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On optimal linear congruences for Lo (k, le_k)

By JERZY URBANOWICZ (Warszawa)

Dedicated to Professor Kdlman Gydry
on the occaston of his 60th birthday

Abstract. Our purpose in the paper is to investigate divisibility properties of
2-adic L-functions attached to quadratic characters at integers. Following UEHARA’s
ideas we extend the linear congruence relations proved in [6], [8] and [10] (see also [3],
[4], [5], [6] and [7]). For any two-element subset L of the set {—1,0, 1,2} we determine
the so-called optimal linear congruence relations for Lo (k, xwl_k), with k € L.

1. Notation

For prime p as usual we denote by C, the completion of the algebraic
closure of Q,. Q, denotes the field of p-adic numbers. For a,b € C, and
a € Q the notation a = b (mod p®) means that |a — b, < p~™@. ||,
denotes the normalized (such that |p|, = 1/p) absolute value on C,. For
a,b € Z and o € N these congruences are the usual congruences for integral
rational numbers. We say that a € C, is p-integral if a = 0 (mod p°). For
a € Q, if a is p-integral in the above sense then its denominator is not
divisible by p. We say that p-integral number a is divisible by p® (a > 1)
if a =0 (mod p%*). We write p® | a. If for p-integral number a we have
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a # 0 (mod p%), we write p® t a and say that a is not divisible by p®. For
a € Nif p® | @ and p®T* { a, we set p®||a. For o, 3 € N and p®||a, we write
ged(p?,a) = p* (resp. p?) if a < B (resp. B < ). If a = b (mod p?), we
have

(1.1) ged (pﬂ,a) = ged (pﬁ, b).

Moreover if m,n € C, are p-integers not divisible by p, we observe that

(1.2) ged (pﬁ, a) = ged (pﬁ, %) = gcd(pﬁ, an).

We say that a (€ Cy) is even if a is 2-integral and divisible by 2. We say
that a is odd if a is 2-integral and is not even.

As usual let log = log,,, w = w,, denote the p-adic logarithm and the
Teichmiiller character at p respectively. For a Dirichlet character x let
L, (s, x) be the Kubota-Leopoldt L-function. For details see [9].

For k € Z let I, = ., denote the so-called multilogarithms, which
are locally analytic functions on the set C, — {1} defined inductively by

lo(s) = —s/(1—s), dli(s) = lx-1(s)ds/s and ilir(l) lk(s) = 0. For details, see
[1]. Moreover if k < 0, we have I1(s) = s(—1)*R_j(s)/(1 — s)' 7%, where
R, € Z[z] (n > 0) are the so-called Frobenius polynomials defined in [2].
If k = —1 we have [_1(s) = s/(1 — s)? in particular. If kK = 1, we have

l1(s) = —log, (1 —s).
The main interest of the multilogarithms is that they give the Coleman

formulas
(X Cv) =
Ly(k, xw' ™) = (1= x(p)p k) DX M) > xX(@)lkp (Car)-
a=1

Here y is a primitive non-trivial Dirichlet character modulo M and through-
out the paper we denote by (as a primitive Mth root of unity in C,.

For a fundamental discriminant d (# 1) as usual we denote by x4 the
associated quadratic character (Kronecker symbol). We set y; = 1. De-
note by 7y the set of all fundamental discriminants dividing d. Throughout
the paper, for t,c € Z (t # 0, ¢ > 1) we denote by v(t) the number of dis-
tinct prime factors of ¢ and adopt the notation i’ to a sum taken over

a=1
integers a prime to ¢. As usual ¢ denotes Euler’s phi function.
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The proofs of the main theorems of the paper (Theorems 1 and 2) are
based on the following lemma.

Lemma 1 (see [8, Lemma 1], cf. [6, Lemma 3]). Let x be a Dirichlet
character modulo M >1 and let N be a multiple of M such that N/M >0
is a rational square-free integer relatively prime to M. For arbitrary nat-
ural number T' satisfying M|T|N we assume that {7 = (an(r/n and set

T
Sea(T) =) "x(@)lk(CH).
a=1
Then for any integer k we have

Sk (N) = (1) T (1= x(p)p"*) Sk (M).

pl(N/M)
p prime

2. Quadratic fields

If d is the discriminant of a quadratic field, we denote by h(d), k2(d),
4, resp. Ra(d) the class number, the order of the Ks-group of the integers,
the fundamental unit, resp. the second Borel regulator of the field Q(\/&)
For k € {—1,0,1,2} we have
—12wy H(d)ko(d),  ifk=—1andd> 1,
2w~ (d)h(d), if k=0and d <0,
2d~Y?h(d)logeq, ifk=1andd> 1,
2Ry(d)|d|73/%ky(d), if k=2 and d <0,

L(k7Xd) =

where w(—3) = 6, w(—4) = 4, w(d) = 2 if d < —4 and w2(8) = 48,
wo(5) = 120, wa(d) = 24 if d > 8. Here L(s, x) is the classical, complex
Dirichlet L-function attached to x. In the case when k = 2 we assume

that the so-called Lichtenbaum conjecture for imaginary quadratic fields
holds.
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Usually, the complex and p-adic formulas differ by an Euler factor.
Namely we have

Ly(k, xaw' ")
—12w; (d) (1 — xa(p)p) k2(d), if k=—1andd>1,
2w (d) (1 — xa(p))h(d), if k=0andd <0,
2d_1/2(1 — Xd(p)p_l)h d), logeg, ifk=1andd>1,
2Rs ,(d)|d| 73/ (1 — xa(p)p~?)ka(d), if k=2andd <0,

where by analogy R ,(d) denotes the second p-adic regulator of the cor-
responding field Q(v/d). In the case when k = 2 the above equation is the
statement of a p-adic analogue of the Lichtenbaum conjecture for imagi-
nary quadratic fields.

3. The numbers Wy, .(n)

Let k, n € Z and e € Tg. For n > 0 write
-1, ifn=1,2 (mod 4) and e € Tg — 7y,
Yn,e =
1, otherwise

and

" B 2n + 1
Wi.e(n) = Z(—l)“k“)(zz + 1)t kw,e( )

n—1
1=0

The numbers Wy, .(n) are 2-integral rational numbers. We have
ordy(Wi,e(n)) > n. For details see [10].

4. Uehara’s functions

From now on we assume that p = 2, w = ws and [}, = [ 2. For any
Dirichlet character ¢ modulo f and k& € Z let L denote the so-called
Uehara functions. These functions are defined by

Lia(s) = 5 (-5 (1kls) ~ lu(=5)) (s # 1),
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if ) is the trivial character, and

— f
Liu(s) = (—1 ’““”" S ain(ces) (s #C)
a=1

otherwise. For details see [8]. For ¢ = x. set Ly = L.

The proof of the main result of the paper (Theorem 1) is based on
the following properties of Uehara’s functions implied by the identity of
Lemma 1 and proved in [8] and [10].

Lemma 2 (see [6], [8, Lemma 2| and [10, Lemma 1]). Given any odd
integer M, let x by a primitive Dirichlet character modulo M. Suppose
that N is an odd multiple of M such that N/M (> 0) is a rational square-
free integer relatively prime to M. Let 1 be a primitive Dirichlet character
being either trivial or of even conductor coprime to N. Assume that for
arbitrary natural number T satisfying M|T|N we have (v = Cu(r/m-
Then for any integer k we have

XC a
o) D x(a) Ly (CR)
a=1
= (=)™ T (1= xdb(p)p' ) La(k, xbw' "),
pl(N/M)
p prime

unless k = 1 and the characters x and 1 are trivial, in which case we have

N
> L () =
a=1

—(logy N)/2, if N is a prime number,
, otherwise.
Remark. In the formulation of Lemma 2 of [8] there is a small error,
which implies the same error in Lemma 1 of [10]. The right hand sides of
the identities of the lemmas should be multiplied by (—1)**1.

Lemma 3. Let ¢ (> 1) be an odd natural number. If k # 0, 1 we
have

D) = (D=2 T (=g (e )

ple
p prime



682 Jerzy Urbanowicz

If k =0 or 1 we have
1
_§¢(C)’ itk =0,
/ a
Z k(Ce) =19 — logy ¢, if k=1 and c is a prime number,

0, otherwise

PROOF. Given r € N we have

LY (e = B

¢r=1

(see [1, Proposition 6.1]). Applying this formula with » = 2 we obtain
Lii(s) = (1) (Ik(s) — 27 %1 (s?)) (s # £1).

Hence we have

> (¢ = ()M (1 Zﬁlec

because

(1—279) Y () = ’““Z DM (1(CE) — ()
a=1

Dlan Z'ﬁk,l(C )
a=1

Thus Lemma 3 in the case when k # 0 follows easily from Lemma 2.
If K =0 we have

Zz () Z — =3 S — 0l0) = 50(e) —6(e) = —50(0),

which completes the proof. O

Lemma 4 (cf. [6, Lemma 2]). Given d (# 1) an odd fundamental
discriminant we have

|d| _M ifd <0,

ZXd )o C\d| 7—(X‘hc\dl)’

0, otherwise.
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PROOF. By the definition of [y we have

|d] . |d] ya(a)Ce || a |d]
;xd(a)lo@dﬂ =y fl_q;' = ; lxj(q% > xa(a).

a=1

Hence and from Lemma 2 [6] the identity of the hypothesis of Lemma 4
follows immediately. U

In Lemmas 5 and 6 £ (# 1) denotes a primitive Nth root of unity,
where N is an odd natural number.

Lemma 5 (see [6] and [8, Lemma 4]). For any e € Tg write o = sgne
and set
ag

1+ ag?’

Wqo —

Then we have

L_q e(g) = Z(4a)k 2k+1 EO,e(&) = W-a,
k=0

> (4a)Fw2ktl >, (—16a)kw?k+ rop\ 7t
S I LR BT Sy
2 okt g 2@k 1)? \k
if e € 7y, and
Lore(§) ==Y 2a)* 2k - D, Lo(6) =Y (-20)
k=0 k=0
e (20)Fw2kl
£1,6(§) - Z 2k 4 1 )
k=0
L& (—16a)R N ok TH S 20Ny
Ez,e(g)—ZW 1 Z )2
k=0 1=0
ife € g — 1.

Remark. Uehara in a letter to the author has observed that the for-
mulas for £_; .(§) and L2 (&) given in the above lemma can be deduced
easily from his formulas for Lo ((§), £1,(€), and differential properties of
Coleman’s multilogarithms. The details of the proof are left to the reader
as an exercise.
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Lemma 6 (see [10, Lemma 3]). For any e € 7g and m € Z write
a=(—1)"*lsgne and let

Wo = 7045
C 14 ag?
Then we have
= W, e (K
Lmel§) = 3 g e By
k=0

5. Some special sequences

Let K be a finite non-empty subset of the rational integers. We will
consider linear combinations of Uehara’s functions at ¢ with 2-adic integral
coefficients

T = {fk,e}(k,e)erTg Cc Cs.

For any L C K the z is said to be defined on L if . = 0 for k & L. Let

2k)1 (Qk)l k <2z> 4
ap = and [ = 27,
¥ <k Pk ZZ% !

Given 2-adic integers ay (n) (€ Cy) with k € K, e € Tg, n > 0 we
consider some sequences of linear combinations of xj, . of the form

(5.3) (@)= Y are(n)TRe, N =0
(k,e)e K xTg

For any L C K the sequence (y,)n>0 of this form is said to be defined on
L, if the sum is taken over (k,e) € L x Tg.

For 2 = {Zk.e}(ke)ekx7 We consider two sequences z = (2)n>0
and u = (up)p>o of the form (5.3). The sequences are defined on K =
{—1,0,1,2} in the former case and on any finite subset K of Z in the latter
case by

Zp = E Te, z1 =2 E Tkie,
(k,e)e K xTg (k,e)e K xTg
sgne=(—1)*
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29040 = 2l+g(2l (2l +1 2((1—@ )T_11+X_1,—4 )
— @2 -2+ 1)*((1 - 0)z—1,8 + T_1,-8)
+ (204 1)*((1 - 9)zo,—s + T0,8)
(2l+ )((1 —0)T11 + 21— )
(2l +1)((1 = 0)z1,8 + x1,-8)
+ 2%y ((1 = 0)wa,—ataa)

+ 238, (1 = 0)w2,—5 + xz,s)),
ifl>1, p€{0,1}, and

U2+ = 2¢ Z l(k+1) 2l + 1) ’Yl,exk:,ea >0, o€ {07 1}7

where the sum in the latter case is taken over all (k,e) € K x Tg if o =0,
and over (k,e) € K x Ty with sgne = (—1)¥ if o = 1.

Let y = (yn)n>0 be a sequence of the form (5.3). Let ¢ = ¢(y) be a
non-negative number such that there exist 2-adic integers xj . not all even
satisfying

Yn(x) =0 (mod 2°), n >0,

and if for some 2-adic integers z . we have
yn(r) =0 (mod 2°T1), n >0,

then all the numbers xj, . are even.

Lemma 7 (see [8, Lemma 5]). Let K = {—1,0,1,2} and let L be
a non-empty subset of K. Write ¢(L) = c(z), where z = (2,)n>0 is the
sequence given above, defined on L. Then we have

c(L) =12, 9, 5, resp. 2,
if card(L) = 4,3,2, resp. 1, unless L = {—1,1} or {0, 2}, in which cases

c(L) =6.
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Lemma 8 (see [10, Lemma 5]). Let m > 1 be an integer and let
K={-m+2,-m+3,...,1}.

Then we have
c(un) =3m — 1+ ordy ((m —1)!).

Remark. Lemma 8 is also valid for any set consisting of m consecutive
integers. In order to prove it we apply the same reasoning as in the proof
of Lemma 5 [10].

6. Linear combinations of Lj, (&)

Recall that N is an odd natural number and & (# 1) is a primitive
Nth root of unity in Cy. Given 2-adic integers {Zy e} e)cxx7z © C2 not
all even, defined on a non-empty subset L of K, our purpose is to evaluate
the linear combinations

Z xk,eﬁk,e(é-);

(k,e)e K xTg

modulo powers of 2. In order to obtain the congruences stated in Lemma 9
we appeal to Lemmas 5 and 7. Combining the obtained congruences with
Lemmas 1 and 2 we shall derive some new congruences for linear combina-
tions of the values of 2-adic L-functions Ly (k, yw!™*) with arbitrary 2-adic
integral coefficients, where y are primitive quadratic Dirichlet characters.

Lemma 9 (see [8, Lemma 5]). Set K = {—1,0,1,2}. Let x, . (k € K,
e € Tg) be 2-adic integers not all even defined on a non-empty subset L
of K. Then we have

Z Tk eLre(§) =0 (mod 2N,

(k,e)eLxTg
where 2* is the greatest common divisor of
2¢1) and z,, 0<n < max (QC(L) —4, 2),

and
c¢(L) =12, 9, 5, resp. 2,
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if card(L) = 4,3,2, resp. 1, unless L = {—1,1} or {0, 2}, in which cases
c(L) =6.
PrOOF. We first observe that for n even

2zn = Zn+1 + gn—&-l’

where the 2,41 comes from z,4y; by replacing xj _4 (resp. zj 1, Tp,—g Or
Tis) by Tp1 (vesp. Ty, —4, Ty,s OF Tp,—g).

In [8, Lemma 5] the congruence of Lemma 9 was proved modulo the
greatest common divisor of 2°(%) and z,, 0 < n < 2¢(L) —2. Now it suffices
to use the congruences

29141 = 2+l (mod 2”2), Zoi41 = o+l (mod 2”2),
20 = 2" (n+17) (mod 2°11),
where [ > 1 and
N=2_1,-8+ Tos+ T1,-8 + T2s-

These congruences follow immediately by the definition of the za;4,. In-
deed we have

22040 = 2l+g<((1 —0)T_1,8+ 96—1,—8) + ((1 — 0)To,—8 + 330,8)
+ ((1 — Q):El,g + 161,_8) + ((1 — Q)wg’_g + .1'278)> (mod 2l+9+1)

because ords (23lal) > 2l and ords (231@) =0.
By the above, we have

Zo¢(L)—2 = QC(L)_l(n +17) (mod 2¢(L)y
Zoc(L)-3 = 2¢B) =1y (mod 2¢(F))

Zoe(r)—4 = 2°P72(n + 7)) (mod 2¢(F)71),
Zoe(n)—5 = 2° 72 (mod 2¢(b)=1),

provided ¢(L) > 2. Therefore we may ignore zo.(ry—2 and zoc(py—s if
c(L) > 2.

Appealing to Lemmas 6 and 8 we obtain:
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Lemma 10 (see [10, Lemma 6]). Let m > 1 be an integer and let
K={-m+2,-m+3,...,1}.

Let xy . (k,€ K,e € Tg) be integers in Co not all even. Then we have

(i) Z TpoLre(€) =0 (mod 2*),

(k,e)e KxTg
where 2* is the greatest common divisor of
2¢tn) and u,, 0<n<4m-—1,

(ii) for an arbitrary integer s

Z xk,eﬁk—&-s,e(g) =0 (HlOd 2/\)
(k,e)eK xTg

7. Main theorems

In this section we extend linear congruence relations proved in [8] and
[10]. We follow UEHARA’s ideas from [6] and give a further generalization
of the Gras—Uehara type congruence for linear combinations of the val-
ues of 2-adic L-functions Lo (k:, le_k), where y is a quadratic Dirichlet
character. We restrict our attention to the cases when k is taken over
an arbitrary non-empty subset L of the set K = {—1,0,1,2} or when k
is taken over an arbitrary finite set of consecutive integers. These cases
were considered in [8] and [10] respectively. It appears to be still an open
problem to find the Gras—Uehara type congruence when k is taken over
any finite subset of the rational integers.

Let d be an odd fundamental discriminant and let m > 1 be a natural
number. Throughout the paper let ¥, © : N — C, be multiplicative
functions such that ¥(s) = O(s) =1 (mod 2) if s | m. Let dx,y denote
the Kronecker delta function, that is, dxy = 1 if X = Y and is zero
otherwise. For k € Z and e € T3 we write

L[Qm’g} (ka Xedwl_k) =0
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ifd=e=k=1, and
0 1-k
L5 (k, Xeaw' ")

= ( [T (—xa@emp' ) —dar [ (1- @(p)))LQ(k,Xedwl_k)

plm plm
p prime p prime

otherwise. Set

L[zﬁ’@] (K, xaw' ™)

h(d), if k=0 and d <0,

: if k=0 and d > 0,

0
(17 —k\ 17 [m,0] 1—k :
xa(2)27%) LY (k, xaw!™F),  otherwise.
If ©(s) = 1 for s | m, we have L[Qm’g] (K, Xeaw' %) = L[zm] (K, Xeaw' ™) and

L[2m} (kv Xedwlik)

0, ifd=e=Fk=1,
=9 II (1= xea(@)p" ") La(k, xew'*), otherwise.
plm
p prime

Now we are ready to extend the main theorems of the papers [8] and
[10]. Let m,s > 1 be square-free natural numbers with s | m. We shall
apply the following identity

(74) Y o [[ a-ew) [ a-2e)= ][ @ -2@ew),

tls pl(s/t) plt pls
p prime p prime p prime

see [6, (3.1)].

Theorem 1 (cf. [8, Main Theorem]|, [10, Theorem]). Let m > 1 be
a square-free odd natural number having v prime factors and let ¥, © :
N — C; be multiplicative functions satisfying ¥(s) = O(s) = 1 (mod 2)

if s | m. Let K have the same meaning as in Lemma 9 (resp. Lemma 10)
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and let © = {Ty.c }(k,e)erx x7y De a set of 2-adic integers not all even. Set

M(m,©) =~ 3 ey [ (-6(a).

plm ql(m/p)
p prime q prime

Then the number

A(z,m, ©,0) =Y ape Y W(d) LY (k, xeaw ™) + 21171 (m, ©)
(ke)eKxTs  d€Tm

2V+)\

is a 2-adic integer divisible by , where \ has the same meaning as in

Lemma 9 if K = {—1,0,1,2} and x is defined on a non-empty finite subset
L of K (resp. Lemma 10 if K is a finite set of consecutive integers).

PrRooOF. Write

Aoy(z,m,0) = H (1 — @(p)) Z T,e Lo (k,xewl_k).

plm (k,e)e K xTg
p prime (k,e)#(1,1)
and
L’(k: 1_k) 0, ife=d=k=1,
y XedW -
2 ‘ Lo (k, Xedwl_k), otherwise.

We proceed in the same manner as in the proof of the Main Theorem in
[8] (resp. the Theorem in [10]). Making use of (7.4), for any multiplicative
function ® : N — Cy and fixed u, s with u | s we obtain

o ') o) [] a-ewm) [ -2w®)

ads  pls/t) pl(t/u)
(7 5) p prime p prime
= J] a-emem).
pl(s/u)
p prime

This follows from (7.4) by a simple induction on the number of prime
factors of s/u. We observe that for any functions f and g

(7.6) Y Fd)D g(e)h(d,e) = g(d) > fle)h(e,d).

dlm cld dlm d|clm
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Therefore we have

A(z,m,¥,0) —z11A1(m, ©) + Ay(x, m, O)

= > ke d_w(d) J] (1 —0@xea®)p"F) Ly (k. xeaw' )

(k,e)e K xTg deT, p\(m/d)
p prime

= Y we Y w(d)O () Lh (K, Xeaw )

(k,e)eK xTg deTr,
x Y_o(d) I a-e®) ] - xealp)p'™)
c€Tm pl(m/c) pl(c/d)
pdel. p prime p prime
= Y wme . 0@d) [ a-em)
(k,e)e K xTg deT,, p|(m‘/d)
p prime
x > 0(leO(lel) JT (1= xee®@)p' ™) Lh (K, Xeew ).
ceTy pl(d/c)
p prime

Consequently appealing to Lemma 2 we obtain

A(z,m,V,0)
jd
= > edlautia) TT a-0m) Y (Y wrelee(Gy))
1#£deT,, pl(m/d) a=1 keK
p prime ecTg
$ (2 nle)w(ehO (el)7 (xes G el ™ xela))
ceTy
jd
= > edlautia) TT a-0m) Y (Y wrelee(Gy))
1#£deT,, pl(m/d) a=1 keK
p prime e€Ty
(T (-G e (@) ),
pld
p prime

where p* = (—=1)®=1/2p and Ga= Il G-
pld
p prime
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Now Theorem 1 follows from Lemma 9 when K = {—1,0, 1,2} or from
Lemma 10 when K is a set of consecutive integers. O

The Main Theorem in [8] and Theorem in [10] are special cases of
Theorem 1 when O(s) =1 for s | m.

We now extend Theorem 2 [6] (a supplement of Theorem 1 [6]). Let
m (> 1) be a square-free odd natural number. Denote by I(m) the set
of k € Z such that 1;({?) are 2-adic integers for any ¢ and a with ¢ | m,
c#1,1<a<cand ged(a,c) = 1. By definition, we have 1 € I(m) and
r € I(m) for any integer » < 0. The question whether I(m) = Z remains
to be open.

Theorem 2 (cf. [6, Theorem 2]). Let m > 1 be a square-free odd natu-
ral number having v prime factors and let ¥, © : N — Cy be multiplicative
functions satisfying U(s) = O(s) =1 (mod 2) if s | m. Set

Aowm@) = 5( T (-0 - [ (1-60)

plm plm
p prime p prime

and

Aru(m,©) = > O(p)logap [[ (1—-6(q)).

plm ql(m/p)
p prime q prime

For k € I(m) the number

Aulkym, ,0) = > w(ld)) LY (k, xaw' )

+ 0,000, (M, ©) + 01,1 A1 (M, O)
is a 2-adic integer divisible by 2”.
PRrROOF. Write
(1=27%) " L™k, wt=) itk £ 0,1,

Ak« (m, ), otherwise

N (k,m,0) —{

and

A (k,m, @,0) = Y w(d) [ (1—0mxalp)p' ") Ly (k, xaw' "),
deT pl(m/d)
p prime
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where

h(d), if k=0and d <0,

0, if k=0andd >0,
ork#0andd=1,

(1_Xd(2)2_k)_1L2(k?,de1_k), otherwise.

LY (k, xqw' %)=

We first observe that
Au(k,m, ¥, 0) = AN (k,m,0) + N'(k,m, ¥,0).

On the other hand, by virtue of (7.4) we have

N(k,m,©)=(1-27"7" 3 odd) [ (1-ew)

oo

« TI (1= Lk "),
pld

p prime

if k#0,1 and

1
N (0,m,0) = 5 3 (=0 @e(d)ed) T (1-6ew).
=1 i

Moreover by virtue of (7.5) we have

N (kym, ,0) = Y W(|d)Ls (k, xaw' )07 (1d]) Y O(le])

deTm d|c|m

< II (-ew) [T (-xawp'™),
pl(m/c) pl(c/d)

p prime p prime

and so in view of (7.6) we obtain

N (k,m,®,0)= > 0(d) [ (1-ew)

d€Tm, pl(m/d)
p prime
x Ye) TT (1= xel@)p' %) L5 (k, xew' ).
c€Tq pl(d/c)

p prime
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Therefore appealing to Lemmas 3 and 4 we deduce that

||
N(k,m,©) = (=) ()" Pe(d) I (1-6em) ) k()
o H

and

N (k,m, ®,0) = (-1 > e(d) [ (1-ew)

deT, pl(m/d)
d#1 p prime

|
<3 w0 (eI T (1 ™) ()
b=1

c€1y pl(d/c)

p prime

Thus in view of Lemma 1 we have

Au(k,m, ¥,0) = (=11 3 () De(ld) [] (1-6m)

d€Tm pl(m/d)

d#1 p prime
1 Xcaq \ 7
x Y W(le)O™H(|el) ] Z D)k (Cfy)
ceTy b=
||
= (=DM Y =y @ed) [T (1 -ew) D k(<)
deT, pl(m/d) b=1
d#1 p prime
Xy H(\Cl)‘l’(ld)@_l(\Cl)T(XTC’fc)Xc(b)
ceTy
|d]
DY edd) T (1-ew)d k()
i€T,, pl(m/d) b=1
#1 p prime
< TI (700 G)p w0 )y () — 1),
pld
p prime

which proves Theorem 2.
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8. Optimal linear congruences

The congruences in the hypothesis of Theorem 1

ST ane Y w(ld)Ly O (K, xeaw! ")

(k,e)e K xTg deTn,
+ $1’1A1(m, @) =0 (mod 2U+>\)

are said to be optimal if A = ¢(L) (resp. A = ¢(uy,)). The 2-adic integers
Zie (k€ K, e € Tg) determining an optimal linear congruence are called
optimal for K. For example, the congruences proved in [4], [7] or resp.
[5] are optimal for K = {0}, K = {—1,0} or resp. K = {—-m,...,—1,0}
(m >0).

Optimal linear congruences exist for any non-empty subset L of K =
{—1,0,1,2} and when K is a finite subset of consecutive integers. Such
a congruence was given explicitly in the proof of Lemma 5 in [8] in the
former case and inductively in the proof of Lemma 6 in [10] in the latter
case.

9. Applications of Theorem 1

When L = {0,1} Theorem 1 gives the congruences of GRAS [3] and
UEHARA [6] for class numbers of quadratic fields which are modulo 2v+2,
where A\ < 5. When L = {—1,0} (resp. L = {0}) we obtain congruences
for the same objects as those in [7] (resp. [4]). The obtained congruences
are modulo 2" **, where A < 6 (resp. A < 2). When 2 € L the congruences
implied by Theorem 1 are quite new and especially interesting. They
produce, via a 2-adic version of the Lichtenbaum conjecture, some new
congruences for the conjectured orders of Ks-groups of the integers of
imaginary quadratic fields. We present these congruences in a general
form in Theorem 3.

For the discriminant D of a quadratic field, we write

H(D) = Ly (k,xpw' ™) (resp. K2(D) = 2L (k, xpw'™*)),
ifk=0,D<0ork=1,D>1(resp. k=—-1,D>1or k=2 D<0).
We have

H(D) = { 2w~ (D)(1 - xp(2)) (D), if D <0,

(2 — xp(2))D~V21(D) logy ep, if D> 1,
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and

—24w; ' (D) (1 — xp(2)2)k2(D),  if D> 1,

K>(D) = { (4 _ XD(Q))|D‘*3/2R272(D)k2(D), it D <0.

In the formula for K5(D) when D < 0 we assume that the 2-adic Licht-
enbaum conjecture for imaginary quadratic fields holds. Now we are

ready to extend results of [8, Applications]. We rewrite Theorem 1 with
K ={-1,0,1,2} in the form:

Theorem 3 (cf. [8, Applications]). Let m > 1 be a square-free odd
natural number having v prime factors and let ©,¥ : N — C, be mul-
tiplicative functions such that O(s) = ¥(s) = 1 (mod 2) if s | m. Set
K = {-1,0,1,2} and let L be a non-empty subset of K. Given a set
T = {Tke}(ke)ckxTy Of 2-adic integers not all even defined on L, set

A=A +A+A +As+A |+ A

where
A= Y Y w(d)
R
X( II (O=xa@O®r®) —dar |] (1—@(p)))K2(ed),
plm plm
Mo =D woe Y, U(ld])
ecTy deT,,
ed<0
X( I (1 —xa@Ow®pr) —dar [] (1—@(p))>H(ed),
plm plm
=D @ Y (ld)
S
X( I[I @—xa@O®)—das [] (1—@(p)))H(ed),
plm plm
jg: T2 2{: ‘dD
eETs deT,

ed<0
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X < H (1 - Xed(p)@(p)p_l) - 5d,1 H (1 - @(p)))Kg(ed),

plm plm
p prime p prime
1
Ay =ea( I (-6 - TI (-ew),
plm plm
p prime p prime
1

Ay =—gan >, O@logp [[ (1-6().
plm al(m/p)
p prime g prime

Then the number A is a 2-adic integer divisible by 2¥**, where \ has the
same meaning as in Theorem 1.

10. The case L = {0,1}

HARDY and WILLIAMS [4] discovered a new type of linear congru-
ence relating class numbers of imaginary quadratic fields. A general linear
congruence relating class numbers and units both of real and imaginary
quadratic fields was discovered by GRAS [3]. Gras derived his congruence
using 2-adic measure theory. UEHARA [6] reproved Gras’ congruence us-
ing elementary 2-adic arguments. Both Gras and Uehara used the 2-adic
analogue of Dirichlet’s class number formulas. URBANOWICZ and WOJCIK
[8] and WoucIk [10] indicated how Uehara’s techniques may be used to
obtain more general congruences among the values of 2-adic L-functions.
Gras and Uehara’s congruences are special cases of Theorems 1 and 2.

Theorem 4 (see [6, Theorem 1]). Let m > 1 be an odd square-free
integer having v prime factors, and let @,V : N — Cy be multiplicative
functions such that ¥(s) = O(s) =1 (mod 2) for any divisor s | m. In the
notation of Theorem 3, for any 2-adic integers g ., 1, (e € 7Tg) not all
even we have

> woe . w(d)(TT (1= xea®)O@p) = b0 [T (1 = O(0)) ) H(ed)

e€Tg de7T,, plm plm
ed<0 p prime p prime
+> we \If<|d|)(1'[ (1= xea(®)O(p)) —dan [ (1 - @(p)))H(ed)
e€Ty deT, plm plm
ed>1 p prime p prime

5 Y OW)lomp I (1-6(0) =0 (mod )

plm al(m/p)
p prime q prime
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where 2* is the greatest common divisor of the eight integers s; (0 < i < 7)
defined by

80 = Z0,—8 + To,—4 + To,1 + To,8 T T1,-8 + T1,—4 + T1,1 + T18,

51 = 2(»”5’0,1 +To8 +T1,—8 + $1,—4),

S9 = 2(3xo, 8—|—3:E08+x1,84—2:51,4—1—2:511—1-3:18)

4 3x08+x1_8+29@1_)

8

(
(
4(5xo,—s + Bwo,s + 1,8 + 4T1,—4 + 4211 + T18),
(zo,8 + 21,-8),

(

= 8(wo,—s + To,s — T1,—8 — T1,8),

S7 = 32.

Remark. The proof of Theorem 4 is straightforward. We see at once
that ged(z;,32) = ged(s;,32), 0 < i < 6, which is clear from (1.1) and
(1.2) (with p = 2).

Theorem 4 is the main result of [6]. This theorem and its supplement
stated in [6, Theorem 2] include the congruences proved in [3, Théoremes
(1.3), (1.4)] and [4]. For details and other applications see [6].

In fact Uehara has provided a general method of producing such con-
gruences. It is a simple matter to determine linear congruence relations

with given A. We will look more closely at the case when A = 5.

Corollary 1. The congruence in the hypothesis of Theorem 4 is opti-
mal if and only if

To,—8 = Q,

xo,—4 = a + 32b — 16¢c — 24d + 4e + 4 f + 2g,
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Zo,1 = —a+ 16c + 16d — 4e — 4f — 2g + 2h,
o8 = —a+16d — 4f + 2h,

x1,—g =a— 16d +4f + 49 — 2h,

x1,—4 =a—16d +4e +4f —2g — 2h,
r11 =—a—8d—4e+4f + 2g,

z18 = —a+32d — 8f —4g,

where a,b,c,d, e, f,g,h € Cy are integers with a odd.

PROOF. The congruence in the hypothesis of Theorem 4 is valid mod-
ulo 2¥*% if and only if

sp = 32b, s1 = 32¢, s9 = 32d, s3 = 32e,
(10.7)
s4 = 32f, s5 = 32¢g, s¢ = 32h

for some integers b,c,d,e, f,g,h € Cy. Taking zo_gs = a we obtain a
system of seven linear equations with seven unknowns o _4, 0,1, %08,
Z1,-8, T1,—4, 1,1, 21,8 and determinant —8. An easy computation gives
the formulas of Corollary 1 at once. O

Corollary 2. If the congruence in the hypothesis of Theorem 4 is
optimal then all the xo ., x1 . (e € Tg) are odd. None of these coefficients
can vanish in particular.

11. The case L = {—1,0}

In this case the obtained congruences extend those of [7] for the orders
of Ky-groups of the integers of real quadratic fields and class numbers
of imaginary quadratic fields. We leave it to the reader to show that
Theorem 5 implies the Theorem in [7]. In the case when L = {—1,0} we
have ¢(L) = 5 and the congruences are valid modulo 21 where A < 5.

Theorem 5. Let m > 1 be an odd square-free integer having v prime
factors, and let ©, ¥ : N — Cq be multiplicative functions such that ¥(s) =



700 Jerzy Urbanowicz

O(s) =1 (mod 2) for any divisor s | m. In the notation of Theorem 3, for
any 2-adic integers x_1 e, xo,. (e € Tg) not all even we have

>~ are Wl ( [T (-xea®)O@)p?) ~das [T (1-60)) ) Ka(ed)
plm

e€Ty deT, plm

ed>1 p prime p prime
+23)° xo,eZ\If(\d!)<H (1-Xea(P)O(p)P) —dan [ | (1—9(p))>H(6d)
ecTy deT,, plm plm
ed<0 p prime p prime

—|—lx,1’1< H (1-0@p®) - H (1- @(p))) =0 (mod 2"+ 1),

6
plm plm
p prime p prime

where 2* is the greatest common divisor of the eight integers s; (0 < i < 7)
defined by

S0 =T 1,8 +T 1, 4+T_11+x_18+ To—8+ To,—4+ Zo,1+ To,s8,

s1=2(x_1,_s + T 1,4+ o1 + Tos),

So = 2( —T_1,—8+2x_1_4+2x_11 —T_18+To,—5 + 5L'0,8)a
sg=4(— w18+ 2314 + 20g),
sa=4(—3z_y_s+4r_1_4+4x 11— 3z 18+ o5+ Zog),
s5 = 8(x_1,—8 + To,3),

s6 =8(—x_1,_8 —T_1,8+ To,—s + To,3),

s7 = 32.

PROOF. The proof is immediate. We apply (1.1) and (1.2) again.
O

Corollary 1. The congruence in the hypothesis of Theorem 5 is opti-
mal if and only if

r—1,-8 = a,

T_1,—4 = a+4e—2g,
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r_11=—a+ 8d—4e+ 2g — 2h,

r_18 =—a+ 16d —4f — 2h,

z1,—8 = a+16d — 4f — 4g + 2h,

21,4 = a+ 32b — 16¢ — 40d + 4e + 8f + 29 + 2h,
z1,1 = —a+ 16¢c — 4e — 2g,

1,8 = —a+4g,
where a, b, c,d, e, f, g, h € Cy are integers with odd a.

PRrROOF. The congruence in the hypothesis of Theorem 5 is valid mod-
ulo 275 if and only if sg, s1, S2, S3, S4, S5, Se satisfy (10.7) for some
integers b,c,d,e, f,g,h € Cy. Taking x_1 _g = a we obtain a system of
seven linear equations with seven unknowns x_q1 _4, *_1,1, _1,8, To,—8,
Z0,—4, To,1, To,8 and determinant —8. A standard computation gives the

formulas of Corollary 1 at once. O

Corollary 2. If the congruence in the hypothesis of Theorem 5 is
optimal then all the x_1 ., xoe (e € Tg) are odd. None of these coefficients

can vanish in particular.

12. The case L = {-1,2}

In the case when L = {—1,2} we derive linear congruences among
the conjectured orders of Ks-groups of the integers of quadratic fields. In
this case the obtained congruence provides an analogue of the Gras and
Uehara congruence in Ks-theory. Here ¢(L) = 5 and the congruences are
valid modulo 21 where \ < 5.

Theorem 6. Let m > 1 be an odd square-free integer having v prime
factors, and let O,V : N — Cy be multiplicative functions such that ¥(s) =

O(s) =1 (mod 2) for any divisor s | m. In the notation of Theorem 3, for
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any 2-adic integers x_i ., x2. (e € 73) not all even we have

Saoe o w(d)( I (1= xeatw)Ow)r?)

ecTg d€Tm plm
ed>1 p prime
~di1 J] (1-6)))Ka(ed)
p|m
p prime
+ > e > wld)( I (- xea®)O@ ™)
e€Ty d€Tm plm
ed<0 p prime

—dn [T (1-0m))Ka(cd),

plm

p prime
1 v
+ gx_l,l( ]|_[ (1-oe@pp’) - 1|_[ (1- @(p))) =0 (mod 2"**),
p I;)rime P Irj)rime

where 2* is the greatest common divisor of the eight integers s; (0 <i < 7)

defined by

So=%-1,-8+T_1,4+T11+2T_18+ T2 -8+ x2-4+2x21+ Tas,

s1 = 2(.%_17_8 + 21,4+ 2x21 + $2,8),

so=2(Tw_1,_8+20_1,_4+20 11+ Tx_15+ 5T2 _3
+4wo 4+ 4w + 5562,8),

4( — x_ 1—8+2«T 174""43521"‘53728)

4(5x_ 1,—8 +4$ 1,—4 +4ac 11—1—530 18+£L'2_ +l’28)

(

(

8(w_1,—8 + 22,8),
=8(3w_1,_8 +3T_1,8 + T2 s + T28),
s7 = 32.

PROOF. In order to obtain the above formulas for s;, 0 < i < 6 we

make use of (1.1) and (1.2).

O
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Corollary 1. The congruence in the hypothesis of Theorem 6 is opti-
mal if and only if

T_1,-8 = a,
T_1,—4 = —3a+ 32c — 4e + 2g,
x_1,1 = 3a + 64b — 32c — 8d + 4e — 2g + 2h,
r_18=—a— 1280+ 16d + 4f — 6h,
xo_g = a+ 384b — 48d — 12f — 4g + 22h,
To 4 = —3a — 288D 4 16¢ + 40d — 4e + 8 f + 6g — 18h,
T2,1 = 3a — 16¢ + 4e — 6g,
Ta2,8 = —a+4g,

where a,b,c,d, e, f, g, h € Cy are integers with a odd.

PRrROOF. We proceed in the same way as in the proof of Corollary 1
to Theorem 5. Taking x_;,_g = a we obtain a system of seven linear
equations with seven unknowns x_; 4, T_11, T_18, T2 8, T2 4, T2,1,
x2,8 and determinant 8. An easy verification gives the above formulas
immediately. O

Corollary 2. If the congruence in the hypothesis of Theorem 6 is
optimal then all the x_1 ., x2, (e € Tg) are odd. None of these coefficients
can vanish in particular.

13. The case L = {1,2}

In the case when L = {1,2} we obtain linear congruences for class
numbers of real quadratic fields and the orders of Ks-groups of the integers
of imaginary quadratic fields. In this case ¢(L) = 5 and the obtained
congruences are valid modulo 2¥T 1 where A < 5.

Theorem 7. Let m > 1 be an odd square-free integer having v prime
factors, and let ©, ¥ : N — Cy be multiplicative functions such that ¥(s) =
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O(s) =1 (mod 2) for any divisor s | m. In the notation of Theorem 3, for
any 2-adic integers x1 ¢, T2, (€ € 73) not all even we have

2 me Yy U |d|)( II (- xea@O®p))

ecTy deT,, plm
ed>1 p prime
~61 [ (- @(p)))H(ed)
i
T2 e ) ¥ |d|)< I[I @—xea@Omr™)
e€Ty deT,, plm
ed<0 p prime
— 64,1 H (1- @(p)))KQ(ed)’
b o
— 1,1 Z @(p) 10g2p H (1 — @(q)) =0 (mod 21/—‘,—/\4—1)7
plm ql(m/p)
p prime q prime

where 2* is the greatest common divisor of the eight integers s; (0 < i < 7)
defined by

S0 =21,-8 +X1,-4+T11 + X188+ T2 -8+ X2 4+ T21+ X2g,
81 = 2(201,—8 + 21,4+ 221 + 332,8)7

s9 = 2(3w1,_g +6x1,_4 + 6211 + 3718 + T2 8 + 4w, 4+43321+5$28)

41,8 + 2214 + 4221 — T28),

| |
W

| |
o0

(
(
(—3w1,_g+ 4wy, +4a11 — 3218+ 2,5 + T2s),
(xl -8+ 33278),

(

= 8(3x1,-3 +3m18+x2_8+$28)
57232.

PRrROOF. It follows from (1.1) and (1.2) that

ged(zs, 32) = ged (4(3x1,_8 + 61,4 + 4221 + d228), 32) = ged(ss, 32)
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and the corollary follows easily from Theorem 7. 0

Corollary 1. The congruence in the hypothesis of Theorem 7 is opti-
mal if and only if

T1,-8 = a,

21,—4 = a + 32c¢ — 4e — 10g,
x11 = —a+192b — 32c — 24d + 4e + 8 f + 10g + 2h,
1,8 = —a+ 1280 — 16d + 4 f + 2h,

To,_g =a — 384b+48d — 12f — 49 — 2h,

To,—4 = a + 96b + 16¢ — 8d — 4e — 6g — 2h,
T21 = —a — 16¢ + 4e + by,

T8 = —a+4g,
where a,b,c,d, e, f,g,h € Cy are integers with a odd.

PROOF. The proof is standard. We proceed in the same way as in the
proof of Corollary 1 to Theorem 5. Taking x;,_g = a we obtain a system
of seven linear equations with seven unknowns x_1 _4, 11, 18, T2 8,
To,—4, T2,1, T28 and determinant —8. The details are left to the reader.

O

Corollary 2. If the congruence in the hypothesis of Theorem 7 is
optimal then all the x1 ., x2. (e € Tg) are odd. None of these coefficients

can vanish in particular.

14. The cases L = {—1,1} and L = {0,2}

In the case when L = {—1,1} (resp. L = {0,2}) we obtain linear
congruences between class numbers and the orders of Ks-groups of the
integers of real (resp. imaginary) quadratic fields. In both the cases ¢(L) =

6 and the obtained congruences are valid modulo 2¥T**+1, where A < 6.
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Theorem 8. Let m > 1 be an odd square-free integer having v prime
factors, and let O,V : N — Cy be multiplicative functions such that U(s) =
O(s) =1 (mod 2) for any divisor s | m. In the notation of Theorem 3, for
any 2-adic integers x_1 ¢, 1, (e € Tg) not all even we have

S Y wla( I (- xa®)ewr?)

e€Ty deT,, plm
ed>1 p prime
~dia [] (1-0(®))Ks(ed)
o e
t2) me Y w(d)( I] (- xea)ow)
e€Ts deT,, plm
ed>1 p prime
— 04,1 H (1 - @(p)))H(ed)
» e
1 2
tgrn( I1 -ewr) - I (1-60)
p e L
— T Z O(p)log, p H (1-6(q)) =0 (mod gvTA+L)
plm ql(m/p)
p prime q prime

where 2* is the greatest common divisor of the eight integers s; (0 < i < 7)
defined by

S0 =T-1,-8§+T-1,-4+T 11 +T_18+T1,-8+x1,—4+T1,1+2T18,
s = 2(£L“_1,_8 +x_1,4+x1,-8+ ﬂ01,—4),

So = 2( —3r_1, 8 +6x_1_4+6x_11—3T_138
+ 21,8 +271,4 + 2711 + $1,8)7

s3=4(—3w_1_g+6x_1,_4+z1,_5 +221,_4),

S4 = 4(51‘_17_8 + 4.1'_17_4 + 4x_1,1 + 5x_1,8 + 5%17_8
+4dxy, 4 + 4311 + 521 8),

55 =8(bw_1,—8 +4w_1,_4 + w1 _g + 41, _4),
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s6 =8(3z_1,_s +3z_18 — T1,_8 — T1,8),

ST = 64.

ProOOF. Note that in the case when L = {—1,1} we have
28 = —2z6 (mod 64), z7=—2z5 (mod 64),

and in consequence we may ignore zg and z7 (the z, with n = 2¢(L) — 4,
2¢(L) —5). In order to obtain formulas for s;, 0 < i < 6 we use (1.1) and
(1.2). For example, we have

ged(z3,64) = ged (4(—9z_1,—s + 201, 4 + 3x1,_5 + 61,4), 64)
= ged(ss, 64).

The corollary follows easily from Theorem 8. O

Corollary 1. The congruence in the hypothesis of Theorem 8 is opti-
mal if and only if

T_1,-8 = Q,
T_1,—4=a—48c+4e + 2g,
x_1,1 =—a— 160b+ 48c + 8d — 4e + 8f — 29 + 2h,
T_18=—a—64b+4f + 2h,
T1,—8 = —a — 128c + 8g,
Z1,—4 = —a + 208c — 4e — 10g,
1,1 = a+ 480b — 208c — 8d + 4e — 24 f + 10g — 2h,
r18 =a—192b+ 128c+ 12f — 8g — 2h,

where a, b, c,d, e, f,g,h € Cy are integers with a odd.

PROOF. The congruence in the hypothesis of Theorem 8 is valid mod-

ulo 2*6 if and only if

sp = 64b, s1 = 64c, so = 64d, s3 = 64e,

14.8
( ) 54 =064f, s5 = 064¢g, s¢ = 64h
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for some integers b,c,d,e, f,g,h € Cy. Taking xog_g = a we obtain a
system of seven linear equations with seven unknowns x_1 _4, _1,1, T_1,8,
Z1,-8, T1,-4, T1,1, 1,8 and determinant —64. A standard computation
gives the formulas of Corollary 1 at once. 0

Corollary 2. If the congruence in the hypothesis of Theorem 8 is
optimal then all the x . are odd. None of these coefficients can vanish in
particular.

Theorem 9. Let m > 1 be an odd square-free integer having v prime
factors, and let O,V : N — Cy be multiplicative functions such that ¥U(s) =
O(s) =1 (mod 2) for any divisor s | m. In the notation of Theorem 3, for
any 2-adic integers xo ¢, T2, (€ € 73) not all even we have

2> w00 > w(d)( I (1= xealr)O(p)p)

ecTg deT, plm
ed<0 p prime
— 0d,1 H (1- G(P)))H(ed)

p I;))‘;iﬂme

+ Y @y U \d!)( II (=xa@emp™)

e€Ts deT,, plm
ed<0 p prime
—dan [I (1-60))Ks(ed),
plm
p prime

=0 (mod 2T 1),

where 2> is the greatest common divisor of the eight integers s; (0 <1 < 7)
defined by

S0 = X0,-8 + Xo,—4 + To,1 + To,8 + T2,—8 + T2 —4 + T21 + Tags,
s1=2(zo,1 + To,8 + 2,1 + T28),
S9 f2(9x0 8 +9x08 +5x2 g +4wo 4 +4w2 1 +5x28)
4(9960 8 +4wo 1 + 522 8)
~ (e,

0,—8 + To,8 + T2 g+ x2,8)a
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s5 = 8(z0,8 + 22,8),
Sg = 8(51’07_8 + 5xg,8 + T2, _g + .%'278),
S7 = 64.

PRrROOF. Note that in the case when L = {0,2} we have
zg =226 (mod 64), 27 =225 (mod 64),

and in consequence we may ignore the zg and 27 (the z, with n = 2¢(L)—4,
2¢(L) —5). We apply (1.1) and (1.2) again. O

Corollary 1. The congruence in the hypothesis of Theorem 9 is opti-
mal if and only if

L0,—8 = @,

xo,—4 = a + 64b — 32c — 8d + 4e +4f — 2g,
o1 = —a+32c —4e —4f + 29 + 2h,
o8 = —a —4f + 2h,

T3 = —a+16f — 8g,

To,—4 = —a+ 8d —4e — 20f + 10g,
o1 = a+4e+4f —10g — 2h,
Tog =a+4f +8g—2h,

where a, b, c,d, e, f,g,h € Cy are integers with a odd.

PRrROOF. The congruence in the hypothesis of Theorem 9 is valid mod-
ulo 276 if and only if s, 51, S2, 53, 54, S5, 56 satisfy (14.8) for some integers
b,c,d,e, f,g,h € Cy. Taking xy,_sg = a we obtain a system of seven linear
equations with seven unknowns o _4, 0,1, To0,8, T2,—8, T2,—4, T2,1, T2
and determinant 64. An easy verification gives the formulas of Corollary 1
at once. (|

Corollary 2. If the congruence in the hypothesis of Theorem 9 is
optimal then all the xg ., 2. (e € Tg) are odd. None of these coefficients
can vanish in particular.
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15. Concluding remarks

Uehara’s approach used in [8] and [10] gives a method of producing
linear congruences. It would be interesting to use this method to find for
given A explicit formulas for the zj . such that the linear congruences are
valid modulo 2¢**. This approach should yield many new congruences
between class numbers and the orders of Ko-groups of the rings of integers
of quadratic fields. In the case of the orders of Ks-groups for imaginary
quadratic fields such congruences would be completely new. The detailed
results will appear in forthcoming publications.

Another direction for further investigation would be to extend WdJ-
CIK’s congruence [10] by giving a congruence for a linear combination of
the values Ly(k, xw!'~*), where the numbers k are taken from any finite
subset of the integers. Wéjcik’s congruence involved the case when this
subset consisted of consecutive integers. URBANOWICZ and WOJCIK [§]
found such a congruence for any subset of the set {—1,0,1,2}.
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