Decomposition of curvature tensor of second kind
in a birecurrent areal space

By H. D. PANDE and B. D. DWIVEDI (Gorakhpur)

|. Introduction. We consider the areal space A{™ (n: the dimension of the
space; m: the order of the integral) in which the areal metric tensor is defined as
(2], p- 289)") ‘
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where? L=L(x* x*) satisfies the relation
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The covariant derivative of a vector field X! (x* x¥) with respect to x/ is given
by ([1])
oX; oX}
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where I, is a connection coefficient.
The commutation formula for a vector field X! (x* x*) involving the covariant
derivative of the type (1.4) is given by ([1])

b X5+ X},

X} ¢
(1.5 Xewn—Xawn = X! Kja— a1 Ko X2+ X0 Thh,

where ]1( jw and Ifj,,, are curvature tensors of first and second kinds respectively and

(1.6) T}, = rL,-rk.

1) The numbers in brackets refer to the references at the end of the paper.
*) Throughout this paper the Latin indices i,j, k ... run over 1 to n, Greek indices a«, 8,7 ...
ax*

run over 1 to m and xX'=——m.
e
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The Bianchi identities corresponding to the curvature tensors of first and second
kinds are given by ([1])

. e
(1.7) _ Iﬁ““.'-‘;fc_:] K33+ ThKju+Cycl (k, 1, h) =0

where cycl (k, /, h) denotes the sum of two sets of the three terms each obtained
by replacing the indices (k,/, h) by first (/, h, k) and then by (h, k.!) in the

expression on the left hand side of (1.7). The curvature tensor of second kind
satisfies the recurrent properties of first and second order as

(1.8) {f}uu = U:’ﬁu
and
(1.9) f}"uu:m = a:m{i'}m

where v; and a,, are recurrence vector and tensor fields. Under the decomposition
(1.10) f}n = -'Ei‘pfu.s

the decomposed tensor field &%, behaves like a recurrent tensor field:

(1.11) Pisnn = Wi Pjins
where
(1.12) W,=uv,—m'L mghilxi .

2. Desomposition of ‘:{ j,,, in birecurrent areal space.
Let us consider the decomposition of the curvature tensor of second kind as

(2.1) Kijun = %2V

where ¥, = Y5 (&, X)) is a non-zero homogeneous tensor field of degree—1 in
its directional arguments and is called as the decompostition tensor field.

Theorem 2.1. The decomposition tensor field V5, behaves like recurrent
curvature tensor field of second order:

2.2) Vikntim = Aim¥Wiins
where
2.3y Aim = Qi — (Ko + Wa Xy + W 3 ) m~ 1 L1 gﬁ ¢

Proor. Differentiating (2.1) covariant with respect to x', x™ successively
and taking into account the relations (1.9) and (2.1), we get

(2.4) A X5 Win = Xaitim Vi + X2 ¥knim + Xaim Vi + % Y ikhitim-
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Multiplying the relation (2.4) by gi¢x}, we have
2.5) Ay 8 35 X4 Jkn = ’.‘f.m... Sﬂ‘fs"‘}u"‘
+ X2 Wonim 8O X5 +i'i|mi{’5u118f:-’?a+-i: Tanitim 818 X5 - :

In the light of the relations (1.11) and (1.3), the relation (2.5) yields the theorem (2.1).

Corollary 2.1. The recurrent tensor fields of curvature and decomposed tensor
fields are not equal.

ProoF. Obvious from the relations (2.2) and (2.3).
Theorem 2.2. Under the decomposition (2.1), the following identity holds:

(2.6) Iﬁmlnn] = X5 (@1 Vin+ G Vi + 05t Vo) -

PROOF. Adding the expressions obtained by cyclic éhange of the indices A, I, m
and taking into account the relation (2.1), we have the required identity.

Theorem 2.3. Under the decomposition (2.1) the relation
@27 (A= Awdin— (A= A Wo + W W, Tip — Wy Tin — Wy i} ¥ aa+
+ X5 W onViim + Vst Viim + Vias Viim) = 0
holds provided 5, is independent of direction.
Proor. Commuting (2.2) with respect tovthc indices /, and m, we get
(2.8) (A= Aud Virn = Vit =¥ animit -

With aid of the commutation formula (1.5), the relations (2.1) and (1.11), (2.8)
becomes

(2.9 (A:.—A-a)ﬁu = -i:('l"m\b}l-‘*’\“'mﬁ-'*"f"m""u-)—
8¢‘u

inlx:'l'Ws‘kjnTl'l
Differentiating (2.9) covariantly with respect to x" and by virtue of (1.11), we get
(210) (Am_Aml)ln M&h'*'(Aln‘"A-l)Wn 'l’fn =R _i‘:‘ll (*:ﬂﬁlm +#ﬂ %m'*'w}h%n)_

=2 8 o+ VsVt Vi) — (K8 +O W T

In the light of the relation (2.9) and the condition imposed on Yien> 2 llttlc simpli-
fication of the relation (2.10) yields the theorem (2.3).
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Theorem 2.4. Under the decomposition (2.1), if W, is independen: of X%, the
relation

@im {(Aumim — Aunim) + (Apm Wy — Apn Wm) — Ates) T} ¥iin =
=—X; {W 1] "’f}) mn] Vit W Mx Ymn] ﬂ’}n +Wy ¥ fu) mn) Wu +W, '1’}&: 17 f:uu]} 2

Wi
v axp W[‘ K‘l) mn] f‘
holds®).

ProOF. In the light of (1.11) the covariant differentiation of (2.2) with respect
to x" yields

(2.12) - 'f’}uiii-{n = (Aiu|u+Alm “’u)lﬁ}u-
Commuting the indices m, n in (2.12), we have
(2.13) 'Vn{(/‘mn—t‘wu)‘["(/‘:u W,— A, W)} = Viknjiimin — Y knitinim -

With the help of commutation formula (1.5) and the relations (1. ll) and (2.1),
(2.13) yields

(2‘14) {(Aln|u_AluIm)+(Ahan _A!n ”‘m)}‘bju .
o —Wl 'f’:ni: 'I"}m =Wy 'lb}ll Xa lxl’:lul =g

< 4 ow, .
—W, "'}hx: View—W, d’?ux: Yimn _BT':,: 'f’ju

]1{:“ 3;:* WK ,,,,,x +Ag,§{/Ju

Changing the indices /,m, and n cyclically in (2.14) and adding the obtained
results, we get the theorem (2.4).

Theorem 2.5. Under the decomposition (2.1), if connection coefficient is inde-
pendent of direction, the relation

(2.15) Viunam+¥ieuTim +0m¥ieuTd = 0
holds.

Proor. Differentiating (1.7) covariantly with respect to x™ and taking into
account the condition imposed on I}, and the relations (1.8), (1.9), we have

(2.16) “:mlﬁu'l‘rfhlm“ﬁqi + T m I,qu! +apm n Kin+Thim Iqua'f'
+ T 0n K jon+ Qim Kjus + Titim Kjgk + T K i = 0.
In the light of (2.1), a little simplification of (2.16) yields the required results.

*) Atimim= Aimin+ Amnjt+ Auijm.  The indices in brackets () are from symmetric and skew
symmetric parts.
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