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On some class of hypersurfaces of semi-Euclidean spaces
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Abstract. In the paper we prove that under some additional curvature condition
the relations R- R =0 and R-S = 0 are equivalent for hypersurfaces of semi-Euclidean
spaces. We present also examples of hypersurfaces having the curvature tensor expressed
by the square, in the sense of the Kulkarni-Nomizu product, of the Ricci tensor.

1. Introduction

Let (M,g), n = dim M > 3, be a connected semi-Riemannian man-
ifold of class C'*° and let V be its Levi-Civita connection. A manifold
(M, g) is said to be semisymmetric (][26]) if

(1) R-R=0

on M. Every locally symmetric manifold (VR = 0) is semisymmetric. The
converse statement is not true. For precise definitions of the symbols used,
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we refer to Section 2. A semi-Riemannian manifold (M, g) is said to be
Ricci-semisymmetric if

(2) R-S=0

on M. Every Ricci-symmetric manifold (V.S = 0) is Ricci-semisymmetric;
the converse statement is not true. Ricci-semisymmetric manifolds were
investigated by many authors (e.g., see [1], [9], [10], [23] and [24]). It
is clear that every semisymmetric manifold is Ricci-semisymmetric. The
converse statement is not true (e.g. see [11]). Although (1) and (2) do not
coincide for manifolds in general, it is a long standing question whether
the conditions R- R =0 and R-S = 0 are equivalent for hypersurfaces of
Euclidean spaces (see Problem P 808 of [25] by P. J. RYAN). We can also
consider the problem whether (1) and (2) are equivalent for hypersurfaces
of a semi-Riemannian space form N™*!(c), and more general, the problem
of equivalence of (1) and (2) on semi-Riemannian manifolds, i.e. without
the assumption that a given manifold can be realized as a hypersurface in
a semi-Riemannian space form. A survey of results related to the above
subject is given in [12] (see also [1] and [17]).

In [14] it was shown that if M is a hypersurface of a semi-Euclidean
space E?T1 with signature (s,n + 1 — s), n > 4, satisfying on Us C M
the condition C'- R = LQ(g,C) then C- R =0 and R- R =0 hold on Uc.
Recently, this result was extended to the case when the ambient space
is a semi-Riemannian space of constant curvature ([7]). In this paper we
consider semi-Riemannian manifolds (M, g), n > 4, satisfying at every
point the condition

(%) the tensors C' - R and Q(g, R) are linearly dependent.
We note that (x) is satisfied on (M, g) if and only if

3) C-R=LQ(g,R)
onUp ={z € M | R— 755G # 0 at z}, where L is some function
on Ug.

In Section 2 we prove that if (x) is satisfied on (M, g), n > 4, then
(M, g) is a manifold with pseudosymmetric Weyl tensor, i.e. a manifold
satisfying at every point the condition ([11], Section 12.6)

(%)1 the tensors C' - C' and Q(g,C) are linearly dependent.
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(*)1 is satisfied on (M,g) if and only if C - C = LcQ(g,C) on U =
{r € M| C #0 at 2}, where L¢ is some function on Uc. We note that
Uc as well as the set Us = {x € M | S — £g # 0 at x} are subsets of
Ugr. We denote by U, the subset of M consisting of all points of the set
U =UcNUsg C M at which the scalar curvature x is nonzero. Semi-
Riemannian manifolds fulfilling (x), (*); or other conditions of this kind
are called manifolds of pseudosymmetry type. Recently, a review of results
on pseudosymmetry type manifolds was given in [13].

It is known that every hypersurface of a semi-Euclidean space satisfies
the following relation ([18], Corollary 3.1).

(4) R-R=Q(SR).

In Section 3 we consider Ricci-semisymmetric manifolds satisfying ()
and (4). In Theorem 3.1 we present curvature properties of such manifolds.
In particular, Theorem 3.1(vi) states that if (M,g), n > 4, is a Ricci-
semisymmetric manifold satisfying at a point z € U, C M the conditions:

-1
L# 45 and L# ofer, then R = (200 —2)L+ 22=25) S A8

n—1

holds on some neighbourhood V' of x. We present an example of a semi-
Riemannian manifold realizing assumptions of Theorem 3.1(vi). Namely,
we check that the warped product M X p M, p=dimM >2, n—p=
dim M > 2, with some warping function F, defined in Example 4.1 of [6], is
a manifold realizing the assumptions of Theorem 3.1(vi) (see Example 3.1).

In Section 4 we state that the mentioned above warped product can
be realized as a hypersurface of E?*! (see Example 4.2). Further, in this
section we prove our main result (Theorem 4.1): For hypersurfaces of
Entl n > 4, satisfying (x) the conditions of semisymmetry and Ricci-
semisymmetry are equivalent. Furthermore, we prove that (Theorem 4.2):
Every hypersurface M of E"T n > 4, having nilpotent shape operator
satisfies the following relation

(5) KR = %S/\S.

We note that the last equality implies (3) (Lemma 2.1(ii)). In Exam-

ple 4.1 we present some semisymmetric hypersurfaces of semi-Euclidean
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space satisfying (5). We prove also a converse statement (Theorem 4.3):
If (5) holds on the subset U, of a hypersurface M of E**1 n > 4, then
on U, the shape operator A of M is nilpotent.

2. Preliminary results

We define on a semi-Riemannian manifold (M, g), n > 3, the endo-
morphisms X A4 Y, R(X,Y) and C(X,Y) by

(X AAY)Z =AY, 2)X — A(X, Z)Y,

R(X,Y)Z =VxVyZ —-VyVxZ— Vix,y)Z,

K

C(X,Y)=R(X,Y)—

n—2

(XAQSY+SXAgY— -
/,’L_

X A, Y> :
respectively, where the Ricci operator S is defined by S(X,Y) = g(X,SY),
S is the Ricci tensor, k the scalar curvature, A a symmetric (0, 2)-tensor
and X,Y,Z € E(M), Z(M) being the Lie algebra of vector fields of M.
The tensor S? is defined by S?(X,Y) = S(SX,Y). The tensor G, the
Riemann—Christoffel curvature tensor R and the Weyl conformal curva-
ture tensor C of (M, g) by G(Xl,Xg,Xg,X4) = g((Xl Ng XQ)Xg,X4),
R(X1, X5, X3, X4) = g(R(X1, X2) X3, X4), C(X1, X2, X35, X4) =
9(C(X1, X2) X3, Xy), respectively. For a (0, k)-tensor 7', k > 1, and a sym-
metric (0,2)-tensor A, we define the (0, k + 2)-tensors R - T and Q(A,T)
by

(R-T)(X1,.... X X,Y) = (R(X,Y)-T)(X1,...,Xz)
= —T(R(X,Y)X1, Xo, ..., Xz)
= T(X1, . X1, R(X,Y) X,
QA T)(X1,..., X X,Y)
= (X AAY)-T)(X1,...,Xp) = -T((X Aa Y)X1, X, ..., Xp)
e = T(Xy, e X1, (X AL Y)XG),

respectively. Putting in the above formulas T' = R, T = S, T = C or
T=Gand A=gor A=S, we obtain the tensors: R- R, R-S, R-C,
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Q(g,R), Q(g,C), Q(S,R) and Q(S,C). The tensors C - R and C - C we
define in the same manner as the tensor R - R; the tensor C' - S is defined
in the same manner as the tensor R -S. For (0,2)-tensors A and B we
define their Kulkarni—-Nomizu product A A B by

(A A B)(Xl,Xg,Xg, X4) = A(Xl,X4)B(X2,X3) + A(XQ, Xg)B(Xl,X4)
—A(X1, X3)B(X2, X4) — A(X2, X4)B(X1, X3).

Lemma 2.1. Let (M,g), n > 3, be a semi-Riemannian manifold.

(i) ([20]) Let B be a symmetric (0,2)-tensor on M and let Ug be a
set consisting of all points of M at which B is not proportional to g. If at
a point x € Upg the following relation is satisfied: BA B = 2ag A B+ 206G,
a,3 € R, then o? = —f3 and rank(B — ag) = 1 at x.

(ii) ([21]) If at a point x € M the following condition is satisfied:
R=25SAS,8€R-{0}, thn R-R = Q(S,R) = 0 and C- R =
o — g, at x. In particular, it 0 = ((n—2)7+ ~—K)™ ~ an
(nlm —~£)Q(g, R I icular, if 3 2 n=24)~! and

T+ 25 # 0 then C- R =7Q(g, R) at z.

Examples of manifolds fulfilling R = gS A S are present in [21] (see
also Example 4.1).

Let (M,g), n > 4, be a semi-Riemannian manifold. We denote by
Ghijis Chiji and (C - R)pijkim the local components of the tensors G, C
and C'- R, respectively. Thus, by definition, we have the following relations:

Ghijk = 9nk9ij — 9njGik

1
(6) Chijk = Rniji — m(ghksij + 9iSnk — 9njSik — GikShj)
K
+ mGhzjka

(7) (C- R)nijrim = 9"° (RrijkCshim + RhrjkCsitm + RhirkCsjim
+ Rhijrcsklm)a

respectively. We have also the following identities:

(8) 9" Q(9, R) hrskim = 9niSkm + 9riShm — GhmSki — JkmShi
= Q(g, S)hklm,
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9) 9"°Q(9, R)rijkis = 9r1Sij — 9515k — (n — 1) Ryiji,
(10) 9" Q(S, R) hrskim = Atkhm — Athmik — Amknl + Amhik,

(11) 9" Q(S, R)rijiis = Atiji — Aitji — Ajitk — Arijit
— &Rk + SkiSi; — SjiSk,

(12) Amijk = Sm'rgTsRsijk = Sn:szijka Snf = grpSmr-
Applying (6) in (7) we get

1

(13)  (C- R)nijrim = (R R)nijrim — ——% Q(S, R)nijkim
n—2
K
% R)hijkim
+ (TL— 1)(71—2)62(9’ )h gkl
1
- m(ghlAmijk — IhmAlijk — GitAmhjk + GimAinjk

+ glemkhi - gijlkhi - gklAmjhz‘ + gkmAljhi)a

where (R R)nijkim, Q(S; R)nijkim and Q(g, R)pijkim are the local compo-
nents of the tensors R - R, Q(S, R) and Q(g, R), respectively.
If (3) is satisfied on the set Ugr C M then (13) turns into

1
(14) (R R)nijkim = mQ(Sa R)nijkim

+ (L - (n—l)ﬁin—?)> Q(g, R)nijrim

1

+ m(ghlAmijk — IhmAlijk — GitAmnjk + GimAinjk

+ 9j1Amihi — 9imAikhi — ki Amjini + GemAljni)-
Contracting this with g% and using (8) and (10) we obtain
(15) R-5=Q(g,D),

K

1
1 D= 562 =L —
(16) n—g> TH K (n—D)(n—2)

We note that we can present (15) in the form

(17) (R S)nijk = Aniji + Ainjk = gnjDir + 9iDhie — 9riDij — Gite Dhj-
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Contracting this with g% we get

tr(S?)
n—2

2
(18)  Brm = _msl%m — NpSkm + PYkms P = + K,

where By, = S™ Ry pms. Further, summing (17) cyclically in h, j, k, we
obtain

(19) Aniji + Ajikn + Aging = 0.

Now (10) and (11) reduce to

(20) 9" Q(S, R) hrskim = Ankim + Akhim.,
(21) 9" Q(S, R)rijris = —Aujr — KRiije + SkSij — SjiSik.

Proposition 2.1. If the condition C - R = LQ(g, R) is satisfied on
the subset Uc C M of a semi-Riemannian manifold (M, g), n > 4, then
C-C=1LQ(g,C) onUc.

ProoF. Contracting (C - R)nijkim = LQ(g, R)nijkim with g* and
using (6)—(8), we find
(22) (C - S)nkim = LQ(g, S) nkim.-
Further, applying (6) and (22) in the identity
(C - Onijrim = 9" (CrijkCshim + ChrjkCsitm + ChirkCsjim + ChijrCskim)

we obtain

1
(C - COhijkim = (C - R)hijkim — —3 (ghk(c = 8)ijim + 9i5(C - S)hkim

— 9n; (C - S)ikim — gix(C - S)hjlm)v

which by making use of (3) and (22), after straightforward calculations,
turns into

(C - Cnijkim = LQ(g, C)nijkim.,
which completes the proof our proposition. O

From the above result it follows immediately the following

Theorem 2.1. A semi-Riemannian manifold (M, g), n > 4, fulfilling
(*) is a manifold with pseudosymmetric Weyl tensor.



594 C. Murathan, K. Arslan, R. Deszcz, R. Ezentas, C. Ozgiir

3. Ricci-semisymmetric manifolds fulfilling (3) and (4)

Let (3) and (4) be satisfied on the subset Ug of a semi-Riemannian
manifold (M, g), n > 4. Now, by our assumptions, (14) turns on U into

n—3
(23) n— 2@(57 R)hijklm = MQ(ga R)hijk:lm
1
+ m(ghlAmijk — 9nmAtijk — GitAmnjk + GimAihjk

+ gjtAmknhi — GimAikhi — ki Amjini + GemAvjni)-

Contracting this with ¢"™ and using (9), (17) and (21) we obtain

n—3 n—
24) 2Aui = ————(S NSy —(n—1)p | Ryj
(24) lijk 2(n—2)( )z]k—l-(n_sz (n )M) lijk
1
+ 11(9r1Sij — gj1Sik) + m(gleij — 9j1Bix)
n—3
+ m(gthik + 91Dk — gnkDij — gikDhj).-

We assume now that the hypersurface M is Ricci-semisymmetric. We

restrict our considerations to the set Us C M. Now (17) yields
(25) (R - S)nijk = Aniji + Ainjr =0,

which, by contraction with ¢"*, gives B = S2. Applying this in (18) we

obtain
1 1
26 —— 82+ uS = —pg,
(26) S S =pg
1 1
27 ——B+puS = —pg.
(27) B+ uS=_pg

By (26), (16) turns into

—_

28 D= ~pg.
(28) P9
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By making use of (27) and (28), (24) reduces to

n—3
(29) 24151 = —m(s A S)iiji
n—3 1
+ <n 5k (n— 1)M> Ryiji + ﬁpGlz‘jk-

Transvecting (29) with S,! and symmetrizing the resulting equality in j,
m and applying (25) we find

n—3

(30) 2(n —2)

Q(S7 82) - pQ(Qa S)

On the other hand, (26) implies

n

(31) e

Q(Sv 52) = pQ(ga S)

Further, (30) and (31) yield pQ(g,S) = 0, whence, in view of Lemma 2.4
(i) of [18], it follows that p = 0 on Ug. Thus (29) turns into

n—3

(32) 2A1i51 = —m

(S VAN S)lijk + (Ii — (TL — 1)L)Rlijk-

In addition, (26) reduces to

(33) 82 = —(n— 2,

Next, transvecting (32) with S,! and using (33) we get

(81) (=20 =2)u—r+ (=1L Auge = (n =35 (S A Suige-

We finish this section with the following

Theorem 3.1. Let the conditions: C-R = LQ(g,R), R-R = Q(S, R)
and R -S = 0 be satisfied on the subset U = Uz NUs C M of a semi-
Riemannian manifold (M, g), n > 4, and let x be a point of U.

(i) If p and k vanish at x then at x we have: C'- R =0 and

(35) Q(S, R—2(nl_2)g/\5>:().



596 C. Murathan, K. Arslan, R. Deszcz, R. Ezentas, C. Ozgiir
(ii) If p = 0 and k # 0 at x then at x we have: kR = 1S A S and
(36) R-R=Q(S,R) = 0.

(iii) If p # 0 and k = 0 at = then at x we have:

L 1
(37) Q(S—2g,R—2(n_2)LS/\S>—O

(iv) If u# 0, k #0 and L — "5 = 0 at x then at x we have:

K

n—1

4(n — 2)

(v) If p#0, k #0, L— -5 # 0 and L+ "7 = 0 at = then at x we have:
rank S =1, A:nRand( 6).

(vi) If u #0, s #0, L— "5 #0 and L+ "5 # 0 at = then at x we have:
(36) and

(39) R= (2(n—2)L+2(n_2)f<c>_lS/\S.

n—1

Proor. (i) If p and k vanish at « then L = 0 and C - R = 0 at z.
From (32) we get A = —0=5 32)5 A S. Now (23) turns into Q(S,R) =
—4(71_2)62(9,5 A S), which, by making use of the equality (16) of [3],

completes the proof in the first case.

(i) By our assumptions (34) reduces to (L — -"5)A = 0, whence it
follows that A vanishes at z. Now (23) and (32) complete the proof of (ii).

(iii) (32), by the assumption £ = 0, takes the form A = Iy 32)5’ A
g - 1)LR Next, applying the above relations in (23) we get (37).

(iv) We note that (34) reduces to A =
n (23) we obtain (38).

(v) (32), by multiplication by p and making use of (34), yields

4(n 2) S A S. Applying this

(40) (n=1)L—=r)(A+ (n—2)uR) =0,
(41) A= —(n—-2)uR.
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Evidently, from (41) we obtain A = xR. Applying this in (32) we get
S A S =0, whence rank S = 1. In addition, from (23) it follows that (36)
holds at x.

(vi) We note that (32), by making use of (41), turns into (39). Now
Lemma 2.1(ii) completes the proof in the last case. Our theorem is thus
proved. O

Remark 3.1. From (35) and (38), by making use of results of [16]
(Lemma 3.4, Theorem 4.2), we can obtain more information about the
curvature tensor R of the semi-Riemannian manifolds considered in the
last theorem.

Example 3.1. Let M be a nonempty open connected subset of R?,
p > 2, equipped with the standard metric g, §,, = €adab, €a = =1,
where a,b € {1,...,p}. We put F = F(z!,...,2P) = kexp(£,x®), where
k&1, & €R E3 4 ~+§12, > 0 and k > 0. Further, let N be a nonempty
open connected subset of R"™P, n > 4, equipped with the standard metric
G, GaB = €alap, €a = 1, where a, 5 € {p+1,...,n}. We consider the
warped product M x N of the manifolds (M,g) and (]V , g) with the warp-
ing function F' defined above. This warped product satisfies the following
relations ([6], Example 4.1):

n—op trT n—-p-—1 ~
ab = T QaSb af — | — - AF afs
Sab 1 §albs  Sap < 5 iF 1 ) 9op
F
(42) Ty = 5 &ab

(n—p)(n—p+1)

1 iy,

F
A F = F2€f£f) trT = §§f§f7 k==

where ¢/ = g¢/¢.. We note that if p = 1 then the warped product M x g N
is a conformally flat manifold ([6], Example 4.1). Therefore we consider
only the case: p > 2. In that case the warped product M x g N is a non
conformally flat semisymmetric manifold satisfying (4) ([6], Example 4.1).

Further, using the above relations we can easily check that M x p N satisfies

n—p+1

(43) R )

SAS.
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By Lemma 2.1(ii), we have also on M xp N the following relation

(p—2)k

(44) C'R:_(n—z)(n—1)(n—p+1)

Q(g, R).

It is clear that there exist the constants e, ¢,, and &, such that §f§f is
nonzero. Now the scalar curvature k of the manifold M x r N is nonzero.
Thus we see that the assumptions of Theorem 3.1(vi) are fulfilled.

4. Hypersurfaces satisfying (5)

Let M, n = dimM > 3, be a connected hypersurface immersed iso-
metrically in a semi-Riemannian manifold (N,g). We denote by g the
metric tensor of M, induced from the metric tensor g. Further, we denote
by V and V the Levi-Civita connections corresponding to the metric ten-
sors g and g, respectively. Let & be a local unit normal vector field on M
in N and let ¢ = g(£,£) = £1. We can present the Gauss formula and
the Weingarten formula of M in N by: VyY = VxY + eH(X,Y)¢ and
Vxé = —A(X), respectively, where X,Y are vector fields tangent to M,
H is the second fundamental tensor of M in N, A is the shape operator of
M in N and H¥(X,Y) = g(A¥(X),Y) and tr(H*) = tr(A*), where k > 1.
We assume that the ambient space is a semi-Euclidean space E? ™! n > 3.
The Gauss equation of M in E**! we can present in the form R = SHAH,
where R is the curvature tensor of M. Let the equations z" = " (y") be
the local parametric expression of M in E**! where y” and z" are the
local coordinates of M and E**1, respectively, and h,i,j, &k, € {1,...,n}
and r € {1,...,n+ 1}. Thus we have

(45) Rpiji = e(HpeHij — HpjHi), €= =1,

where Rp;;r and Hyy are the local components of the tensors R and H,
respectively. Contracting (45) with ¢* and ¢"* we obtain

(46) Shi = E(tr(H)Hhk — H}%k)?
(47) ko= e((tr(H))? — tr(H?)),
respectively, where H }%k = g% H;pHji,. From (46), by transvection with

S,", we obtain

(48) St = Hyy, — 2tr(H)Hj, + (tr(H))*Hp,,
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where H?, = g H3 Hji, and H}}, = ¢ H3 Hjk. It is well known that on
every hypersurface M of a semi-Riemannian space of constant curvature
N™tL(c), n > 4, the following condition is satisfied ([18]): R-R—Q(S, R) =

(n—2)k
T n(n+1)
Evidently, when the ambient space is E?*1, n > 4, the last relation reduces
to (4).

Q(g,C), where kK is the scalar curvature of the ambient space.

Proposition 4.1. If the conditions: C - R = LQ(g,R) and R-S =0
are satisfied on the subset Uc of a hypersurface M of EM*1 n > 4, then
R-R=0onUg.

PROOF. From Theorem 2.1 it follows that C'- C' = LQ(g,C) on Uc.
Now, in view of Theorem 4.1 of [8], we obtain (1) on Ue, which completes
the proof. O

Theorem 4.1. For every hypersurface of E?*1 n > 4, which satisfy
%) the conditions of semisymmetry and Ricci-semisymmetry are equiva-
Y Y . Y q
lent.

PROOF. (1) and (2) are equivalent on the set M —U¢ ([15], Lemma 2).
Proposition 4.1 yields the equivalence of both conditions on Us. Our
theorem is thus proved. O

Ezample 4.1 ([14], Examples 4.1 and 5.1). Let (N,§), be a 1-dimen-
sional Riemannian manifold. Let M be a nonempty open connected subset
of R?, p =n —1 > 3, equipped with the standard metric g, g,, = €a0ab,
g, = £1. We put F = F(a!,...,2P) = kexp({,2®), where &1,. .., &, and
k are constants such that &2 4 ... + 512, >0, §%€,& =0 and k > 0. We
consider the warped product M x N. This warped product satisfies the
following relations:

Rutea =0, Ruain = 5 Glofun, Tar = & 6absr (1) =0,
(49)
AMF =0, Sup= —ifa&,, Spn =0, S?=0 k=0,

respectively. Using the above formulas we can check that the manifold
M xp N satisfies the following conditions: rank S = 1, k = 0, S? = 0,
R-R =0 and C(S§Xy, X2, X3,X4) = 0, for any vector fields Xy,..., Xy
on M. These relations imply R(SX71, X2, X3, X4) = 0, i.e. the tensor A
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with the local components Ay, defined by (12), is a zero tensor. It is clear
that (5) trivially is fulfilled on M. Let H be the (0,2)-tensor on M Xz N,
with the local components H;;, defined by H,, = —i\/ﬁfaﬁb, H,, =0,
H,, = l\/Fﬁnn, where € = +1 and [ is a positive constant. The tensor H
fulfils (45) and H?® = tr(H)H?. Furthermore, we can check that H is a
Codazzi tensor. Thus we see that the manifold M X g N can be realized as
a hypersurface immersed isometrically in E?T!. Therefore on M we have:
R-R=Q(S,R) =0. Now (13) reduces on M to C' - R = 0. In addition,
the tensor H?, with the local components H?,, of the hypersurface M is a
nonzero tensor. We note also that (M, g) satisfies S- R = 0. Hypersurfaces
satisfying the last condition were investigated in [2] and [3].

We note that, in virtue of (45)—(47), (5) is equivalent to

(50) Hi HY — Hi HY + tr(H?) (HppHiy — Hy Hig)
= tr(H)(Hthfj + Hz‘jH;%k — thHz?k — szﬂfzw)
As an immediate consequence of the above remark we have the following

Theorem 4.2. Every hypersurface of E?*1, n > 4, having nilpotent
shape operator A, satisfies the relation kR = %S AS.

Examples of hypersurface of E?*! having nilpotent shape operator
are presented in [22].

Proposition 4.2 (cf. [19], Lemma 1). Let M be a hypersurface of
E?* n > 4. If at a point © € Ug C M the second fundamental tensor H
of M satisfies the condition

(51) H? =aH + B3¢, «,B€R,

then R-S = —¢fQ(g,95) at .

Further, as an immediate consequence of Proposition 3.1 of [5], we
have

Proposition 4.3. Let M be a Ricci-semisymmetric hypersurface of
Entl n > 4. Then at every point x € Us C M the following relation is
satisfied

(52) H® =tr(H)H? + \H, X€R.
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Proposition 4.4. Let M be a Ricci-semisymmetric hypersurface of a
semi-Euclidean space E?t1, n > 4. Then at every point x € Us C M we
have: (52) and the tensor H? is not a linear combination of the tensors H
and g, or H?> = aH, a # tr(H), a € R.

PROOF. We suppose that (51) is satisfied at a point x € Ug. From
the fact that the tensor R-S vanishes at z it follows that 3 = 0 at . Thus
(51) reduces to H* = aH. In addition, if o = tr(H) then H? = tr(H)H
and, by (46), S = 0, a contradiction. Thus a # tr(H) at x. The last
remark completes the proof. O

Let now M be a hypersurface of E?T! n > 4, satisfying (5). First of
all we note that (5) holds on M — Up if and only if its curvature tensor
R vanishes on M — Ug. Similarly, (5) holds on M — Ug if and only if its
Ricci tensor S vanishes on M — Ug. Let x be a point of the set M — Uc.
The identity

2

K K
HC_KR_7n—2gAS+—(n—1)(n—2)

G,

by making use of (5) and C' = 0, turns into

2k2
(n—1)(n—2)

2
SAS=-""T"grS5+
n—2

Applying to this Lemma 2.1(i) we get (n4f;)2 = (n—f)ﬁ(j@—m and rank(S —
~5g) = 1, whence it follows that x = 0 and rank S =1 on M — Uc. Let
now x € Ur C M. We note that that from (5) it follows immediately that
% vanishes at x if and only if rank § < 1 at . We recall that in Example
4.1 it was stated that there exist hypersurfaces of a semi-Euclidean space
satisfying the conditions: x = 0, rank S = 1 and H? # 0. Thus we see, that
with respect to the above comments, we can restrict our considerations to
the set U, consisting of all points of the set U = Ug N Us C M at which
the scalar curvature x of M is nonzero. Evidently, from (5) it follows that
R-S=0,5%2=0,and A =0 on U, where the tensor A is defined by (12).
The last two relations, by (45)—(48), turn into

(53) H* = 2tr(H)H? — (tr(H))*H?,

(54) tr(H)(Hpy, Hij — Hp;Hiy) = Hy Hig — Hy  Hyy,
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respectively. We recall that a hypersurface M is quasiumbilical at a point
x € M if its tensor H has at this point the following decomposition:
H = ag + fw ® w, where w € T)(M) and «,5 € R. By the main
result of [18], M is quasiumbilical at = if and only if its Weyl conformal
curvature tensor C' vanishes at this point. Thus we see that U has no
quasiumbilical points. Since (U, g) is a Ricci-semisymmetric hypersurface,
from Proposition 4.4 it follows that at every point x € U at least one of
the following two equations must be fulfilled: H? = aH, « # tr(H), or
H3 =tr(H)H?+\H, X € R, and the tensor H? is not a linear combination
of the tensors H and g. In the first case, (53) turns into a(a? — 2 tr(H)a +
(tr(H)?)H) = 0, whence a(a — tr(H)) = 0. Since a — tr(H) # 0, the
last relation reduces to o = 0, i.e. H2 = 0. We consider now the second
case. First of all, we note that (54) reduces to \(H;; Hp), — Hy Hp;) = 0,
whence, by symmetrization in h,i we obtain A\Q(H, H?) = 0. This, in
view of Lemma 2.4(i) of [18], implies A = 0. Thus we have at x: H? =
tr(H)H?. Transvecting now (50) with H]* and using the last relation we
obtain (tr(H?) — (tr(H))?)(H;;HA, — szHZZJ) = 0. Symmetrizing this
in [, i we obtain (tr(H?) — (tr(H))?)Q(H, H?) = 0, which, in view of
Lemma 2.4(i) of [18] and (47), implies k = 0, a contradiction. Thus we
have proved the following

Theorem 4.3. If M is a hypersurface of E"*! n > 4, such that
KR = %S A S is fulfilled on the set U,, C M then on U, the shape operator
A of M is nilpotent.

Ezample 4.2 ([6], Example 4.1). Let MxzN,p=dimM > 2, n—p =
dim M , n > 4, be the warped product defined in Example 3.1. Let 7 be
a function on M xp N such that 72 = —%Efﬁf, e=241,on M xp N. It
is clear that there exist constants ¢, €4, and &, such that the function 7
is nonzero at every point  of M xr N and the right-hand side of the
last relation is positive at every point x. Further, let H be the (0,2)-
tensor on M XFN, with local components H;;, defined by Hy, = —ﬁfa&,,
H,o =0, Hyg = €7gap. We can check that the following relations are
satisfied on Mx g N: Vx H(Y,Z) = VyH(X, Z) and R(X1, X5, X3, X,) =
S(HANH)(X1, X2, X3, Xy4), where X, Y, Z, X1,..., Xy are vectors fields on
M xp N. Thus we see that the manifold M x F N can be realized as a
hypersurface of a semi-Euclidean space E?! ([6] (Example 4.1). Clearly,
on such hypersurface (43) is satisfied. Since p <n—2 < n—1, (43) cannot
reduce to (5). Thus the constructed above hypersurface do not satisfy the
assumptions of Theorem 4.3.
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Ezxample 4.3. The product manifold of the p-dimensional standard
sphere SP, p>2, and a (n — p)-dimensional Euclidean space E" P n >4,
is a semisymmetric manifold satisfying the following condition ([21]): kR =
@S A S. Tt is known that this product manifold can be realized as a
hypersurface of a (n + 1)-dimensional Euclidean space E"*1.
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