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Point Finsler spaces with metrical linear connections

By L. TAMASSY (Debrecen)

Dedicated to Professor Kdlmdn Gydry
my colleague and an old friend of mine on his 60th birthday

Abstract. We present a geometric construction of and constructive investigations
in Finsler spaces ™ = (M, L) whose indicatrices I(z) are affine images of a single
indicatrix: I(z) = a(x)lp. These are Finsler spaces modeled on a Minkowski space [4]
or Finsler spaces with 1-form metric [8]. Vectors are considered not at line elements:
&(x,y), but at points: £(z) (i.e. we work in a point Finsler space [3]).

We characterize these F™ in a geometric way as those Finsler spaces which admit
linear and at the same time metrical connections in the tangent bundle 7p;. Also the
linear automorphisms (the affine rigidity) of the indicatrices are investigated.

Introduction

Linear (called also affine) and at the same time metrical connections
in the tangent bundle 7, (i.e. among the tangent vectors &(x) € T, M
of the manifold M) play a basic role in the theory of Riemannian spaces
V" = (M,g). In a Finsler space F" = (M, £) with fundamental (metric)
function L(z,y), z € U C M, y € T, M metrical and linear connections
among the tangent vectors {(z) do not exist in general. This can easily be
seen from the fact that the indicatrices I(z¢) = {y | L(x0,y) = 1} which
play the role of the unit spheres cannot, in general, be taken into each
other by linear mappings (e.g. if I(xg) is an ellipsoid and I(x7) is not).
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This necessitated the introduction of the n-dimensional Finsler vectors
&(x,y) € VI'M = TM x p; TM defined at line elements (z,y). Among the
&(x,y) there exist metrical and linear connections (in fact with a variety
of choices, for a recent survey see [11]). Introduction of vectors defined at
line elements makes the theory of Finsler spaces a little more complicated.
— This problem does not emerge until we are concerned with the metric
only (arc length, geodesic, etc.) and we do not use parallelism. — We can
obtain in an F™ also metrical connections among the more simple tangent
vectors £(x), of course not linear, but only homogeneous ones [12], [14],
[7]. Finsler spaces with vectors from the tangent bundle are called point
Finsler spaces [3], [12].

In this work we present a geometric construction of and constructive
investigations in the Finsler spaces with metrical and linear connections

am
I' (x). These spaces must be special Finsler spaces, for, as we have seen,

metrical and at the same time linear connections aF(x) do not exist in
general in an F". We want to contribute to their constructive geomet-
ric theory. These spaces are closely related to and concerning the metric
coincident with Finsler spaces of 1-form metric [8] or with Finsler spaces
modeled on Minkowski spaces [4]-[6], however the space of our investi-
gation is a point Finsler space, and not a line element space. So our
connections relate to 7y and not to VI'M.

In Section 1 we give a geometric construction of the spaces to be
investigated. Then in Section 2 we show that these spaces are exactly
those Finsler spaces which admit linear and at the same time metrical
connections in 7p;. The proof of this characterization will be performed
by constructive geometric means. Finally in Section 3 we investigate the
consequences of the fact that the holonomy group of our connection con-
sists of the identity alone or it has more elements (the affine rigidity of the
indicatrix).

1. Geometric construction of ™

Let F™ = (M, L) be a locally Minkowskian Finsler space denoted by
LM™ over the connected and paracompact manifold M. Then there exists
an atlas {(Ua, pa)}, @ € A of M, where the ¢, are diffeomorphisms from
E™ or from an open simply-connected part of it onto U,. We concentrate
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on one U, denoted by U. The situation on the other U, is similar. On U
there exists an adapted coordinate system (x), such that £L(z,y), and thus
also the indicatrix Iy of F™ = {M™ are independent of z. We consider (z)
as a Fuclidean coordinate system. By dy we can indentify T, U = T, M
with T, E™ ~ E". Then these indicatrices Iy in the different T, U are
congruent and parallel displaced in the Euclidean sense.

We attach to each € U a nondegenerate affine transformation a(z) :
T.M — T, M (affine always means centro-affine). Then

(1) a(z)lo =: I(x)

is a new indicatrix and we get on U a Finsler space (U, I(x)) = (U, L)
determined by £ or I and a, and denoted by F™ = (M, L, a) or (M, Iy, a).
If the fundamental function of the locally Minkowski space F™ =M™ in
the adapted coordinate system (z) is £(y), then L(z,a(z)y) = 1 = L(y),
and L(z,y) = L(b(z)y), where b is the inverse of a. Thus the F™ on U
are the Finsler spaces with 1-form metric introduced and investigated by
Y. IcH1IYO [4]-[6], M. MATSUMOTO and H. SHIMADA [8], [9] etc., see also
P. ANTONELLI-R.S. INGARDEN-M. MATSUMOTO [1].
a(z) takes the unit sphere S : §;,y’y* = 1 of T,,U into an ellipsoid

(2) Q(z) :=a(x)S

with the equation g;;(x)y‘y* = 1, y € T, U which is equivalent to a sym-
metric nondegenerate 2-form g(z) or a tensor of type (0, 2). Thus we obtain
a Riemannian space V™ = (U, g) which is called conjugate to F". How-
ever, to a Q(z) C T, M there is a number of a(z) satisfying (2), namely if
apS = @, then also agfS = @, where § is a rotation. — In the case of Iy = S
we obtain F™ = V™, however such an Fn = (M, S, a) can be generated by
many different fields a of affine transformations.

An interesting special case occurs when all a(x) are rotations. Then
all T (z) are congruent, but not parallel translated of each other. In this
case L(x,y) does depend of z. — Another special case is when a(z) are
equiaffine, i.e. |S||g = [|Q(z)||g = ||I(x)||g = const.

In order to construct globally — not only on a chart U — the affine
deformated of an F™ = (M, L) = {M™, let us consider a field 2 of affine,
transformations on M. Such fields exist. Since M is paracompact, it
can be equipped with Riemannian metrics. Let g and h be two such
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metrics having local components g;;(z) and h;;(x) on a chart U(z). Then
k

af(z) = gij(x)h?*(z) are regular matrices, for both (g;;) and (h/*) are
so, and thus they determine affine transformations a(x) : T,M — T, M,
Vo € M. So (1) is defined at each point of M, and this yields a Finsler
space denoted by F" = (M, L) or by (M,I), (M;L,2), (M;I,2) and
called the affine deformated of LM™. Of course affine deformation can be
performed on every Finsler space F™, however F" denote in this paper
affine deformated of locally Minkowski spaces {M™.

Let V™ = (M,g) and yn o= (M, g) be two Riemannian manifolds
on M. g(p), p € M is equivalent to an ellipsoid Q(p) C T,M, and §(p)
to Q(p) C T, M. Then there exist always affine transformations a(p) such
that Q(p) = a(p)Q(p). So the arbitrary V" = (M,§) = (M,Q) is the
affine deformated V™ = (M; Q, ) of the arbitrary V™ = (M, Q). A locally
Euclidean space (E™ = (M, 3) is a special Riemannian space, where there
exist to each point p € M a neighbourhood U and a coordinate system (x)
on U such that éij () = 0;; which is equivalent to a sphere S(p) C T, M :
(E™ = (M, S). Thus every Riemannian space is an affine deformated by
an appropriate 2 of a locally Euclidean space, where (2) Q(p) = a(p)S(p):

(En = (M;S,2) = (M,Q) = (M, §) = V"

a(p) is not unique, for af in place of a also satisfies (2). However the affine
deformated of the locally Minkowskian spaces £M™ yield the F™ only, and
not all ™ can be generated in this way:

A:(E" — V" A IM" — F™
VP AE" = A FrUMm = A  {F"} C{F"}
AV — V"
We remark that as a Euclidean space E™ is a special Minkowski space

M™, so an LE™ = (M, g) = (M, S) is also a special locally Minkowskian

space AM™ = (M, Z) = (M, ; ), where i; = S in certain adapted coordinate
systems.

Finally we remark that a field a(p), p € U can smoothly be extended
to a field 2 on a paracompact M. Let namely {U;} i € A be a locally
finite open cover of M with U = Uy, and g and i1L two Riemannian metrics
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on U satisfying g;i(z) = llzkr(x)ag(x) in a local coordinate system (z)
1

on U. We denote by Ug B € B C A those elements of {U;} (including
U1) which intersect U;. We define g € C*° and lﬂl € C*° on Ug such that

B
(a) g [ (UsNUy) = g and (b) fﬁz [ (UsnUy) = flb On the other U; the g and
B 1 i

h may be arbitrary. Let now f; € C°°(M) be a partition of unity on M

(2

subordinate to {U;}. Then > f;g = g and >_ f;h = h are two Riemannian
i i

metrics on M, and a;*(z) = gj,(z)h"*(x) gives a smooth field A on M.

Then for any zog € U (Ql(:xo))f = (Z fi(IEo)gjr(ﬂCo)) (Z fi(wo)/}’“k(xo))
Here f;(xg) =01if i # 8 € B. Then frZ)m (a) and (b) z

(Ql(fﬂo))?: > fa(xo) (gjr(xo)fllrk(xo)) = gjr(ﬂ?o)fllrk(xo) = a;"(z0),

BeB

fe. AU =a.

2. Characterization of F" by geometric means

We want to characterize the just constructed F™ = (M; I, ) = (M, I)
spaces among the Finsler spaces F™ = (M, £). F™ is an affine deformated

by 2 of an IM™ = (M, } ) space. So M must admit a locally Minkowskian
structure. This means that every p € M has a neighbourhood U and co-
ordinate systems (x) on U such that L£(x,y) is independent of x. These
coordinate systems are called adapted. Adapted coordinate systems are re-
lated to each other by linear transformations, and every coordinate system
obtained from an adapted one by a linear transformation is also adapted
([10] p. 158). Hence if U;(z) and Us(z) are adapted, then on Uy N Uy # ()
(x) <> (2) is linear. It is clear that in case of a locally Minkowskian space

IM™ = (M, }) M has a cover {U,(z4)} with adapted coordinate systems
(zo) on U,. Then (a) (za,) — (Za,) on Uy, NUy, # O must be linear.
A differentiable structure {(Uy, pa)}, @ € A, vq : Uy — E™(xq) on M
will be called affine if the transformations (a) are linear. If (M,I) is a

locally Minkowskian space, then M clearly admits an affine differentiable
structure. This is clearly necessary for an F™ to be an F™.



648 L. Tamassy

Theorem 1. The F™ spaces are those Finsler spaces F" = (M, L)

am
which admit a metrical linear connection I' (z) and an affine differentiable
structure on M.

PRrROOF. A) Every F™ has a metrical linear connection. .
Since F™ = (M, I) is the affine deformated of an ¢M™ = (M, I), we
have affine transformations a(p), p € M and charts (U,¢) po € U for

any pg € M with adapted coordinates (x) on U. Then I(p) is a parallel
translate of I(pg) in _any adapted coordinate system on U, and also (1)
holds in the form: aI = I. Let t be the Euclidean parallel translation in
an adapted coordinate system from pg € U to p € U. Then

(3) a(po.p) = a(p) o toa™" (po)

is an affine transformation, and g(po,p)&(po) = &(p), § € Tp,U =
0 0
T, M is a vector field on U. Let %i € Iy be a basis of T, M, €;(p) =
g(po,p)gi(po) and ¢ = §’€i. Then & (p) = &¢4(p), for g is affine, and
0 0 0

the differential d£ has the form

—

(4) (dz) (po, dp) = gid?i(po,dp), V po, g

—

Since 9 is independent of the adapted coordlnate system used so are &

and df So (3) determines by § — f + df = g(po,dp)§ a mapping

a
Tpo M — TporapM, ¥ po,dp linear in f, and thus a linear connection I'.
0

The coefficients of this connection in an adapted coordinate system (x)
can be obtained from (4) by writing its components in (z):

d§J (‘T07 dx) = fldgz (x()v d.’II) = flfz]k (xo)d$k7 vxOv éia
0 0 0
where I/, (2¢) = sz(ﬂjo).

Moreover
a(po, ) [(po) = a(p) o to a™ " (po)I(po) = a(p) o tI(po) = a(p)I(p) = I(p),

a
ie. g: Ty, M — T,M is metrical, and thus so is the constructed I U
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B) Every F" = (M,L) = (M, I) admitting an affine differentiable
structure and a metrical affine connection afn(x) on M is a Finsler manifold
of type E™.

F" = F™ means that it is an affine deformated by 2 of a locally
Minkowskian space {M™ = (M; }, 2A). So we have to give } and 2 on M.

First we consider the local case (when M is covered by a single chart
(U, ¢) with local coordinates x).

Let (z) be considered as a Descartes coordinate system (i.e. the 52 (z)
are considered as an orthonormal system in 7, M). This makes M into
an E™. t denotes a translation in this E” sending xo to x. We define

tly = I(x) = I, where Iy = I(x) is the indicatrix of F" at z¢, and thus

I(zo) = Iy. This process makes M into a Minkowski space M"™. Let v be a
curve in E" from x to x, and denote by P(+) the parallel transport along

am
v according to the metrical connection I' (x). Then P(v)I(xg) = I(x) and
P(y)ot ' :T,M — T,M is an affine transformation:

(5) a(z) ;== P(y)ot™! VoreU=M,
and
(6) a(z)I(z) = P(v) ot I(x) = P(y)(z0) = I(x).

This means that F* = (M, I,2) = (M, ) = F".

We start with the global case. Let {(Ua,pa(za))}, @ € A be an
affine differentiable structure on M such that the U, are connected. Let
po be a fixed and p an arbitrary point of M. If we have translations
t:T,,M — T,M, then we can construct affine transformations a(p) as we
did it in (5) in the local case, and then we can finish our proof similarly as
in (6). Translations t (i.e. linear transformations t : T,,, M — T, M defined
by tz2; (20) = 52 (z)) depend on the coordinate systems, except they are

related by linear transformation. So we have to use such coordinate sys-
tems. Fortunately, coordinate systems belonging to an affine defferentiable
structure (used by us) have this property. Moreover py and p may be in
different U,. However this difficulty can be surmounted relatively easily.
Let C(t), t € [to,t], t = arc length, be a curve of F” joining py and p.
Then C is bounded and closed in F'", so it is compact. Hence it is covered
by finitely many U;, ¢ = 1,2,..., N. We renumber a subclass of them.
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Let Uy be such a U; which contains pg = C(tp) and cuts out the longest
segment [to, t1] from C such thtat the endpoint C'(t1) = p(t1) still belongs
to OU;. Suppose that p; # C(t). Then among the U; containing $; there
is a Us which cuts out again the longest segment from C(t), t € [t1,1].
We denote the endpoint of this segment by py. It is C(t2) € Cy N IUVs.
Continuing this, the process arrives to p = C(f ), and breaks down in
N < N steps. The U; used in the above process are Uy, k = 1,2,..., N.
Then U;NU;41NC #0,1 <j < N is a segment of C. Let p; € U; NUj41
be a point of this segment. We denote by t; the translation from p;_;
to p; in the coordinate system (z;) over U;. t; is independent of the
coordinate system (z;) used, since we allow coordinate systems of the
affine differentiable structure only, which are related to each other by linear
transformations. Then we define t := tjy o--- oty ot;. With the aid of t we

can construct an LM™ = (M, 1) on M. Let Iy = I(pg) be the indicatrix of

F™ at pg, and ;(p) = t_ﬁo. Then we have an I(p) on M. They are parallel
translate on U,, and the coordinate systems (z,) relate to each other by
linear transformations, so they are adapted. Thus we obtain an /M™. Now
let  be a curve (coincident with or different from C') joining py with p, and
let P(y) denote the parallel transport along v according to the metrical

connection afn(m) of F". Then P(y)ot ! : T,M — T,M is an affine

transformation a(p). This can be done for every p € M, and we obtain a
*

field 2. These a(p) take indicatrices I(p) of the locally Minkowskian £AM™
into the indicatrices I(p) of F™:

a(p)I(p) = P(v) ot 1(p) = P(1)I(po) = P()I(po) = I(p).

Thus F* = (M, 1) = (M; [,2) = F™. O

We remark that the constructed 2 depends on the curves C' connecting
po and p. This is related to the affine automorphisms of the indicatrices
of F™ discussed in Section 3.

Y. IcHYO ([4]-[6]) obtained by a completely different approach, re-
sults quite similar to Theorem 1.

We have constructed 2, but we have not proved the smoothness of 2.
This is assured if the family of curves {C(po,p)} joining the fixed py with

the arbitrary p is such that P(C)¢ = £ (p) depends smoothly on p.
0
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In an adapted coordinate system (z) the coefficients of the metrical

linear connection f‘(m) of part A) can also be expressed by the components
al (x) of the affine transformations a(z) as follows: Let us denote the
matrix of a(z) by ai (z) and that of the inverse b(z) by bf(m) By (3) the
parallel displaced of yo € I(z¢) from zo to x along a curve 7 : 2 = x*(t) is

Paf‘o,m;'yyo = y(l’(t)) = a(x(t)) o b(l'())yo,

or in components
(7) Y (1) = aly (x(t))boy yo®
Then T',7;(z) must satisfy

dyj a .
8 — =T},
() dt kY

L dz
dt’

i.e.
dz?
dt

dal, dx
Oz dt

From this we have ([8] p. 162)

a
ik
bos yo® =T’ ia,,bos yo®

a N
Bi(e) = b () 5 (1)

Then (8) is satisfied by (7).

3. Automorphisms (rigidity) of the indicatrix

1. Suppose that afn = I' is a metrical linear connection on M for
the Finsler manifold F™ = (M, £). We know that the parallel transport
P(v) : Tp,M — T, M, according to the given connection I' along a curve
v connecting pog with pi, takes I(pg) into I(p1):

9) P(v)I(po) = I(p1),

for T' is supposed to be metrical. This also means that P(vy)I(po) is inde-
pendent of the curve connecting py and p;. Thus P(y)y =7 € I(py) for
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any y € I(pp) and for any v joining pg with p;. However this does not
assure that

(10) P(n)y = P(y2)y, Vy€I(po)

for two different curves v; and 7, joining py and pq, i.e. (9) does not imply
the independence of § of ~.

It is easy to see that if P(v)y =3 VYy€I(po) is independent of 7,
then so is P(v)z for any z € T}, M. Indeed, for a given z € T},,, M let r be
the ray in T),, M through the origin py and z, and let y = r N I(py). Then
z =My, A € R, and P(v)z =Z = Ay on the ray P(v)r =7, independently
of .

In this case P(v) is independent of 7, hence a(p) = P(y) ot~} and
thus f‘(p), and also 2l are unique, and 2 determines a single V" = (M, g)
conjugate to Fn.

If (10) holds for any pg, p1 and 71, 72, then the holonomy group of
I' consists of the indentity alone. In this case we also can say that I(p)
is rigid with respect to I'. In this case I" has a vanishing curvature, and
conversely. If, moreover, I' is torsion-free, then its coefficients vanish in
an appropriate coordinate system, and the indicatrices I(p) are congruent
and parallel displaced in this coordinate system. Hence F" is a Minkowski
space.

If in a Finsler manifold of type F™

7, =Py # P(2)y =To, y € I(x0)

occurs, then I(p;) admits a proper (nontrivial) affine (linear) automor-
phism ¢
cI(pr) =1(p1), c¢#id.

Namely P(v1) o (P(y2))~t : Ty, M — T, M is an affine transformation,
and it takes I(p1) into I(p1). Thus ¢(p1) = P(71) o P(y5 ') is an affine
automorphism of I(p;) (75 ! means 7, running in the opposite direction).
Moreover, it takes 7, into 7;, and thus it is not the identity. This ¢(p;) can
be transferred to any other point p € M. Namely let 73 be a curve joining
p1 with p. Then P(fy3)oP(*yl)oP(fy2_1)oF(fyg_l) = P(y3)oc(p1)oP(y3) "t =
¢(p) is a proper affine automorphism of I(p), similar to ¢(p;) and generated
by a paralllel translation along a closed curve. Since in F™ every I (p) is
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affine to I(py), every I(p) admits the same proper affine automorphisms.
— We denote by €(p) the set {c(p)} of the affine automorphisms of the
indicatrices of an F™ = (M, I) generated by parallel translations along
closed curves.

So if an indicatrix I(p) of the F™ = (M, I) admits no proper affine

am
automorphism generated by I' (i.e. € = id.), then the curvature of its
am am

linear metrical connection I' vanishes, and conversely. If moreover I' is
torsion-free, then F™ is a Minkowski space.

2. Let us suppose that there exists a co(pg) € €, ¢ # id. generated
by parallel translation along a closed curve 7y which, through a family of
curves 7; in M, can continuously be shrunk to py. (This is certainly the
case if M is simply connected.) Then the ~; yield a continuous set ¢;(pg) of
proper automorphisms of I(pg) consisting of orientation preserving affine
transformations. The same is true for all I(p). Thus we obtain

Theorem 2. If in a simply connected F™ there exists an automor-
phism ¢(pg) # id. of the indicatrix I (po) generated by parallel translation,
then there exists a continuous set ¢;(p) of proper automorphisms of every

I(p).
3. We want to show that the case of n = 2 is exceptional.

Theorem 3. Ifin a simply connected F? an indicatrix admits a proper
affine automorphism € # id. (i.e. it is not affinely rigid), then F? is a
Riemannian space.

PROOF. F™ makes Tp, M into a Minkowski space with indicatrix
I(po) : F*"(Tp, M) = M™(Tp, M, I(po)). The Minkowski norm (length) of
=5 .
a vector AB, A, B € T, M is the Minkowski (or Finsler) length ||OB||ar,
—

where OB is the parallel translate of AB to the origin O of Ty, M. ||OB||ur

equals the value of the ratio (O, B, P) = %, where P is the intersec-

tion point of the ray r through O and B with the indicatrix I (po) : P =
r N I(py), and || ||z is the Euclidean length with respect to a Euclidean
metric in T, M. Then any centroaffine transformation a of 7T}, M which
leaves I(pg) (as a whole) invariant (e.g. ¢ € €) is an isometry of M} =
M"(Tpy M, I(po)). Namely, a takes P into a(P) =: P’ € I(py), and leaves
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the parallelism, and also the ratios invariant: (O, P, B) = (O, P',a(B)).
Thus, denoting the images by a by a dash, we have

|4Blla = (O, P, B) = (O, P', B') = | OB | ar = | A'B|| .

This means that any ¢;(pg) € € is an isometry of M™(T,, M, I(po)).

We recall that the linear isometry group of a not Euclidean two-
dimensional Minkowski space is finite ([15] p. 83 or [2]). However, if in
a simply connected F™ ¢ consists not of the identity alone (i.e. the in-

dicatrices are not affinely rigid with respect to af‘n), then, according to
our Theorem 2, in T}, M there exist infinitely many different centroaffine
transformations ¢;(pg). Each of them generates a linear isometry of M™.
Then according to the recalled result, in the case of n = 2 the geometry in
T, M must be Euclidean, since the cardinality of ¢;(po) is not finite. This
is true also for all T,M. Thus this F? (€ # id.) is a Riemannian space.

O

4. Let us consider an F™ = (M, Ip,A) = (M, I), where 2 consists of
rotations. We denote such a manifold by M™.

Theorem 4. F" is manifold of type M™ iff the Riemannian manifold
V"™ = (M, g) conjugate to the F" is a Euclidean space E™: F" = M" &
vr=FE".

A) If F* = M", then f(po)Io = I(p), where f is a rotation. Hence
the indicatrix Q(p) of the V™ conjugate to F™ is f(p)S = S, and thus
Vn = E"

B) If V™ = E", then in an appropriate coordinate system (z)

Q(x) = S, and from a(z)S = Q(x) we get a(z)S = S. Thus a(x) = f(x),
and F" = M™. g

Similarly, one can also see that F™ = M"™ < 3 a coordinate system
(x) s a(z) = id.

a) If F = M™ then in an adapted coordinate system (z) I(x) = Io.
Thus (1) is satisfied by a(z) = id.

b) If a(z) = id. then I(x) = Iy, and F™ = M"(M, I).
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