Convolution of temperate distributions

By JAN KUCERA (Pullmann, Wash.)

Let || - ||, be thenormin the space L*(R") of square integrable functions. We put
L={¢:R"~C;lloli= 2 |x*DPg|3<+ =}, q¢N. Here DP¢p is the generalized

|a+p]

derivative defined by Sobolev in [1]. Each space L,, and its dual L__, is Hilbert.
The projlimL,=% is the space of rapidly decreasing functions, and the

§->co

ind lim L_,=%" is the space of temperate distributions. The Fourier transformation

F:L,~L, is a topological isomorphism for any integer k.

For €%, f€%’, we use the dilation d,@(x)=¢(lx), x€R", A€R, A#0,
d,f)e=|A""f(d,-1¢) and translation (7,¢)(x)=@(x—h), x,h€R", (1,f)e=
=f(t_4@). It is convenient to introduce the weight-function W (x)=(1+ |x|?)"2,
X€ER".

Definition. Let €%’ and ¢€%. The C=-function x—f(t.d_,¢) is called
convolution offand @ and is denoted by f*¢. Foreach p, g¢ N, we define

{fQ'?’ |lfqu"““P{ f*(p qs (pE'y “fP 1}‘:+°°}

The space & is dense in L,. Hence for each f€0j;, the continuous map
o—f*@: (£, || )—-L can be comlnuously extended to l Therefore 07, is a
subspace of Z(L,, L,). We denote the norm of #(L,, L)) restrictcd to 03, by
113,
p’l!he identity maps id: 0} 44105, g—-Opﬂ ¢» P»gEN are continuous. Hence
the limits 07 = md lnm 0;., and O*wproj lim 07 make sense.

q*ﬂ

Definition. Let f€0; , and g€L_,. The functional @—g(d_, f*@):L,~C is
called the convolution of f and g. We denote it by f*g.

For f€0; , and g% we have two definitions of f*g. They coincide. Also,
if fand g are both functions, our convolution f*g is the same as the convolution
defined by an integral.

Theorem 1. A linear map L:L_,~L_,, resp. L:L_ -%’, p,q€N, Iis trans-
lation invariant and continuous iff there exists a unique fEO, o resp €07, such that

Lg=f*g, gcL_,. ”
ProoF. The only if part is evident. Let L:L_,~L_, be translation invariant
and continuous. Its conjugate L*: L,~L, is then also translatlon invariant and

continuous. Hence L*@cC=(R") for any @€S. The continuous functional
@o—(L*d_,¢)(0): &¥-~C defines a distribution fc%".
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For any ¢@€%, x€R", we have (f#*¢)(x)=f(t.d_,0)=(L*d_,t.d_,p)(0)=
=(L*1_,9)(0)=1_,(L*¢)(0)=(L*9)(x). Further,

1£17. = sup {IL*¢l,, €&, o], = 1} = [L7], ie, f€0;,.

The uniqueness of fis evident and the respective part of the theorem immediately
follows.

Definition. Let & be the Fourier transformation with the kernel exp (—2=ix, y)
and 4 the Laplace operator. Eachmap fir(1—4)* f=F 1(d, W% - Ff): '+,
k€N, is injective. We define spaces (1—4)™*L_,={(1-4)~*f;fcL_,} and
(1=AFL,={fc ¥ ;(1—-4)"*feL,}, k, g€ N, and provide them with the topologies
which make the operator (1—4)~* a topological isomorphism.

For each k,g€N, the spaces (1—4)™*L_, and (1—4)*L, are Hilbert and
mutually dual with the duality form:

(uy o) ((1 =24 u), (1 —4)"*v): (1—4)"*L_,x(1—4)}L, ~ C.
Lemma. & is dense in each (1—4)7*L_,.

ProOF. The operator (1—A4)~*: ¥—+~% is bijective. Since & is dense in
L_,,¥=(1-4)" & isdensein (1—4)~*L_,.

Proposition. For any k,q<N, we have:

(1) L,c(1-4)L,c(1-4)*L,C... with all maps
id: (1—4)*L,~(1—4)**L, continuous.

(2 L_,o(1-4)"L_,o(1-4)"2L_,>... with all maps
id: (1—4)~*'L_,~(1—4)"*L_, continuous.

(3) intd lim (l—A)"L‘w is the strong dual of the Fréchet space

proj lim (1—4)~*L_,.

kosca

PRrROOF. (1) & (2) are evident.
(3) follows from [3, CH IV, Th. 4.4] since, by lemma,

proj lim (1—4)~*L_, is dense in each (1—-4)"*L_,.

k=>co

Theorem 2. ind lim (1-4)*L,=0;, g€EN.
Proor. Take f€0,, and put r=l+[-:,12—n], k=1+[%(p+r)]. Then

W-*cL,, o=Fd,,W*cL,, and g=f*@cL,. Since Fg=Ff-do, W%, we have
g=(1—-4)"*f and fe(1—4)*L,. The maps

Sfro— (1= (fx@)=1: 0; .~ L, ~(1-4)L,
are both continuous, hence id:0} ,~(1—4)*L, and id:O;-inkc_l’Em (1-4)L,
are continuous too.
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In the sequel we use the inequality |x|=W(x—y)-W(y), x,y€R". Take
k,qeN, ge€L,, €%, and put Yy=(1—-4)*¢c. Then there are constants
A, B, C such that

IA-Afgeol;=lgwvli= 2 [ x*|g*DPy2dx =

9 R»

= [ x*g(x—y)D* (»)g(x—2) D Y (z) dxdydz =

|=+ﬂ|5qn

S [we o)D) (2D () f Wil (x—y) g(x—)

|¢+ﬂ|§ﬂ Rin
Wil (x—2)g(x —z) dxdydz = A[lglliE +§§ (WDt § = BlY|2 = Clol e
Hence (1—-4)*g€0;,u,, and
id: (1-4)'L,~0] 0, aswellas id: indlim(1—4)}L,~0

are continuous.
Consequences:

(1) id: 07 =&’ is continuous,

(2) 0 is strong dual of the Fréchet space projlim(1—-4)~*L_,.

k==
Theorem 3. Each O} is a complete, reflexive, and bornological space.

Proor. The space pro; lim (1—-4)~*L_, is reflexive, see [3, CHIV, § 5.5,

5.6, 5.8]. The strong dual 0"‘ is reflexive and complete. 07 is bornological as an
inductive limit of Hilbert spaoes (1—4)L,.

Theorem 4. Let f€%’. Then
(1) fe0; iff f= 2 D*fy, where f,€L,, ac A, and ACN" is finite.
a€A

(2) f€07 iff the map @—~Wi( f*¢@): & —~L*(R") is continuous.

Proor. (1) Take a€N", integer kallal, and feL,. We have FfcL, and

g=F "1 ((2nix)*W—*(2nx) Ff )¢ L,. Then (l—A)"‘D“f— dye W% F (D*f))=
=g€L, and D*fe(1—A4)*L,c0;. The inverse implication follows from Theorem 2.
(2) Let f€0;. Then “the maps @—f*o—Wi(fx¢@): ¥ —~L,~L*(R") are
continuous.
Assume @—Wi(f*¢): ¥ —~L*(R") to be continuous. For each a, BEN",
|e+ Bl=q, the maps

@Dl x*(f* DPp) = x*"D? (fx¢): & - & - L*(R")
are continuous. Hence @—~f*¢@: % L, is continuous too and f€05.

L
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Theorem 5. The inductive topology of 0F is generated by the family of seminorms
Sl f*ely, 0.

Proor. Denote by T the topology generated by these seminorms and by T;
the inductive topology of 0;. Since each seminorm fi—| f* ¢l : (07, T)~R is
continuous, T is weaker than T;.

Take U€T;, 0¢ U. By Theorem 2 there is a bounded set BCproj lim (1—4)~*L_,

k—=oo

such that the polar B°cU. By [6, Lemma 4] there exists p€.% such that BC ¢ =*D,
where D is the unit ballin L_,.

For v€(1—4)*L, and y€&, we have (p*y,v)=(1—A)Yp*y)((1-4)*»)=
=y((1—24)d_ p*(1—4) )=y (d_, ¢ *v). Since & is dense in L_, we can, for

any f€0g, write
sup {I(g, f)l; g€B} =

= sup {|{(¢*h, f)l; heD} = sup {[{p*y, )l; Y€, Y]-, =1} =
=sup (Y ([d-1@*f); VE€F, [¥|-, =1} = [d_1o*f],.

Hence U contains {f€0;; |d_ox*f|,=1}€T.

For p,qeN, we put 0,,={f:R"=C;@—fp:L,~L, continuous}. Each
0,., with the topology of .Q’(E,,Lq) is a Banach space. We denote its norm
by Ii 'Ilp,q-

Theorem 6. The Fourier transformation % : 0, ,~0, ., p,g€N, is a topological
isomorphism.

Proor. For convenience, put A,=sup {|Ff|; f€L;, | fl,=1}, k€N. Take
€034, A=0, and choose Y€ such that Fy(x)=1 for |x|<A. Then fy€cL,
and F(f#Y)=Ff-FycL, are both functions. Thus Ff, restricted to
{x€R"; |x|=4}, is a function too. Since A was arbitrary, #f is a function.

For any @€, |Ff - Fol =4 f*ol =4 f.ql0l,=A4,4,] f1I7,dFol,-
Hence #f¢€0,, and #: 0; ,~0, , is continuous.

Let g€0,,. By [5, Lemma 3], 0,"CL'_,_,,r=l+[%n]. This implies

0,,c%" and gc¥’. For any ¢c%, we have oW"cL,. Then goW"cL, and
the integral in the next formula is absolutely convergent.

F 1)) = [2() oW OW="(0) exp Qrix, ) dt =
Ru
= g(e () exp (2nix, 1)) = F ' g(1,F ¢) = F ' g(1,d_, F ¢9) =
= (Fg»xF o) (x).
|F2g»F gl = |F(gp)l, =
= A, |gol, = 4,)8l5. 10l = 4, 4,18l 1F 0l ,-

Hence #~'g€0;, and #7':0,,- 0;, iscontinuous.

Further
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Theorem 7. The convolution is continuous on 07X L_, for any g€N, and not
continuous on 0*X%’.

ProoF. Let U be an absolutely convex O-neighborhood in &’ and B the unit
ball in L_,. Then UNL., is a O-neighborhood in L_, for any p€N. Since the
convolution is continuous on 07 X L_,, there exists a ball B, in 0 , such that
B,* BCUNL_,. The absolutely convex hull 4 of U{B,; pc N} is a O-neighborhood
in 0 and AxBcCU.

Denote by 0 the projlimindlim 0, ,. It is proved in [7] that the multiplication

"-&ﬂ p-o-w

(f,2)—fg:0X ¥ =% is not continuous. Hence the convolution (f,g)—f*g:
0*xX &=’ is not continuous, either.
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