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Iteration of some integral Tp,q

By ELIGIUSZ MIELOSZYK (Gdańsk)

An operational calculus CO(L0, L1, S, Tq, sq, Q) is a set (L0, L1, S, Tq,
sq, Q), where L1, L0 are linear spaces. The linear operation S : L1 → L0

called a derivative is a surjection. The set Q is a set of indices q for the
linear operation Tq : L0 → L1 and for the linear operation sq : L1 → Ker S
such that

STqf = f for f ∈ L0, q ∈ Q ,

TqSx = x− sqx for x ∈ L1, q ∈ Q .

The operation Tq is called an integral. The operation sq is called a limit
condition. (For the definition and properties of an operational calculus see
for example [1–3].)

In this paper we present the formula for the iteration of an operation
Tp,q given by (6) and the application of this formula to solving the following
problem

Sn
p x := (S + p id)nx = f,

sp,q(S + p id)ix = xp
i ∈ KerSp for i = 0, 1, . . . , n− 1 ,

where id is an identity operation and the operation sp,q is given by formula
(7).

Let an operational calculus CO(L0, L1, S, Tq, sq, Q) be given, where
L1 ⊂ L0, L1, L0 are commutative algebras with unity 1 over the field of
real numbers and with the multiplication such that for x, y ∈ L1

S(x · y) = (Sx) · y + x · (Sy) ,(1)

sq(x · y) = (sqx) · (sqy) .(2)
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Definition 1. ([5]) We will say that there exists an element u := E
Tqp

1

if and only if the element E
Tqp

1 is a solution of the abstract differential
equation

(3) Su = p · u

with condition

(4) squ = 1 ,

where u ∈ L1, p ∈ L0 and E
Tqp

1 ∈ Inv .

Theorem 1. (see [5]) If there exists an element E
Tqp

1 then the three

operations

Spu := Su + pu ,(5)

Tp,qf :=
[
Tq

(
f · ETqp

1

)]
· E−Tqp

1(6)

sp,q := (squ) · E−Tqp

1(7)

satisfy the axioms of operational calculus, where u ∈ L1, f ∈ L0. The

operation Sp is a derivative, the operation Tp,q is an integral, the operation

sp,q is a limit condition.

Definition 2. (see [5]) If there exists an element E
Tqp

1 then for the
elements x, y ∈ L0 we will define the multiplication x ◦ y by the formula

(8) x ◦ y := x · y · ETqp

1 .

Corollary 1. (see [5]) The multiplication ◦ satisfies condition (1) for

the derivative Sp and condition (2) for the limit condition sp,q. For the

multiplication ◦ the unity 1◦ is defined by the formula

1◦ = E
−Tqp

1 .

Theorem 2. We have

(9) Tn
p,qf =

[
Tn

q

(
f · ETqp

1

)]
· E−Tqp

1 , where f ∈ L0 .
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Proof. We proceed by induction. The formula is true for n = 1. We
must show that

(10) Tn+1
p,q f =

[
Tn+1

q

(
f · ETqp

1

)]
· E−Tqp

1 .

From our inductive assumption and from the definition of the operation
Tp,q we will get

Tn+1
p,q f = Tp,qT

n
p,qf =

=
[
Tq

(
(Tn

p,qf) · ETqp

1

)]
· E−Tqp

1 =

=
[
Tq

{([
Tn

q

(
f · ETqp

1

)]
· E−Tqp

1

)
· ETqp

1

}]
· E−Tqp

1 =

=
[
Tn+1

q

(
f · ETqp

1

)]
· E−Tqp

1

Corollary 2.

Tn
p,q1◦ =

[
Tn

q 1
] · E−Tqp

1

Definition 3. (see [2,3]) Let

Ln :=
{
x ∈ Ln−1 : Sx ∈ Ln−1

}
, n = 2, 3, . . . .

Theorem 3. The abstract differential equation

(11) (S + p id)nx = f

with conditions

(12) sp,qS
i
px = xp

i ∈ KerSp for i = 0, 1, 2, . . . , n− 1

where x ∈ Ln, p ∈ Ln−1, f ∈ L0, id x = x has only one solution given by
the formula

(13) x = xp
0 + Tp,qx

p
1 + T 2

p,qx
p
2 + · · ·+ Tn−1

p,q xp
n−1 + Tn

p,qf .

Proof. It is known from operational calculus that the abstract dif-
ferential equation

Snx = f, f ∈ L0, x ∈ Ln

with conditions

sqS
ix = xi ∈ KerS, i = 0, 1, . . . , n− 1
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has only one solution x of the form

x =
n−1∑

i=0

T i
qsqS

ix + Tn
q f =

n−1∑

i=0

T i
qxi + Tn

q f . (see [2,3])

Making use of the last fact it is easy to notice that formula (13) is true

Corollary 3. If we introduce multiplication ◦ in L0 then the solution
(13) of the problem (11), (12) can be written in the form

x = xp
0 + xp

1 ◦ Tp,q1◦ + xp
2 ◦ T 2

p,q1◦ + · · ·+
+ xp

n−1 ◦ Tn−1
p,q 1◦ + Tn

p,qf .

(14)

Theorem 4. The abstract differential equation (11) with conditions

(15) sqS
ix = xi ∈ Ker S for i = 0, 1, . . . , n− 1

has only one solution.

Proof. The conditions (15) are equivalent to conditions (16), i.e.
knowing conditions (15) we can define conditions (12) and conversely. Thus
it follows from theorem 3 that the problem (11), (15) has only one solution.

Remark. For arbitrary n it is difficult to find the solution of the prob-
lem (11), (15). Therefore, as an example we will formulate a theorem
which will give the form of the solution for n = 3.

Theorem 5. The abstract differential equation

(16) (S + p id)3x = f

with conditions

(17) sqS
ix = xi , i = 0, 1, 2

where x ∈ L3, p ∈ L2, f ∈ L0, xi ∈ Ker S for i = 0, 1, 2 has only one
solution given by the formula

(18)
x = x0 · E−Tqp

1 + Tp,q

{
(x1 + x0(sqp)) · E−Tqp

1

}
+

+T 2
p,q

{(
x2 + 2x1 · (sqp) + x0(sqSp + (sqp)2)

) · E−Tqp

1

}
+ T 3

p,qf .
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Proof. Applying conditions (17) we can write

sp,qx = x0 · E−Tqp

1 = xp
0 ,

sp,qSpx = [x1 + x0 · (sqp)] · E−Tqp

1 = xp
1 ,

sp,qS
2
px =

[
x2 + 2(sqp) · x1 +

(
(sqp)2 + sqSp

) · x0

] · E−Tqp

1 = xp
2 .

Substituting these conditions into formula (13) in theorem 3 for n = 3 we
will get formula (18) as the solution x of the problem (16), (17). It follows
from theorem 4 that it is the only solution of the problem (16), (17).

Example A. Let us consider an operational calculus with the deriva-
tive

S
{
u(x1, x2, . . . , xm)

}
:=

{ m∑

i=1

bi
∂u(x1, x2, . . . , xm)

∂xi

}

the integral

Tx0
m

{
f(x1, x2, . . . , xm)

}
:=

:=
{

1
bm

xm∫

x0
m

f

(
x1 − b1

bm
(xm − τ), . . . , xm−1 − bm−1

bm
(xm − τ), τ

)
dτ

}
,

and the limit condition

sx0
m

{
u(x1, x2, . . . , xm)

}
:=

:=
{

u

(
x1 − b1

bm
(xm − x0

m), . . . , xm−1 − bm−1

bm
(xm − x0

m), x0
m

)}
,

where u ∈ L1 := C2(Rm−1 × 〈x1
m, x2

m〉, R) ,
f ∈ L0 := C1(Rm−1 × 〈x1

m, x2
m〉, R) ,

x0
m ∈ 〈x1

m, x2
m〉, bi ∈ R for i = 1, 2, . . . , m, bm 6= 0 (see [4]).

For such a model of operational calculus operations Sp, Tp,x0
m

, sp,x0
m

are
defined in [5]. Following this paper we put

Sp

{
u(x1, x2, . . . , xm)

}
:=

{ m∑

i=1

bi
∂u(x1, x2, . . . , xm)

∂xi
+(19)

+p(x1, x2, . . . , xm)u(x1, x2, . . . , xm)
}

,

Tp,x0
m

{
f(x1, x2, . . . , xm)

}
:=(20)
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:=





e
− 1

bm

xmR
x0

m

p
�

x1− b1
bm

(xm−τ),x2− b2
bm

(xm−τ),...,xm−1− bm−1
bm

(xm−τ),τ
�

dτ

·

· 1
bm

xm∫

x0
m

f

(
x1 − b1

bm
(xm − τ), . . . , xm−1 − bm−1

bm
(xm − τ), τ

)
·

· e
− 1

bm

τR
x0

m

p
�

x1− b1
bm

(xm−ξ),...,xm−1− bm−1
bm

(xm−ξ
�

dξ

dτ



 ,

sp,x0
m

{
u(x1, x2, . . . , xm)

}
:=(21)

:=
{

u

(
x1 − b1

bm
(xm − x0

m), x2 − b2

bm
(xm − x0

m), . . .

. . . , xm−1 − bm−1

bm
(xm − x0

m), x0
m

)
·

· e
− 1

bm

xmR
x0

m

p
�

x1− b1
bm

(xm−τ),...,xm−1− bm−1
bm

(xm−τ),τ
�

dτ}
,

where u ∈ L1, f, p ∈ L0 .
In [6] there is shown a formula for the iteration of the integral Tx0

m
.

It has the form

Tn
x0

m

{
f(x1, x2, . . . , xm)

}
=(22)

=
{(

1
bm

)n
xm∫

x0
m

(xm − τ)n−1

(n− 1)!
f

(
x1 − b1

bm
(xm − τ), . . .

. . . , xm−1 − bm−1

bm
(xm − τ), τ

)
dτ

}
.

In [6] it is also shown that for c ∈ Ker
(

m∑
i=1

bi
∂

∂xi

)
the formula

(23) Tn
x0

m
c = c

({
1

bm

)n (xm − x0
m)n

n!

}

is true. From the formulas (20), (22) and Theorem 2 we have

Tn
p,x0

m

{
f(x1, x2, . . . , xm)

}
=(24)
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=
(

1
bm

)n





xm∫

x0
m

(xm − τ)n−1

(n− 1)!
f

(
x1 − b1

bm
(xm − τ), . . .

. . . , xm−1 − bm−1

bm
(xm − τ), τ

)
·

· e

1
bm

τR
x0

m

p
�

x1− b1
bm

(xm−ξ),...,xm−1− bm−1
bm

(xm−ξ),ξ
�

dξ

dτ



 ·

·





e
− 1

bm

xmR
x0

m

p
�

x1− b1
bm

(xm−τ),...,xm−1− bm−1
bm

(xm−τ),τ
�

dτ





,

where f ∈ L0. It follows from (24) that for

cp = c





e
− 1

bm

xmR
x0

m

p
�

x1− b1
bm

(xm−τ),...,xm−1− bm−1
bm

(xm−τ),τ
�

dτ





,

where c ∈ Ker
(

m∑
i=1

bi
∂

∂xi

)
, i.e. for cp ∈ KerSp the formula

Tn
p,x0

m
cp = cp

{(
1

bm

)n (xm − x0
m)n

n!

}

is true.

Example B. It follows from theorem 3 and example A that the partial
differential equation

(
m∑

i=1

bi
∂

∂xi
+ p(x1, x2, . . . , xm) id

)n {
x(x1, x2, . . . , xm)

}
=(25)

=
{

f(x1, x2, . . . , xm)
}

with conditions

sx0
m

(
m∑

i=1

bi
∂

∂xi
+ p(xi, x2, . . . , xm) id

)i {
x(x1, x2, . . . , xm)

}
=(26)

= ϕi ∈ Ker

(
m∑

i=1

bi
∂

∂xi

)
for i = 0, 1, . . . , n− 1 ,
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where x ∈ Ln, p ∈ Ln−1, f ∈ L0 (L0 and L1 are defined in exam-
ple A while Ln is defined in definition 3), xm ∈ 〈x1

m, x2
m〉, bi ∈ R for

i = 1, 2, . . . , m, bm 6= 0 has only one solution given by

x =
{

x(x1, x2, . . . , xm)
}

=

= e
− 1

bm

xmR
x0

m

p
�

x1− b1
bm

(xm−τ),...,xm−1− bm−1
bm

(xm−τ),τ
�

dτ

.
(

ϕ0 +
1

bm
ϕ1(xm − x0

m) +
(

1
bm

)2

ϕ2
(xm − x0

m)2

2!
+ . . .

(
1

bm

)n−1

ϕn−1
(xm − x0

m)n−1

(n− 1)!

)
+ Tn

p,x0
m

{
f(x1, x2, . . . , xm)

}
,

where Tn
p,x0

m
{f(x1, x2, . . . xm)} is defined by the formula (24).

Example C. The partial differential equation (25) for n = 3 with
conditions

{
x(x1, x2, . . . , x

0
m)

}
=

{
ψ0(x1, x2, . . . , xm−1)

}
,

m∑

i=1

bi
∂

∂xi

{
x(x1, x2, . . . , xm−1, x

0
m)

}
=

{
ψ1(x1, x2, . . . xm−1)

}
,

(
m∑

i=1

bi
∂

∂xi

)2 {
x(x1, x2, . . . , xm−1, x

0
m)

}
=

{
ψ2(x1, x2, . . . , xm−1)

}
,

where ψi ∈ C4−i(Rm−1, R) for i = 0, 1, 2 has on the basis of theorem 5
only one solution

x = e
− 1

bm

xmR
x0

m

p(x1− b1
bm

(xm−τ),...,xm−1− bm−1
bm

(xm−τ),τ)dτ

{
ψ0(v1, v2, . . . , vm−1) +

1
bm

ψ1(v1, v2, . . . , vm−1)+

+ ψ0(v1, v2, . . . , vm−1) p(v1, v2, . . . , vm−1, x
0
m)(xm − x0

m)+

+
[
ψ2(v1, v2, . . . , vm−1)+

+ 2ψ1(v1, v2, . . . , vm−1)p(v1, v2, . . . , vm−1, x
0
m)+

+ ψ0(v1, v2, . . . , vm−1)
(

sx0
m

m∑

i=1

bi
∂

∂xi
{p(x1, x2, . . . , xm)}+
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+
(
p(v1, v2, . . . , vm−1, x

0
m)

)2
)](

1
bm

)2 (xm − x0
m)2

2!

}
+

+ T 3
p,x0

m

{
f(x1, x2, . . . , xm)

}
,

where vi = xi − bi
bm

(xm − x0
m) for i = 1, 2, . . . m − 1 and T 3

p,x0
m

is defined
by the formula (24) for n = 3.

Similarly, further examples for the application of the theorems for-
mulated can be given, making use of other models of operational calculus
(models with different derivatives S).
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