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On the strong summability of Walsh series
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Abstract. In this paper we investigate the strong (H, p)- and BM O-summability
of Walsh-Fourier series. Among others we give a characterization of points in which the
Walsh-Fourier series of an integrable function is (H,p)- and BMO-summable. This is
the analogue of Gabisonia’s result that characterizes the points of strong summability
with respect to the trigonometric system.

1. Introduction

It was proved by L. FEJER [3] that the (C, 1) means of the trigonomet-
ric Fourier series (TFS) of any 27 periodic continuous function converges
uniformly to the function. The same problem for integrable functions was
investigated by H. LEBESGUE [7]. He proved that the TFS of any inte-
grable function f € L_is a.e. (C,1)-summable, i.e.

1 n—1

— SEfz) = f(x)] =0 as n— oo
) PANCHERE)

(for a.e. x € (—m,m)).
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Lebesgue gave the following simple sufficient condition for the points in
which (1.1) holds. Namely, he showed that the limit relation holds in every
point © € (—m,7) for which

1
(12)  (Anf)(2) == 777 [f(z) = f(s)[ds — 0 (n — o0),

| Jn ()] J 1, (2)
where J,(z) := [xr — 727", 2 + 727") and |J,(x)| is the lenght of J,(z).
Such points are called Lebesgue points of the function f For any f € Li_
almost every z is a Lebesgue point of f.
Strong summability, i.e. the convergence of the strong means

n—1 1/p
(i S IST ) - f<x>\P> (r R, ne N, p>0)
k=0

was first considered by G. H. HARDY and J. E. LITTLEWOOD [6]. They
showed that for any f € L5 (1 <r < co) the strong means tend to 0 a.e.
if n — oo.

Let us consider it more generally. We will introduce strong means
generated by the stricly increasing continuous function ¥ : [0,+o0) —
[0, +00) with ¥(0) = 0. Then the Hardy operators are defined as

2" —1

(13) (HI"f)(2) =0 (2—" S v (r<s,z“f><x>\)) (x€R, neN),

k=0

where W~ is the inverse of the function ¥. If U(¢t) = t* (0 < t < oo,
0 < p < o) then we use the simpler notation HI'’. The trigonometric
Fourier series of f € Li_ is called (H, ¥)-summable at x € R if

(14) lim (HIY(f ~ f(2) (2) = 0.

If ¥(t) =t (0 < p < oo, t > 0) then the shorter notation (H,p)-
summability will be used. The (H,p)-means increases with p, therefore
(H,p) (p > 1)-summability implies (H, 1)-summability and hence the con-
vergence of the (C,1)-means follows.

For functions in Li_ the (H,p)-summability was investigated
by J. MARCINKIEWICZ [8] for p = 2, and later by A. ZYGMUND [15] for
the general case. He proved that (1.4) holds a.e. for W(¢t) =P (0 < p < oo,
t >0), as n — oo.
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For the points in which the strong means tend to 0 O. D. GABISONIA
gave a simple sufficient condition (see [5], [10], [11]). Namely, modifying
the definition of A, f he introduced the following operator

p\ 1/p
(1.5) (AP f)(z) = <Z (1/] - If(S)—f(x)ldS> ) :

tel,

where p > 0 and T}, := {(k +1/2)2r27" : —2n"1 <k < 2" ke Z}.
GABISONIA [5] showed that the Hardy-operators can be estimated by
the A%p) s, i.e.

(1.6) (HI?(f = f(@) (@) < Cp (AP f) () (0> 1),
Moreover (see [5], [10], [11]),
(1.7) (Agp)f> () =0, if n—oo

for a.e. x € R. The points z satisfying (1.7) are called Gabisonia-points or
strong Lebesque-points of the function f. A.e. x point is a strong Lebesgue-
point for f therefore the result of Zygmund, the trigonometric Fourier-
series of any integrable function is a.e. (H,p) summable (0 < p < o0),
follows by (1.6). Since A, f = O(l)Agp)f (p > 1,n > 0) we have that every
Gabisonia-point is a Lebesgue-point for f and this justifies the notion.
V. A. RODIN [10], [11] generalized these results for certain W-means, and
BMO-means. Moreover, his idea to consider BM O-means was an essential
contribution to this subject.

In this paper we investigate the similar question for Walsh-Fourier
series. In Section 2 we introduce the dyadic analogue of Lebesgue- and
strong Lebesgue-points and summarize the results. It turns out that for
shift-invariant systems the (H, p) summability methods are a.e. equivalent
to each others for any p > 0. Thus it is enough to investigate the (H,2)
summability (see Section 3).

In Section 4 we estimate the maximal operator of the strong (H,2)-
means of Walsh-Fourier series by the maximal operator of dyadic Gabisonia
operators. In Section 5 we show that this operator is of weak type (1,1)
(in a little sharper sense as usual). This can be used to derive an L*-norm
estimation for this maximal function.
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2. Strong means of Walsh-Fourier series

The analogue of Lebesgue’s theorem for Walsh-Fourier series was
proved by N. J. FINE [4]. We note that in this case the Lebesgue charac-
terizations cannot be used. Namely, it follows from a result of D. K. FAD-
DEEFF [2]| (see also ALEXITS [1]) that there exists an integrable func-
tion with a Lebesgue point such that the Walsh-Fourier series (WFS)
of this function is not (C, 1) summable at this point. The analogue no-
tion of the Lebesgue point for the Walsh-system is the following. Denote
I,,(t) the dyadic interval of lenght 2~ containing ¢ € I := [0,1) and set
e := 27771 (k € N). The point x € I is called Walsh-Lebesgue point
(WLP) of f e L' :=L0,1) if

(2.1) ZQk/ |f(s)—f(x)|ds — 0, as n — oo,

L, (z+ex)

where + denotes the dyadic addition (see [13]).

It is known (see [13]) that if f € L' then almost every point is Walsh-
Lebesgue point for f. Furthermore, the WFS are (C,1)-summable in the
Walsh-Lebesgue points.

The convergence of sequences of singular integral operators in Walsh-
Lebesgue points was investigated by F. WEISz [14].

The analogues of the results of Marcinkiewicz and Zygmund for the
Walsh-system was proved by F. ScHipp [12] for p = 2. The general case
and the case of BMO-means was proved by V. A. RoODIN [11]. In this
paper — similarly to Gabisonia’s result — we give a sufficient condition for
the (H, p)-summability of WF'S. This condition can be obtained from (2.1)
in a similar way as we get the Gabisonia condition from the definition of
Lebesgue points.

On the basis of (1.5) and (2.1) we introduce the operators

1/p

(WP f)(): Z <Z2 X[o,2-#) / \f(x)—f(s)]ds)

teQn In(w“;‘t‘i'ek)

(2.2) (mneN, zel, p>0),
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where @, := {k27" : £k =0,1,2,...,2" — 1} and xy denotes the charac-
teristic function of H. For n € N let us introduce the projections

(23)  (Buf)(@) = (S5 f)(2) = 2”/ f(s)ds (feL', zel)

I, (x)

and the operators

n p\ /P
V9@ = (2 [ "0 OE)at o))

teQn k=0

n
Z 2kX[O,2*k)Tek—i-:vEng
k=0

(2.4) =2 n/a

p

(ge L', z €1, p>0),

where (75h)(x) := h(z + s) is the dyadic translation operator and 1/p +
1/qg=1.

We shall say that the point « € I is a strong Walsh—Lebesgue point
(SWLP) for f € L' if

(25)  Tim (WP )(@) = lm (VO(f - f@)]) (@) =0.

By (2.1) and (2.2) we have W, f < Wép)f (n € N, p > 1). Consequently,
every SWLP is a WLP.

The Hardy-operator with respect to the Walsh system will be denoted
by H'P. We will show that for any function f € L' the H2f means

can be estimated by VTEQ)f. Set
(2.6) H"Pf .= sup HXV’pf, V@ f.=sup Vyfp)f.

We shall prove the following inequality for these maximal operators.

Theorem 1. The maximal operator of the Hardy-operators HV:? sat-
isfies

(2.7) HW2f <2v3(|f]) (feLb).

In Section 5 we show that the operator V() is of type (0o, 00) and of
weak type (1,1) in the following sharp form.
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Theorem 2. i) For any function f € L™

(2.8) IV Flloo < 20| flloo-
ii) For any f € L' and y > 0 we have

: I:(v® 21 ds < 22
o) [{rer:vOn@esl[< [ ise)ds < 2R

where E* f = sup,, | E,, f| is the dyadic maximal operator.
Hence by Marcinkiewicz’s interpolation theorem we get

Corollary 1. For any function f € LP (1 < p < o0)
(2.10) V&£l < Coll £l

where C,, depends only on p.

We remark that (2.10) can be obtained immediately from (2.9) with-
out applying Marcinkiewicz’s interpolation theorem. The same argument
yields the following estimation for the L'-norm of V) f

Corollary 2. For the integral of V(?) f we have

i) Ve, §C<||f|!1+ / |f<s>|logwds).

3. Estimation for the BM O-means

After having introduced (H,p) and (H, ¥V)-means now we introduce
the BM O-means. To this end set

(3.1) J = {J = [k2", (k + 1)2") AN : k,n € N}.

Then J is the collection of integer dyadic intervals. The number of ele-
ments in J € J will be denoted by |J|. The mean value of the sequence
s = (sg, k € N) with respect to J is denoted by

1
SJ = mzsk

keJ
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The BMO norm of the sequence s is defined by

1/2
_ 2
(3.2) 5|l Baro := sup Q. := sup | |J|~* Z s, — 57| .

This norm is in strong connection with the BMO-norm of functions.
Namely, denote s the step function on [0,00) having the value s, on
the interval [n,n 4 1). Fix the number N € N and set

(s$)(t) == s2(2Nt)  (t ).
It is easy to see that

(3.3) IsllBaro = Sup 15| Brros

where on the right hand side we take the usual dyadic BM O-norm of the
function s%. This connection can be used to deduce the properties of this

sequence norm. For example, if LY denotes the Orlicz-space generated by
the function W(t) := exp(|t|) — 1 (¢ € R) then BMO C LY and

(3-4) Ifllze < Cllfllsmo  (f € BMO),

where C' > 0 is an absolute constant. Furthermore it is known, that LY is
the minimal rearrangement invariant subspace in L' containing BMO.
The 2V-th (H,p) mean of s corresponds to the LP-norm of the func-
tion 5%:
2N 1 L/

27NN skl = Is%ll,  (»>0).
k=0
It is known, that
1l < CollfllBmo  (f € BMO, 1 <p<o0),

where the constant C}, = O(p) does not depend on f. This implies

oN_1 1/p

(35) s :=sup (27N S lsilP | < Chllslpao (1< p< o).
k=0
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From (3.4) and (3.5) it follows that all of the mentioned means can
be estimated from above by the BM O-means. In the case of Fourier series
with respect to certain orthogonal systems a lower estimation is also true.
Suppose that the system € = (e,,n € N) is orthonormal with respect to
the scalar product (-,-), |e,| < 1 and has the following shift-property: For
every J = [k,k+2°)NNe J

(3.6) €1y = €EEEy (0 </l< 23).

For example the complex trigonometric system and the Walsh-system sat-
isfy (3.6). The k-th partial sum of the Fourier series with respect to the
system € will be denoted by

k-1

(3.7) Sif = (fre)er (k €N),

£=0

where by definition S§f = 0.
First we show that (3.6) implies

(3.8) Seoof —Spf=eSs(fer) (0< <25 [kk+2%) € ).
Indeed,
Siref =Sif= Y (g =ea Y (fer e = exSi(fer).
j€lk,k+2) 1€[0,0)

Hence for the means
1/2

2
S5f—27°% Sif

icJ

(3.9) Q5f=[1J7">

JjeJ

(J =k, k+2%€T)

it follows that
(3.10) Qoo = Qo ooy (fex)  ([k,k+2°) € T).
In order to see this apply (3.8) for ¢ < 2°. Then

Sivef =27 S5 = (Shyef = Spf) =27 (S5 — Sif)

JjeJ jeJ

= €k (5§(f€k) -2 Z_: Sf(fek)> :

=0
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Hence
251 251 2\ 1/2

O pranyf = (275D |Si(fer) —27° ) Ss(fe) = Qfy 05y (fEx)-
(=0 i=0

The maximal operator of W-means and BM O-means with respect to the
system € are denoted by

HY fi=supHVf, HPMOf = sup Q5f.
n Jeg

From (3.4) and (3.5) it follows that

2n—1 2n—1
(3.11) 27" N ISEFIP < G2 > (exp(ISif]) — 1).
k=0 k=0

Obviously
g onyf < HL? S

Consequently, if the system e satisfies (3.6) then by (3.10) we get the
following reverse inequality

(3.12) HSBMO f < sup HY%(fep,).
k

In connection with this inequality we introduce the following notion.
Suppose that the operators H and V map functions defined on I into
functions. We say that the operator V' is an absolute majorant of H if for
every f € Dy we have that |f| € Dy and |H f| < V|f|. Obviously every
positive linear operator is an absolute majorant for itself. From (1.6) and
from (2.7) and (2.9) it follows that the maximal operator of the Hardy-
operators both in the trigonometric case and in the Walsh case has an

absolute magjorant with weak type (1,1). Using this concept we obtain from
(3.11) and (3.12) the next

Equvivalence Principle. Suppose that the complete unitary ortho-
normal system e satisfies (3.6). If the maximal operator H%? has an abso-
lute majorant of weak type (1,1) then for any function f € L' the Fourier
series of f with respect to the system e is a.e. (H,2) summable. Moreover
in this case the (H,p) (1 <p < 00), (H,V) (¥(t) = exp(t) — 1) and BMO
summabilities are equivalent in the a.e. convergence sense.
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Especially, Theorem 1 and 2 implies for the Walsh-system
Corollary 3. i) If f € L' and 0 < p < oo, then

lim (HYVP(f — f(z)))(z) =0 forae z€lL

ii) Let f € L' and Wy (t) := exp(t/\) — 1 (t > 0, A > 0). Then there
exists Ao such that for every number \ > \g

lim (HYVY>(f — f(2)))(z) =0 forae xcl.

n—oo

4. Pointwise estimation for strong means

In order to show (2.7) we need the Walsh-Dirichlet kernels that are
denoted by

m—1

Dy :=0, D,, := DY := Z wy  (m e N¥).
k=0

First we prove the identity

(4.1) Dp(t) = (dywm)(t) (€271 27™), n,m e N),
where
[y o)1) = 3" 24 (glt) — gt +ex)) — 27 (glt) — gt + )
k=0
(4.2) (tel, neN)

is the n-th modified dyadic difference operator. Indeed, from the definition
of the Walsh-functions it follows that

25 (w (1) — win (t + ex)) = 28711 = (=1)™ ) w,, (t) = 2Fmpwpn, (t)
(tel, keN).
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Hence

n—1
d, Wy, = W, <Z m2F — mn2”> .

k=0

It is known (see [13]), that D,, can be written in the following form

o0 oo
D, = wn, iju]2jD2j m = Zmﬂj eN
=0 =0

Si 13
foe 119 2. telo,2i1),

Wai (t)DQJ (t) = _2j7 te [27j71727j)7
0, te277,1),

we have that

Dy, (t) = wp, (i mp2~ — mn2"> = (d,, w)(t)
k=0

(te27""1,27"), n,m €N)

and (4.1) is proved.
Denote

1
(13 (Fro)@)i= [ faigOdt=(nlg) el
0
the dyadic convolution of the functions f € L, g € L®. Starting from the
representation (2.4) of V,? we prove inequality (2.7).
PROOF of Theorem 1. Since Sy f = E,,f we have
S [ = 8y (Enf) = (Enf)* Dy (m < 2%).

Let the characteristic function of the interval [27771 277) be denoted by
X; (7 € N). Using (4.1) we can write the function D, in the form

n—1

k=0
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Introducing the notations

k—1
_ _ 1 i _
Afg=digtgg==) ¥ 'rg+2 g,
=0
(4.4) -
Lng =Y xxd;9,
k=0

we obtain the following representation of the Dirichlet kernels:

n—1
_ 1
D,, = § XkAk Wy, — iwm + (m + 1/2)X[0,2—")
k=0

1
= Lnwy, — 5 Wm (m + 1/2)X[0,2-n).-
Hence
1
S f = (Baf) * (Lntwm) = 5 f % win + (m +1/2)27"E, f.

Thus for the (H,2) means we have
1/2

(45)  (H,?f)(2) < <2_" z_: (TaEnf, anm>|2> + 5 (E7[f) ().
m=0

[\CR GV

There is a suitable vector

2" —1

(ao(x),a1(x), ... aon_1(2)) €R", Y~ ag(2)]* =1
k=0

such that the first term, without the factor 27"/2, can be written in the

form

on 1 V2 gng
o1(z) = (Z (T2 Enf, anm>\2> = am(@){(r2Enf, Lywpm)
m=0 m=0

2" —1
= <TxEn £y Ln (Z am(x)wm>> = (7o Enf, LnPy) = (Li7, Enf, Py).

m=0
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Here L7 is the adjoint of L,, and the Walsh polinomial
P, = Zi@:_ol am, (z)w,, satisfies || Py||2 = 1. Applying Cauchy’s inequality
we get

(4.6) o1 () < || Ly ma B fll2-

The operators A, are self-adjoint, therefore

n—1
Lhg =Y Ay (xk9)-
k=0

Hence we have the following estimation for L7 g

n—1 k

g\<Z\A Oakg)l < DD 2 e (xklgl)

k=0 5=0

—ZW ! ZXMQ!

Clearly, X
ZXk < X[0,2-7),  Te; X[0,2-9) = X[0,2=9)-
k=j
Consequently,
n—1
(4.7) |Lhg] < sz_l)([o,zfj)Tej‘g‘-

It follows from (2.4) that E,|f| < V£2)|f], therefore by (4.4), (4.5), (4.6)
and (4.7) we have

3

(V2N D(@) + S E* 1 fD (@) < 2V 2| f]) ().

l\D\»—t

(H 2 f)(@) <

Hence (2.7) follows by taking the supremum.

5. The maximal operator of the Walsh—Gabisonia operators

In this section we prove Theorem 2. To this end we shall use the
Calderon—Zygmund decomposition in the following form (see [13]).
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Calderon—Zygmund lemma. Let f € L' and y > || f||1. Then there
exist a sequence of pairwise disjoint intervals J, C I (k € N*) and a
decomposition f = Y77 fir of the function f such that :

(5.1) i) [ folle=2y,

iii) fr(s)ds=0,
Ji

iv) |Jkl7H [ [ fr(s)lds <4y (k€ NY),
Jk

> 1
v) ;IJjISy/UIf(S)\ds,

vi) U:=|]JJ;={zecl:(E"|f)(x)>y}.

Jj=1

We shall estimate the maximal operator V®) f on the complementer
of the set U by generalized convolution operators. In connection with this
we prove

Lemma 1. Let T = (Ji, k € N*) be a system of pairwise disjoint
dyadic intervals and let ¢, € L' (k € N*) be a sequence of functions
satisfying

M := sgp Ikl < oo.

Then the generalized convolution operator

(5.2) Tf:=Y (xs5f)*ox
k=1
satisfies
(5.3) ITflx < Mllxufll (f €L,

where U := |3, Jk-
Proor. Using the inequality

lg* 2lls < llglhllkll (g, € L)
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we get that the series (5.2) converges in L'-norm and

o0 [e.e]
ITFlle <> I Fllllerll < MY lxa flln = Mlixo flh-
k=1 k=1

In the case U =1 and ¢y, = ¢ (k € N*) we have

Tf=fxe,

and this justifies the notion. We will apply this lemma for operators defined
by the sequences

00 J
gp§1> = ZZ_kAngk, 80§'2> =27 Z ApDye (j €N),
k=j k=0

where
k
Agg = 22]_1Tejg (k eN).
=0
Since
[Dorlli =1, [|[A;Darn <27 (5, k €N),
we obtain

o J
eV <27y 2t =2, PP =27 2" <2 (jeN).
k=j k=0

Thus Lemma 1 can be applied for every subsequence of these sequences.
Let | J| = 27¥* denote the lenght of .Jj and let us introduce the generalized
convolution operators

(5.4) T f = fj(xjm xll (fell i=1,2).
k=1

Applying Lemma 1, we get

Corollary 5. The operators TV (i = 1,2) satisfy

HT<i>f”1 < 2||XUf||1 (f € Ll? L= 172)'
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Taking (2.4), i.e. the following form of the operators AR

n—1

Z 2kX[0,2*’€)Tek—i-zEnf
k=0

(V& f)(a) =272

I

2

and applying the decomposition of f introduced in (5.1) we show that the
operators V,SQ) can be estimated by the operators T on the complemen-
tary set U := 1\ U of U. More precisely we prove

Lemma 2. Let g = Y, fx, where the fy’s (k € N*) are the func-
tions in the Calderon—Zygmund decomposition of f corresponding to the
parameter y > 0. Denote |J| = 27"* (k € N*) the lenght of J,. Then the
following estimation holds at every point x € U:

(55)  1(V@g)@)| <8y (TDlgh(@) + AT g)(@)) (@€ D).

Proor. If v; > n then E, f; = 0. Therefore, the square of Vg can
be written in the form

2

VP9 -2 [ 1 ngX[o,zk)(u) (5o T 1))t au

j:l/j <n
= > O‘E?,)k) (@),

(J,k) €A™

where
A(n) = {(]7 k) ] - (jl)jZ))k: - (k15k2)70 S leang < TL,O S klakZ < n}7

and for (j,k) € A™ the o’s are defined by

1
o), () i 2L / Xfo.z-#1vka () (B f,)

X($ + €k, + u)(EanQ)('T + €ky + ’LL) du.

(5.6)

Since

ol (@) = ol @) (Fi= (lat0). b i= (ko ko) £ = (B, 62) k=(k1, k) )
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we have that the last sum can be estimated as

(5.7) VPP <2 Y ol @)l
G,k)eAl™

where Agn) = {(j,k) € AM™ v, <} For vy < n it follows from (5.1)
iii) and iv) that

(Enfe)(s) =0 (s ¢ Jo),

BB B f)(s)] < [ i<l s e

For ¢ € N* and for every index (j, k) set

0 sé& Jp),
(5.9) he(s) == { (s ¢ 7o)
‘Jf’ (8 € JE)?
and
k1 +k !
o x:—21+2/ kqVko
(5.10) (J,k:)( ) . X[0,2—F1Vk2)

X (u+ )| fj, (w4 eg,)|hj, (u+ ex,) du.

Observe that these functions do not depend on n. Then by (5.6), (5.8)
and (5.9) we have

(5.11) ’aéz)k)(:v)’ < dyajpm () ((j, k) € AY”) :

If k; > v, then u+ ey, € J, if and only if u € J;,. Consequently,

X[o,2-t1viy(u+ )X, (uter) =0 (reU,i=12).

Hence
O‘E;L,)k) (x) =0, if either k; > v;,, or ko > vj,.
for every x € U. Thus in the points = € U we have

> aﬁ?,’k)(x)!ﬂy Y agr(@) (ze€0),

(j,k)GAgn) (],k)EA



628 Ferenc Schipp

where
A:={(,k):jeN"xN", ke NxN, v;, <vj,, k1 <vj,, ka <vj,}.

The last sum does not depend on n therefore by (5.7) and (5.11) we have
that the square of the maximal operator V(%) can be estimated by

(5.12) (VPg)(@)? <8y > agul@) (zc0).
(J,k)eA

We will decompose the sum according to the following pairwise disjoint
subsets of A:

A={(j,k) € A:ky <k} U{(j,k) € A: k1 > ky}
={(,k) € Ak <ko}U Az = {(j,k) € A: k1 < ko,vy, < o}
U{(j,k) € At ky <kg,vj, > ko UA3 = A1 UA U As.

The corresponding sums are

(5.13) Fi(x):= Y oagr@) (@el, i=1,23)

If (j,k) € Ay, then 0 < ky < vj, < ks <vj,. By (5.9) we have
; . 1 :
2k2X[0,2—k2)(U + ) Z hja (u + ex,) < §X[0,2—k2)(u + ).
Ja2ika<vj,

Then it follows from the definition of A, and from T and by (5.10) that

1/_7' 1

oo 1
A@<Y YY) oh / Xio.z-tay (@) 5 (1 F ex,)] dus

J1=1ko2v;, k1=0

=3 | Walxan, [ X 27D | | (@) = @Wgh(@) (D).
ji=1

ka=vj,

If (j,k) € Ay, then 0 < k; < kg < v;, <vj,. Again by (5.9) we have

(5.14) > hp(uter,) <27 (uel).

jQZl/jl Sl/j2
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Hence it follows in a similar way as before that

Vii k2

o) 1
R@<Y S Y 2 [ Douta el ) do

J1=1ko=0k1=0

L (‘f”” ’ (2 2 AkzDz'”)) (2) = 2AT@g)(x) (v D).
Ji=1 ko=0

Finally let (j,k) € As. Then 0 < ky < k1 < vj, < vj,, therefore by (5.14)
we have

o0 Vi k1—1 1
Bla) <32 3 32 [ Dy (uk o)l ut el du
Jj1=1 k1=0k2=0 0
[e’e] Vi, k1—1 1
SPIERCD DD DELY R NUERTAIES
ji=1 k1 =0 k2 =0 0
00 Vi1 o
=52 (1l (S 200 ) ) e
j1:1 k1=0

Recall the definition of Ay to see
2£_1D2£ < AyDye.

Consequently F3(z) < 2(T%|g|)(z) holds true in the points of U.
Summarizing our inequalities we have by (5.12) and (5.13) that

(VOg) @) < 8y(Fi(2) + Fa(a) + Fy())
<8y (@Wlgh(@) +4T?gh@) (@ D).

Lemma 2 is proved.
Now we prove Theorem 2.

PROOF of Therem 2. Let us take the representation (2.4) of the op-

erators V2 and apply the inequality || E,, f|lcoc < ||f|loc to obtain

n—1
VA @) <272 Flloo || D 2X0,2-1)|| < 20 fllo-
k=0

2
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Taking the supremum with respect to n we get proof of part i) of our
theorem.

In the proof of part ii) we start with the number y > || f||; and apply
the Calderon—Zygmund decomposition for f. With the notations of this
decomposition lemma the function f can be written as f = fy + g, where
| follco < 2y. Applying the inequality of part i) and the subadditivity of
V) we get

(V) @) < (VO fo)(@) + (VP g)(x) < 4y + (VP g)(x)
(for a.e. x € T).

Hence

(5.15) Hm (VA f)(z) > 5y‘} < Hﬂz (V@ g)(z) > y‘}

By (5.1) v), vi) we have
(5.16) {zev: (vOo)@) >4} <1v] < ;/U|f(s)]ds,

therefore it is enough to estimate the function V(?)g in the points of U.
By Lemma 2 we have

{oeU: @9 >} < 5 [ 10O ao

<2 [ (009w +4T@g)@) do.

Applying Corollary 5 we get
— 80
(5.17) H:): eT: (VDg)(z) > y]} < / 19(s)| ds.
Yy Ju
On the basis of (5,1) ii) iv), v) and vi) we have
[lalds =3 [ p@lds<ayd 1< [ () as
U j=1 Jj j=1 v

Therefore, it follows from (5.15), (5.16) , (5.17) and (4.1) vi) that (2.9) ii)
holds for every y > || f|l1. Finally, if we apply (E*|f|)(z) > ||f]1 (z € I)
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for the case ||f|1 > y we get that the set {E*|f| > y} is equal to the
interval [0, 1). Consequently, in this case we have 321|f||1/y > 321 on the
right hand side wich is greater than the left hand side.

Theorem 2 is proved.

Proor of Corollary 1. Let F := V@ f and g := E*|f|. Inequality
(2.9) is equivalent to

1 321 !
(5.18) / oo (9)ds < 25 / ooy (F ()] ds (5> 0).

Let us take the left side. Multiply it by py?~! then integrate with respect
to y and apply Fubini’s theorem to obtain

) 1
/ pyP ! < / X{F>5y}(8)d8> dy
0 0
1 F(s)/5 1
:/ </ pyP~ ! dy) ds :/ |F(s)/5|" ds.
0 0 0

Applying the same procedure for the right hand side, except for the factor
321, we get

> ! 1 9(s)
o (/ X{g>y}(8)|f(8)\d8> a= | (If(S) / pyp-Qdy> ds
1
= L [ raeptas
Thus we proved
1 1
o) [reras<s e [ as

Applying Holder’s and Doob’s inequalities and (p—1)q = p, and p/q+1 =p
we get

1 » p/q
|15 ats) ds < 11, gl < <_1> £
0 p
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Comparing this with (5.19) we obtain

p
”FHp < CEHpr (C <5- 321).

PROOF of Corollary 2. Applying inequality (5.18) for y > || f|l1 and
integrating with respect to y we get

el 1 g(S)dy
/ |{F>5y}|dy§321/0 f(S)I/ W g

flh Ifl Y

1
= 321/O ]f(s)|logmds.

Since £l
/ {F > 5y} dy < ||/,
0

we can finish the proof by recalling that

1 1 00
5/0 F(s)ds:/o {F > 5y}| dy.
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