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Let G be an arbitrary group containing an infinite cyclic subgroup of finite
index, K a fixed finite field with characteristic P(=2), and D an arbitrary finite
extension field over K, (D:K)=n.

S. D. BermaN and K. BuzAsi proved (see [1]) that the investigation of finitely
generated K G-modules can be reduced to the study of finitely generated modules
over so-called algebras of type E over K.

All the algebras A4 of type E over the finite field K were described in [2]. It was
shown that the algebra

(1) A=[D,abl; al=23a; bA=Ab; b~ tab=a1; P =¢,

where A€D, ¢ is not a square, ¢€D*, contains no zero divisors. All the other
algebras of type E over K are either rings of principal ideals or contain zero divisors.
For the case of the real field R K. BuzAsi asked the question: “Is the algebra (1) a
principal left ideal ring?” (see [4]). If the answer is positive, then by results of
S. D. BErMAN and K. BuzaAsi [1] and by classical results on the modules over prin-
cipal ideal rings the modules over all the algebras of type E can be considered to
be finished. K. BuzAst has shown that in the case of the real field R the question
mentioned above has a negative answer (see [4]). In this paper we shall shown that
the algebra A defined above is not a ring of principal left ideals.

§ 1. Preliminary results

Throughout this paper let 4 denote the algebra defined by (1). Let D(a)<=A4
be the group algebra of the infinite cyclic group (a) over D. There was defined in
[3] for every f(a)cD(a), f(a)#0 a norm

fla)=|(,a"+...+2,a) =n—m(2D; n=m, n,meZ)

and it was shown that D(a) is a Euclidean ring with respect to this norm.
The element f(a)€D(a) is called symmetric if f(a)=pa="f(a) for some meZ

and pueD, where f(a)=f(a™").
It is proved in [3] that
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Lemma 1.1. Let f(a), g(a)¢D(a), f(a)#0 and |f(a)|=|g(a)|, then there exist
elements h(a), r(a)cD(a) such that

f(a) = g(a)- h(a)+r(a),
where r(a)=0, or |r(a)l<|g(a)| and

(@) = [g(a)- h(a)|.

Lemma 1.2, Let I=A be a left ideal generated by elements P and 1+ gb,
where P, qcD(a) and P is the generator element of the ideal I(\D(a). Then P is a
symmetric element.

Lemma 1.3. Every left ideal I of the algebra A can be generated by the elements
P, Sy+8,b, where p, Sy, S;€D(a), P is a symmetric element and generates the
ideal 10 D(a).

Lemma 1.4. Let the left ideal I=A be generated by elements P, S+ S:b,
where P, S,, S,€D(a), (P)=IND(a). If either (P,Sy)=1 or (P,S,)=1, then
there exists an element q¢€D(a) such that the left ideal I can be generated by the
elements P, 1+gb.

Theorem 1.1. Every left ideal 1=A can be expressed in the form
I1=1-d,

where I, is a left ideal generated by elements P, 1+gb, p, gc D(a); (P)=1,ND(a)
and dc<D(a).

§ 2. Construction of a left ideal being not a principal left ideal
We define for the element x=a+pb; o, fcD(a) of A a norm N(x) by the
formula
N(x) = (x+pb)(@—pb) = a-a—EB - B.

It is easy to see that N(x)€/ND(a) and N(x-y)=N(x)-N(y), for all the x, y€A4.

Lemma 2.1. Let I=A be a principal left ideal generated by the element S,+ S,b,
So. S$1€D(a). If (P)=IND(a), then the elements dP and N(S,+ S,b) are as-

sociates, where (S,, Sy)=d.
Proor. First, let (S,, S;)=1. We have
(2) P = (Ag+4,b)(S,+ S, b),
for some Ay+4,bEA.
This implies .
P=AO-S,,+EZIS]

3) 0 = (4Sy+2+ Sy).
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Because of (g, Sy)=1, it follows from the second equallty of (3) that J,=t- s
M=—1-8, (t€D(a)). Then (3) implies P=1(S,- So—&S, - Sy, that is

P =0 (mod N(S,+ S, b)).

On the other hand, N(S,+S;b)¢IMND(a), so N(S,+S;b)=0(mod P), that is
P and N(S,+ S;b) are associates.
Now let

(4) (SQ, Sl) = d ;é ]; So e Eod; Sl = hl d (ha, hIGD(a); (hﬂ’ hl) == l).

In the case Sy+S;b=(hyd+h,bd)=(hy+h,b)d, we have I=I,-d, where I, is a
principal left ideal generated by hyo+hb. Here (hy, h))=1, and if (B)=1,ND(a),
then P, and N(h,+ h,b) are associates. It holds, at the same time, that

P=Pd, and so P-d=PRd-d
and i
N(So'l'Slb) Sﬂ So GS]_'S] = (ho'En_éh] 'h-])d'a - N(ho"'h] b)d'a
are associates, too.

Lemma 2.2. Let I=A be a left ideal generated by the elements P, 1+gb,
where (P)=I1D(a), g¢D(a). Then every element of I can be expressed in the form

xbp+y(1+qb), where x,y€D(a).
PrOOF. Let S,+S,b€l be an arbitrary element of 1.

(5 So+8510—s0(1+gb) = (5, —5,9) bE I,
that is
b(s;—s509)b = (5,3, - §)€1—D(a).

Since (p)=IMD(a), one has
§5:—5,-q =p-X for some X¢D(a).

This implies s, —s,-¢=p-x (x€D(a)), because by Lemma 1.2 the element p is
symmetric. By (5) we have

xbp +5,(1+gb) = 5o+ 5, b,
which proves the lemma.

Theorem 2.1. The algebra A is not a ring of principal left ideals.
PrOOF. Let A4, B be algebras given by the relations
A={D,a,b}; Aa=al; Ab=0bA; b~'ab=a™?, b:=¢§, (A€D)
B={D,ab}; Aa=aA; Ab=DbA; b'ab=a", br=9
where &, n€D* are non-square elements, then 4 and B are isomorphic. Indeed, let

|[K|=p™, where p is a prime, (D:K)=n, and let @ be a primitive element of D*.
Then ¢=0%*+' and n=0%*' for some s,1€Z. The element & 1.n=60""% is a
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square, so a—a, b—~yY& 1 n-b gives an isomorphism A4-B, because y¢~! neD
and (V&1 n-bP=E"1.pb*=E"1né=n. That is the element ¢ in 4 can be replaced
by any non-square element of D*.

We shall construct a left ideal 7 generated by some element p!, 1+¢b which
is not a principal ideal. Let ¢=a”+1, where p is the characteristic of the finite
field, (p, p"—-1)=1.

P
In this case }A has values in D* for all the AcD*, because M= {u’|ucD*}
is a subgroup of D* of index p, or 1. Since (p, p"—1)=1, so the index equals 1
and M=D*. Since (p'(a))=IND(a), the element p'(a) divides the element

N(l+gb)=1-¢q-g=(1-¢(aP+1)(aP+1)) =

=1-¢(@+2+a?) =—¢(aP+(2—¢ ) +aP).
Consider the element
a?+2—-ENaP+1 =x2+Q2-¢EYx+1

x =§1-21YE-4 L,
The element & can be chosen such that
& =gt m g1 4)

1S a square element, so that x€D. Since ;’J'E:ae D, the element
—a~?(a*+(2—-¢"Y)aP+1)
can be expressed as a product
—{a~?(a—a)’(a—a™")? =—{a~P(a—a)(a—a~")(a—a)**(a—a™?)*"";
consider the element
p‘(a) e (auoz)"“(a—a‘l}"" . azip—l)_|_5102(p-1)—1+___+5p_202(p-1)—(p-2)+

+0,-1a°" 1 +0,_ a2 +.. . +5,a*+ a4+ 1,
where
6, =ata™l

0y = a*+ 14072

0 =o*+oa+at4a?

‘;p—k = Pk = k+2) L Lyl +a—(p—(k+2))+a—(p—k),
if k is an even number and
Op-kx =P KP4V | atilta=4... 4o PG+ 4 o= (p-D),
if k is an odd number,
Op-g =P 24?4 L tata i+ +a~ PV 4o

Opoy =P 4P+t 1 4a i 4o PP g P
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let us divide p'(a) by ¢

(6) pl(a)=gq-h+r.
It is easy to see that
) = aP=?44,a"" %+ 5,0 +... 46,4

r=20,,a""14(0,_s—1)aP 2+ (8,2 —6,) a2+ (5,-s—0)a"* +...
o +(0g—0,-4) @2+ (0, —0,-3)a+(1=0,_s).
It is true in (6) that |r|=p—1<|q|: |h|=p—2. We construct an element
(8) u = bp*—h(1+4¢qb) = (qgh+r)b—h(1+gb)

=—h+rbel.
It holds that

N(U) = |(=h+rb)(=h—=rb)| = |(h-h—&r-F)| = 2(¢—1) = |p*(a)l.

We show that the element v does not generate the left ideal /.
Indeed, assume that 7/=(u), then (8) implies

) u—bpt = —h(1+gb).
Because N(u)€IND(a), it holds that N(u)=0(mod p'(a)). However, |N(u)|=

=|p'(a)|, so the elements N(u) and p'(a) are associates.
It can be assumed that p'(a)=N(w). This means that

pi(a) = (=h—rb)(—h+rb).
Then (9) implies
(10) u—b(—h—rb)u =—h(1+gb).
Since I=(u), therc exists an element puy+u,b€A such that

14+gb = (up+py b)u.
Then (10) can be expressed in the form
[1=b(=h—rb)]u = —h(uy+ p, b) u.

But the algebra 4 contains no zero divisors, so we have

1+bh+brb = — huy—p, hb

14+ hb+E&F = —hpy—p, hb,
or

14+&F =—hp,,
that is

(1) 14+&F =0 (mod h).



204 Z. M. Abd El Moneim

We show that the congruence (11) gives rise to a contradiction. Indeed, applying (7)
we have

14487 = {71 +7) = {[0,-16" PV +(3p-s— 1)@~ PP +... +(8; — 0,-2)a~ +
F(14E1=5,_p)] = Ea=P-V[(1+£1=5,_)aP + ...+ (5, —,_) &2+ ...
o F(0p-3—8) @ +(8,-a—1)a+5,_,] = {a= V. g(a).

It is clear that h divides the element 1+&F if and only if h(a) divides g(a). But
|hl=p—2; |r|=p—1, and so

(12) h(a)[(1+&71—6,-5)a+ ] = g(a),
for some BeD.
It follows from this equation for the coeflicients of the two sides of (12) that

(13) B+0:(1+871—=0,-5) = 61—6,-3,

(]4) ﬁ'él"{'ég(l'}‘c_l_ap_g)=62-'(5P_‘;
equation (13) implies
ﬂ = 6]5‘,_2‘_5| 5_1—5‘,_3.

Now we obtain from (14) that
[y 8pa—0:E 1 =5, o] - 8, + 8a(E~1—Byp—0) = — 8,4
01:0,-2—0181—0,0,_3+05§"1—020,_9 =—0,_
(03—02)0,-2—(01—02)&™" = 8,0,-3—0p—4
(3= 8)Bp-s— &) = 8,5,-5— -4
that is
[+ 22— (@ + 1 +a (6, a—E~] = 6y 6p-a— s
e TTh - & - Ak S Y e Bl B
= (a+a [P 3+aP S+ toat+ 1 +a 4. o P g -]
—[oP P+ tata .. +a P o P
P~ 2425, (+a~ PVl = P~ tpaP i ¥ ot o PO 4
+oa P poP—dpgP-Oy  tatalta+... +a PO gD
s a"2+25,,4+x"(’"2’—€“‘ e a’"2+26,_4+a""2’,

and
—£~1 =0, a contradiction.

This proves that the element u= —h+rb does not generate the left ideal /.
Now let us assume that / is a principal left ideal generated by an element z=s,+
+5,b. Then it holds that

(15) u =—h+rb = (Ag+ 4, b)(sy+s,b)
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for some element A,+A,b€A. (15) implies the equation
(16) N(u) = N(29+72,b)- N(Z),

that is the element N(z) divides N(#). On the other hand, N(z)cIND(a)=(P*(a))
that is N(z)=m-p'(a) for some mé€D(a). Then it follows from (16) that

N(u) = N(ky+4 b) - m- p(a).

Assuming that N(u)=n-p'(a) for some n€D(a), we obtain that A,+ 4, b is an
invertible element.

By (15) this implies that the elements # and z are associates. This is in con-
tradiction with the fact that the element v does not generate the left ideal.
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