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&,. The last equation can be written therefore after the (unique) proper choice
of a;; in the form

(4,) Wyt Y + Qu(x)Eih '"+Z Poe ()" ==

where Q:(x) is a polynomial of degree not exceeding n—2.

The second element of the set S of systems of differential equations
consists of equations (5,) and (4).

Let now the function y; be defined by the equation

(52) Eayt=any1+any:+ys

the constants as; and ax being for the present undefined. Differentiating
m—2 times the equations (5,) and (5,), with the help of these relations one
can eliminate from (4;) the quantities p{" " and 35" "". Thus one arrives at
the equation

Yorlanyi™ ™ +(@e—m+ 2y 0+ +
+ Qu(®[(@au—m+2)y" 2 + 3 )4 P ()Y 2+

+ZP.. S =

As & ¥ ys and & & s, the constants ax and as; may be chosen uniquely
in such a way that the coefficients of " and 38" should be divisible
by & resp. by &. If ax and as fulfil these conditions the last equation
takes on the form

(4;) Y3y P+ Qu(x)E " + sz(x)&ygmﬂ)-i-g Py (X)) =
where Qa(x) and Qee(x) are polynomials of degree not higher than n—3.

The third element of the set S consists of the equations (5,), (5.) and (4s).
Suppose that after i—1 such steps we arrive at the equation

(41) 1{-’:}'.’" 4. +ZQ: 1, l(x)Elyl(m ‘+1}+Zpu—r(x) {m-v)

where the degree of the polynomial Q..:(x) is not higher than n—i
Further, let y;., be defined hv the equation

(5i) Ef—)a ‘, U.k}’l. +ya+l

where the precise meaning of the aa’s is settled below.
Eliminating from (4;) each (m—i+ 1)-th derivative with the help of the
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(m—i)-th derivatives of the differential equations (5,), (5.), ..., (5:), we get
‘+] [Z ﬂ.:‘ {m (N _i)ynm &) + (m !)J

+;Qs‘-l.z(x)[;§‘ au,.yi'u i) (m (m ;)_+_ (m- Q]:F

m

+ P 1 (Y™ 4 Z P, (x)y"™" =0,

=i+l

Now we choose the constants ax (k=1,2,...,i) in (5;) in such a way
that the coefficient of yI"” should be of the form & Qu(x) where Qu(x) is
a polynomial of degree not exceending n—i—1. This is always possible, for
& X Wiy (kK =i). The last equation then assumes the form

L

(4is1) YT+ vQ.,:(Jf)‘é:y"" "t 2 Purlx)yi"=0.

The system of equations (5,), (5,;),...,(5;) and (4i) is the (i+1)-th
element of the set S.
Continuing this way we arrive at the differential equation

@n-)  Ymeryiat 2 Quos k&I + Paomst (X)Yi + Pan(X)1 =
Let now u be defined by the equation

m-1
(5m-1) Em-1Ym-1 =];:am-l, kYx + U.

After the elimination of the second derivatives from (4,-1) and a suitable
choice of the constants a,..,: (as above), and further by eliminating with
the help of (5:),...,(5m-1) the first derivatives of yi, ..., yu-1 too, we get the
equation

(4m) Yol + > QuYi+ Qu(X)u=0

where Qi(x) (k=1,...,m) is a polynomial of degree not exceeding n—m.

Consider now the system of differential equations (5,), (5.), ..., (5m-),
(4m) which will be called system o. It is obvious that the constants @, and
the polynomials Q.(x) are independent of the choice of the particular solution
1 of equation (4,).

The system o is equivalent to the equation (4,) with respect to y, in
the sense defined above. For the construction shows that to each particular
solution y, of the equation (4,) there exists a solution vector of o, the first com-
ponent of which is y,. As the equation (4,) has m linearly independent
solutions, the construction yields m linearly independent solution vectors of o.
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Conversely the first component of each solution vector of o is a solu-
tion of (4,). For assuming the contrary, if there would be a solution vector
of o, the first component of which would not satisfy (4,), this vector could
not be a linear combination of the solution vectors yielded by the above
construction. But as the system o has exactly m linearly independent solu-
tion vectors, such a solution vector cannot exist.

If m=n, the system o is of the form (2), it is the last element of S,
and our task is done. If m < n, we construct another system of differential
equations which is equivalent to o with respect to y,. We write equation
(4n) in the form

(4 w=3 3%y 4 S,

k=l i{=m
where the constants a; (kK = m) are uniquely determined by the polynomials

Q«(x). Then we consider that system of differential equations which consists
of equations (5,), (5,), ...,(5m-2) and of the equations

m~-1
(6m-l) §m-1y;-1=g ﬂm-1'gyk—}~(yﬂ+ym_l+ .....I.y”)
m-1
(6) Eiyi= ;as‘kh + (Y +Ymir+ -+ ) ((=m,m+1,...,n)

This system (system ZX) is of the type (2) and its matrix is the matrix
A of formula (3).

In order to show the equivalence of the systems o and 2 with respect
to y; we identify the quantity Ym—+ Ymit+ -+ ya with u. Then (6m-1) and
(5m-1) will have the same form. Moreover, dividing (6;) by & and summing
with respect to 7, we get an equation having the form of (4%). As these
transformations do not affect the quantities yy, ys, ..., ¥m-1, we can state that
the first component of any solution vector of X is the first component of
some solution vector of . Conversely, for each solution vector of o e. g.
to the one characterised by the initial conditions

(7 n(@=ci,ya(@)=¢Cq, ..., Ym-1(@) = Cm-1, u(@)=c (a¥ai;i=1,2,...,n)

there exist solution vectors of 2, whose first components are identical with
the first component of the solution vector of o defined by conditions (7).
These solution vectors of X are characterized by the initial conditions

y‘.(a)zc‘_, (f=1, 2,...,“) Whe‘l'e C,.—‘-C,,,H+ ses +Cll=c-

2. With the help of the above theorem one may prove the following
generalization of the theorem of Part L, p. 24.
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If the functions fo(x), fi(X),....fu-1(X) are regular on a complex circular
domain C, then to the linear differential equation

) Yo 4 fn 1 ()P oo+ fo(x)y =0
one can always find a sequence of differential equations
(grl) Pm,u(x)y(m’+Pm-l,w|(x)ym'1)+"‘+Rl,:.(x)y:0 (n--—-m, !ﬂ—[—],...)

of type (1) such that the degree of the polynomial P, .(x) is not greater than
n—m-+k and

m-1 | P
N Lo s BRAQDY d e oo
Télcx &= | Ji(x) P (%) 0 if n .

If n— oo, the solutions of (9,) approach uniformly with arbitrary
accuracy the solution of (8). This means that the solutions of the differential
equation (8) can be approximated with arbitrary accuracy on the disk C with
solutions of systems of differential equations of type (2).

The proof runs on the same lines as that of the corresponding theorem
of Part L.

(Received August 9, 1957.)



