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Curvature theory of generalized second order
gauge connections

By IRENA �COMI�C (Novi Sad)

Abstract. Lately a big attention has been paid to second order gauge connec-
tions, but the investigation are mostly restricted to the d-connection. Here this connec-
tion is generalized. The curvature tensors and the Ricci equations are obtained, which
for the generalized connection have a rather simple form.

1. Adapted basis in TF

Let F be an n + m + l dimensional C∞ manifold. Some point v ∈ F

in the local charts (U,ϕ) and (U ′, ϕ′) has coordinates (xi, ya, zp) and
(xi′ , ya′ , zp′) respectively. In U ∩ U ′ the allowable coordinate transfor-
mations are given by the equations

xi′ = xi′(x) i, j, h, k = 1, n,

ya′ = ya′(x, y) a, b, c, d, e = n + 1, n + m,(1.1)

zp′ = zp′(x, z) p, q, r, s, t = n + m + 1, n + m + l,

where

(1.2) rank

[
∂xi′

∂xi

]
= n, rank

[
∂ya′

∂ya

]
= m, rank

[
∂zp′

∂zp

]
= l.
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From (1.1) and (1.2) it follows that inverse transformations of the
form

(1.1)′ xi = xi(x′), ya = ya(x′, y′), zp = zp(x′, z′)

exist.

Proposition 1.1. The coordinate transformations of type (1.1) form
a group.

The tangent space TF is spanned at any point v ∈ F by n + m + l
basis vectors, which form the basis

(1.3) B̄ =
{

∂

∂xi
,

∂

∂ya
,

∂

∂zp

}
.

The elements of B̄ with respect to (1.1) are transformed in the fol-
lowing way:

∂

∂xi
=

∂xi′

∂xi

∂

∂xi′ +
∂ya′

∂xi

∂

∂ya′ +
∂zp′

∂xi

∂

∂zp′ ,(1.4)

∂

∂ya
=

∂ya′

∂ya

∂

∂ya′ ,
∂

∂zp
=

∂zp′

∂zp

∂

∂zp′ .(1.5)

The functions N b′
i′ (x

′, y′) and Mp′

i′ (x
′, z′) are the coefficients of non-

linear connections of the second order if they satisfy the following law of
transformation:

(a) N b
i (x, y) = N b′

i′ (x
′, y′)

∂xi′

∂xi

∂yb

∂yb′ +
∂ya′

∂xi

∂yb

∂ya′ ,(1.6)

(b) Mp
i (x, z) = Mp′

i′ (x
′, z′)

∂xi′

∂xi

∂zp

∂zp′ +
∂zp′

∂xi

∂zp

∂zp′ .

Remark. In many papers as in [11], [13], [14] N and M are inter-
changed. The reason for this change is the fact that for n+m dimensional
F , N is reduced to N used before as in [6]–[10].

Using the notation

(1.7)
δ

δxi
=

∂

∂xi
−N b

i (x, y)
∂

∂yb
−Mp

i (x, z)
∂

∂zp

from (1.6) and (1.7) we obtain

(1.8)
δ

δxi
=

∂xi′

∂xi

δ

δxi′ .
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Thus the adapted basis

(1.9) B(N ,M) =
{

δ

δxi
,

∂

∂ya
,

∂

∂zp

}

of TF is obtained. It is clear that as many adapted bases can be formed,
as functions N and M satisfying (1.6)(a) and (1.6)(b) can be found. The
transformations of the elements of B(N ,M), THF , TV1F , TV2F are deter-
mined by (1.5) and (1.8).

Let us denote by THF , TV1F , TV2F the subspaces of TF spanned by
{ δ

δxi }, { ∂
∂ya }, { ∂

∂zp } respectively, then

(1.10) TF = THF ⊕ TV1F ⊕ TV2F.

Any vector field X in TF can be written in the form

(1.11) X = Xi δ

δxi
+ Xa ∂

∂ya
+ Xp ∂

∂zp
.

The coordinates of X under (1.1) are transformed in the following way:

(1.12) Xi′ = Xi ∂xi′

∂xi
, Xa′ = Xa ∂ya′

∂ya
, Xp′ = Xp ∂zp′

∂zp
.

The adapted basis of T ∗F is

(1.13) B∗(N ,M) = {dxi, δya, δzp},
where

δya = dya +N a
i (x, y)dxi(1.14)

δzp = dzp +Mp
i (x, z)dxi.(1.15)

The elements of B∗ are transformed in the following way:

(1.16) dxi =
∂xi

∂xi′ dxi′ , δya =
∂ya

∂ya′ δy
a′ , δzp =

∂zp

∂zp′ δz
p′ .

Let us denote the subspaces of T ∗F spanned by {dxi}, {δya}, {δzp}
respectively by T ∗HF , T ∗V1

F , T ∗V2
F , then

(1.17) T ∗F = T ∗HF ⊕ T ∗V1
F ⊕ T ∗V2

F.

Any 1-form field ω ∈ T ∗F can be written in the form:

(1.18) ω = ωidxi + ωaδya + ωpδz
p.
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The coordinates of the 1-form ω with respect to (1.1) are transformed
in the following way:

(1.19) ωi = ωi′
∂xi′

∂xi
, ωa = ωa′

∂ya′

∂ya
, ωp = ωp′

∂zp′

∂zp
.

2. Gauge covariant derivatives of the second order

Let ∇ : TF × TF → TF (× is the Descartes product) be a linear
connection, such that ∇ : (X,Y ) → ∇XY ∈ TF , ∀X, Y ∈ TF . The
operator ∇ is called generalized gauge connection of the second order. It
is called d-gauge connection of the second order if ∇XY is in THF , TV1F
or TV2F provided Y is in THF , TV1F or TV2F respectively, ∀X ∈ TF . It
has been studied by many authors, mostly romanian geometers.

Here we shall not make this restriction on ∇. In the following we shall
use the abbreviations: δk = δ

δxk , ∂k = ∂
∂xk , ∂a = ∂

∂ya , ∂p = ∂
∂zp .

Definition 2.1. The generalized gauge connection ∇ of the second
order is defined by

(2.1)

(a) ∇δiδβ = F κ
β iδκ,

(b) ∇∂aδβ = C κ
β aδκ

(c) ∇∂pδβ = L κ
β pδκ,

where β = j or β = b or β = q and

(2.2) T ..κ
... δκ = T ..k

... δk + T ..c
... ∂c + T ..r

... ∂r.

We shall use the abbreviated form of (2.1):

(2.3) ∇δαδβ = Γ κ
β αδκ.

From (2.2) and (2.3) it follows:

If α = i, then Γ = F ; if α = a, then Γ = C; if α = p, then Γ = L.

Proposition 2.1. If X is the vector field (1.11) defined on F , then
the following equations are valid:

∇δiX = Xα
|iδα, Xα

|i = δ1X
α + Fβ

α
iX

β

∇∂aX = Xα|aδα, Xα|a = ∂aXα + Cβ
α

aXβ(2.4)

∇∂pX = Xα‖pδα, Xα‖p = ∂pX
α + Lβ

α
pX

β ,
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where

(2.5) Γ .
β .X

β = Γ .
j .X

j + Γ .
b .X

b + Γ .
q .X

q.

Theorem 2.1. If X and Y are vector fields in TF expressed in the
basis B, and ∇ the second order gauge connection defined by (2.1), then
the following equation is valid:

(2.6) ∇Y X = (Xα
|β)Y βδα,

where

(2.7) ...
...|βY β = ...

...|jY
j + ...

...|bY b + ...
...‖qY

q.

Theorem 2.2. All covariant derivatives Xα
|i , Xα|a, Xα‖p (α = j, or

α = b, or α = p) from (2.4) are transformed as tensors with respect to
(1.1) if all connection coefficients from (2.1) are transformed as tensors,
except the following which have the form:

F k
j i = F k′

j′ i′
∂xi′

∂xi

∂xk

∂xk′
∂xj′

∂xj
+

∂2xk′

∂xi∂xj

∂xk

∂xk′(2.8)

F c
b i = F c′

b′ i′
∂xi′

∂xi

∂yb′

∂yb

∂yc

∂yc′ +
∂2yc′

∂xi∂yb

∂yc

∂yc′ −N a
i

∂2yc′

∂yb∂ya

∂yc

∂yc′(2.9)

F r
q i=F r′

q′ i′
∂xi′

∂xi

∂zq′

∂zq

∂zr

∂zr′ +
∂2zr′

∂xi∂zq

∂zr

∂zr′−Ms
i

∂2zr′

∂zs∂zq

∂zr

∂zr′(2.10)

C c
b a = C c′

b′ a′
∂yb′

∂yb

∂ya′

∂ya

∂yc

∂yc′ +
∂2yc′

∂ya∂yb

∂yc

∂yc′(2.11)

L r
q p = L r′

q′ p′
∂zq′

∂zq

∂zp′

∂zp

∂zr

∂zr′ +
∂2zr′

∂zq∂zp

∂zr

∂zr′(2.12)

The proof is given in [7]

Theorem 2.3. The torsion tensor T for the second order gauge con-
nection ∇ has the form:

T (X, Y ) = T κ
α βY αXβδκ,(2.13)

where

T κ
α β = Γ κ

α β − Γ κ
β α(2.14)
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except the following components:

(2.15)

(a) T c
j i = F c

j i − F c
i j −N c

i j

(b) T c
j b = C c

j b − F c
b j + ∂bN c

j = −T c
b j

(c) T r
j i = F r

j i − F r
i j −M q

i j

(d) T r
p i = F r

p i − L r
i p − ∂pMr

i = −T r
p i ,

where

(2.16)
(a) N c

i j = (∂jN c
i −N b

j ∂bN c
i )− (i, j)

(b) M q
i j = (∂jMq

i −Mp
j∂pMq

i )− (i, j)

The proof is given in [7].

3. The curvature theory of ∇
The curvature tensor for the second order gauge connection ∇ is de-

fined as usual

(3.1) R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

If we use the notation

X = Xα∂α, Y = Y β∂β , Z = Zγ∂γ ,

then we have

(3.2)

∇X∇Y Z = ∇Xα∂α∇Y β∂β
Zγ∂γ

= ∇Xα∂α [Y β(∂βZγ)∂γ + Y βZγΓ κ
γ β∂κ]

= Xα(∂αY β)(∂βZγ)∂γ + XαY β(∂α∂βZγ)∂γ

+ XαY β(∂βZγ)Γ κ
γ α∂κ + Xα(∂αY β)ZγΓ κ

γ β∂κ

+ XαY β(∂αZγ)Γ κ
γ β∂κ + XαY βZγ(∂αΓ κ

γ β)∂κ

+ XαY βZγΓ θ
γ βΓ κ

θ α∂κ.

From

(3.3) [X,Y ] = Xα(∂αY β)∂β − Y α(∂αXβ)∂β + XαY β(∂α∂β − ∂β∂α),

where

(3.4)

XαY β(∂α∂β − ∂β∂α) = XαY βK κ
α β∂κ

= XiY j(N c
i j ∂c +M q

i j∂q) + (XiY b − Y iXb)(∂bN c
i )∂c

+(XiY q − Y iXq)(∂qMp
i )∂p,
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it follows:

(3.5)

∇[XY ]Z = Xα(∂αY β)(∂βZγ)∂γ + Xα(∂αY β)ZγΓ κ
γ α∂κ

− Y α(∂αXβ)(∂βZγ)∂γ − Y α(∂αXβ)ZγΓ κ
γ β∂κ

+ XαY β [(∂α∂β − ∂β∂α)Zγ ]∂γ

+ XαY βZγK θ
α βΓ κ

γ θ∂κ.

Substituting (3.2) and (3.5) into (3.1) we obtain

R(X, Y )Z = [K κ
γ βαXαY β − (N c

i j C κ
γ c +M q

i jL
κ
γ q)X

iY j

− ∂bN c
i C κ

γ c(X
iY b − Y iXb)(3.6)

− ∂qMp
i L

κ
γ p(X

iY q − Y iXq)]Zγ∂κ,

where

(3.7) K κ
γ βα = (∂αΓ κ

γ β − Γ θ
γ αΓ κ

θ β)− (α, β).

As the indices α, β, γ, κ belong to one of the sets {i, j, k, l, . . . },
{a, b, c, d, . . . }, {p, q, r, s, t, . . . } (corresponding to THF , TV1F , TV2F re-
spectively), so on the TF we have 34 = 81 types of curvature tensors. It
is meaningless to introduce different letters as R, P , S for the curvature
tensors as in Finsler geometry.

We shall denote

(3.8) R κ
γ βα = K κ

γ βα

for all (β, α) except when (β, α) = (j, i), (β, α) = (b, i), (β, α) = (i, b),
(β, α) = (q, i) and (β, α) = (i, q). In these cases we have

(3.9)

R κ
γ ji = K κ

γ ji −N c
i j C κ

γ c −M q
i jL

κ
γ q,

R κ
γ ib = K κ

γ ib + ∂bN c
i C κ

γ c,

R κ
γ bi = K κ

γ bi − ∂bN c
i C κ

γ c,

R κ
γ iq = K κ

γ iq + ∂qMp
i L

κ
q p,

R κ
γ qi = K κ

γ qi − ∂qMp
i L

κ
γ p.

From (3.7), (3.8) and (3.9) it is obvious that

(3.10) R κ
γ βα = −R κ

γ αβ .
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We can write (3.6) in the form:

(3.11)

R(X, Y )Z =
[1
2
K κ

γ βα(XαY β − Y αXβ)

− 1
2
(N c

i j C κ
γ c +M q

i jL
κ
γ q)(X

iY j − Y iXj)

− 1
2
∂bN c

i C κ
γ c(X

iY b − Y iXb)

+
1
2
∂bN c

i C κ
γ c(Y

iXb −XiY b)

− 1
2
∂qMp

i L
κ
γ p(X

iY q − Y iXq)

+
1
2
∂qMp

i L
κ
γ p(Y

iXq −XiY q)
]
Zγδκ

For (β, α) = (j, i) the sum of the first and the second line in (3.11) is
equal to 1

2R κ
γ ji(X

iY j − Y iXj), for (β, α) = (b, i) the sum of the first and
the third line in (3.11) is equal to 1

2R κ
γ bi(X

iY b − Y iXb) etc.

From (3.8)–(3.11) follows

Theorem 3.1. The curvature tensor of the second order gauge con-
nection ∇ has the form

(3.12) R(X, Y )Z =
1
2
R κ

γ βα(XαY β − Y αXβ)Zγδκ,

where the components of R are determined by (3.8) and (3.9).

Formula (3.12) is short and elegant, but the explicit form of the cur-
vature tensor is much longer, for instance if (β, α) = (b, i) then from (3.7)
and (3.9) we have:

R κ
γ bi = δiC

κ
γ b − F θ

γ iC
κ

θ b − ∂bF
κ

γ i + C θ
γ bF

κ
θ i − ∂bN c

i C κ
γ c

= δiC
κ

γ b − F k
γ iC

κ
k b − F c

γ iC
κ

c b − F r
γ iC

κ
r b

− ∂bF
κ

γ i + C k
γ bF

κ
k i + C c

γ bF
κ

c i + C r
γ bF

κ
r i − ∂bN c

i C κ
γ c.
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4. Ricci identities for ∇

From (2.6) it follows

(4.1)
∇X∇Y Z = [(Zγ

|β)Y β ]|αXαδγ

= (Zγ
|β|αY β + Zγ

|βY β
|α)Xαδγ .

From (2.6), (3.3) and (3.4) we obtain

(4.2) ∇[X,Y ]Z = Zγ
|β [X, Y ]βδγ = A + B,

where

A = Zγ
|β [Xα(∂αY β)− Y α(∂αXβ)]δγ(4.3)

= Zγ
|β [XαY β

|α − Y αXβ
|α − (Γ β

θ α − Γ β
α θ)X

αY θ]δγ

B = XiY j [Zγ |cN c
i j + Zγ‖qM q

i j ]δγ(4.4)

+ (XiY b − Y iXb)Zγ |c(∂bN c
i )δγ

+ (XiY q − Y iXq)Zγ‖p(∂qMp
i )δγ .

Taking into account (2.14) and (2.15) we obtain

(4.5) A + B =
[
Zγ
|β

(
XαY β

|α − Y αXβ
|α

)
− Zγ

|κT κ
β αXαY β

]
δγ .

From (4.1), (4.2) and (4.5) we obtain

(4.6)
R(X, Y )Z = (Zγ

|β|α − Z|α|β + Zγ
|κT κ

β α)XαY βδγ

=
1
2
(Zγ

|β|α − Zγ
|α|β + Zγ

|κT κ
β α)(XαY β − Y αXβ)δγ .

From (4.6) and (3.12) it follows:

Theorem 4.1. The Ricci equations for the second order gauge con-
nection ∇ have the form:

(4.7) Zγ
|β|α − Zγ

|α|β + Zγ
|κT κ

β α = R γ
κ βαZκ.

(4.7) contains 33 types of Ricci equations, because each Greek in-
dex may be an element from one of the sets: {i, j, h, k, l}, {a, b, c, d, e},
{p, q, r, s, t}.

For (β, α) = (j, i) (4.7) becomes

Zγ
|j|i − Zγ

|i|j + Zγ
|kT k

j i + Zγ |cT c
j i + Zγ‖pT

p
j i

= R γ
k jiZ

k + R γ
c jiZ

c + R γ
p jiZ

p,
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for (β, α) = (p, i) (4.7) takes the form

Zγ‖p|i − Zγ
|i‖p + Zγ

|kT k
p i + Zγ |cT c

p i + Zγ‖rT
r

p i

= Rγ
k piZ

k + R γ
c piZ

c + R γ
r piZ

r, e.t.c.
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si Cercetáni Math. 45 (1993), 287–292.
[4] A. Bejancu, Fundations of direction-dependent gauge theory, Seminarul de Meca-

nica, Univ. Timisoara 13 (1988), 1–60.

[5] I. �Comi�c, The curvature theory of strongly distinguished connection in the recurrent
K-Hamilton space, Indian Journal of Applied Math. 23(3) (1992), 189–202.

[6] I. �Comi�c, Curvature theory of recurrent Hamilton space with generalized connec-
tion, Analele Stiintifice Univ. Al. J. Cuza din Iaşi 37 s.I a. Mat. (1991), 467–476.
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