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Abstract. We consider in the present paper a class of Finsler metrics L =
L(µ, β) obtained by a deformation of a (locally) Minkowski metric µ(x, y) by
a linear one form β(x, y). So we obtain a Randers–Minkowski metric. More
general, we study the Finsler spaces with a fundamental metric L = L(µ, β), by
analogy with the (α, β)-metrics, emphasizing especially the variational problem,
geodesics, canonical spray, connections, etc. These metrics are the generalization
of Numata’s Finsler metrics of scalar curvature.

Introduction

The study of special Finsler spaces is a very important topic in Finsler
geometry because it leads to new classes of Finsler spaces with remarkable
geometrical properties. Among the most studied special Finsler spaces are
the Finsler spaces with (α, β) metrics having the fundamental function

F (x, y) = F̃ (α(x, y), β(x, y)),

where α2 = aij(x)dxidxj is a Riemannian metric on M , and β = bi(x)dxi

is a linear 1-form. As particular cases we have the Randers, Kropina and
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Matsumoto classes of Finsler metrics given by ([1], [4]):

α + β,
α2

β
,

α2

α− β
.

These metrics are deformations of the Riemannian metric aij(x) by the
linear one form β. Recently, R. Miron and B. T. Hassan studied the
variational problem of these spaces ([6]).

On the other hand, in 1978, S. Numata ([3]) gave an interesting
example of a Finsler space of scalar curvature, namely

F (x, y) = µ(x, y) + β(x, y),

where µ(x, y) is a locally Minkowski metric and β(x, y) is a linear one form.
In other words, there is a preferential system of coordinates (x, y) on M

such that Numata’s metric reads F (x, y) = µ(y)+β(x, y), where µ = µ(y)
and β(x, y) = bi(x)yi. This metric is of scalar curvature if and only if
β(x, y) is the gradient of a function, i.e. ∂bi(x)

∂xj − ∂bj(x)
∂xi = 0.

Motivated by this example and by analogy with the Finsler spaces with
(α, β) metrics we consider here the deformations of a locally Minkowski
metric µ(x, y) by a linear one form β. We will call these metrics (µ, β)-
metrics. This idea is also based on [5] where a particular deformation of a
general Finsler metric is considered.

If we consider the metric

µ(x, y) = ηijy
iyj , i, j ∈ {1, 2, . . . , n},

i.e. the metric used in the theory of relativity of the space-time manifold,
we obtain a special case being a good model for a theory of gravitation
and electromagnetism. This is of course a particular case of Randers space.
But in general, if the metric µ(x, y) is a Finsler locally Minkowski metric,
for example the one in [3], then this space is not a Randers space any-
more. Therefore the set of Finsler spaces with (α, β) metrics and the set
of Finsler spaces with (µ, β) metrics are distinct, yet their intersection is
nonvanishing.

This is a very important aspect to pay attention to this new class of
Finsler spaces. Even though the formalism used in the study of (µ, β)-
metrics is quite similar to the one used for (α, β)-metrics, the geometrical
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objects are completely different, and although some formulas seem familiar
from (α, β)-metrics, the proof is different. It is therefore very important
to notice the similarities and the differences with respect to (α, β)-metrics
because these are not at all trivial.

In the present paper we are going to study the variational problem
for Finsler spaces with (µ, β) metric considering the integral action of the
regular Lagrangian

L(µ(x, y), β(x, y)) = F̃ 2(µ(x, y), β(x, y)) = F 2(x, y),

and we are going to determine the canonical 1-spray of the space, the
canonical nonlinear connection, etc.

1. Finsler spaces with (µ, β)-metric

A Finsler space Fn = (M,F (x, y)) is called one with (µ, β) metric if
its fundamental function F (x, y) is written in the form

F (x, y) = F̃ (µ(x, y), β(x, y)), (1.1)

where

µ(x, y) = {aij(x, y)yiyj} 1
2 (1.2)

is a locally Minkowski Finsler metric, and

β(x, y) = bi(x)yi (1.2’)

is a “1-form field”.
In general, the function F̃ is defined on an open subset of the manifold

T̃M = TM \ {0}, where (TM, π, M) is the tangent bundle of a smooth
real n-dimensional manifold M , and (xi, yi) are the local coordinates of
the points u = (x, y) ∈ TM , induced on TM by the local coordinates of
the points x = π(u) ∈ M .

It is obvious that µ > 0 on the open set mentioned of T̃M , and at
every point u ∈ T̃M there exists a local system of coordinates with the
property

µ(x, y) = µ(y) (1.3)
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since µ(x, y) is a locally Minkowski Finsler metric.
The function F (x, y) being positively 1-homogeneous with respect to

yi we have

F̃ (µ(x, ty), β(x, ty)) = tF̃ (µ(x, y), β(x, y)), ∀t ∈ R+, (1.4)

and from

µ(x, ty) = tµ(x, y), β(x, ty) = tβ(x, y), t ∈ R+,

follows

F̃ (tµ(x, y), tβ(x, y)) = tF̃ (µ(x, y), β(x, y)), ∀t ∈ R+. (1.4’)

Therefore the function F̃ (µ, β) is positively 1-homogeneous in the ar-
guments (µ, β). In other words, we have

F̃ (tµ, tβ) = tF̃ (µ, β). (1.4”)

This fact is very important because it allows us to use a formalism similar
to the (α, β)-metrics. However, the geometrical objects are different in the
sense that the Riemannian metric α is replaced by a locally Minkowski
one.

Denoting

L(µ, β) = F̃ 2(µ, β) (1.5)

and taking into account the 2-homogeneity of the Lagrangian L(µ, β), we
have

µLµ + βLβ = 2L, µLµµ + βLµβ = Lµ,

µLµβ + βLββ = Lβ, µ2Lµµ + 2µβLµβ + β2Lββ = 2L
(1.6)

where we put

Lµ =
∂L

∂µ
, Lβ =

∂L

∂β
, Lµµ =

∂2L

∂µ∂µ
, Lµβ =

∂2L

∂µ∂β
, Lββ =

∂2L

∂β∂β
. (1.6’)

From (1.2) we obtain:

aij(x, y) =
1
2

∂2µ2

∂yi∂yj
, pi =

1
2

∂µ2

∂yi
, (1.7)
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and
∂µ

∂yi
=

1
µ

pi =
1
µ

aijy
j

∂β

∂yi
= bi(x).

(1.7’)

The following lemma holds:

Lemma 1.1. The covector fields pi(x, y) and bi(x) are linearly inde-

pendent on the manifold T̃M .

Proof. Let us consider the relation

f(x, y)pi(x, y) + g(x, y)bi(x) = 0.

By contraction with yi, one deduces

f(x, y)µ2(x, y) + g(x, y)β(x, y) = 0.

By differentiation with respect to β we obtain g = 0. Then, from fµ2 = 0,
µ > 0 we obtain f = 0. It follows that pi and bi are linearly independent.

¤

Let us determine the fundamental tensor gij(x, y) of a Finsler space
with (µ, β)-metric

gij(x, y) =
1
2

∂2F 2

∂yi∂yj
(1.8)

or

gij(x, y) =
1
2

∂2L(µ(x, y), β(x, y))
∂yi∂yj

. (1.8’)

If we denote

yi = gij(x, y)yj =
1
2

∂L(µ, β)
∂yi

=
1
2

(
Lµ

∂µ

∂yi
+ Lβ

∂β

∂yi

)
, (1.9)

then we obtain

yi = ρpi + ρ1bi, (1.10)

where

ρ =
1
2µ

Lµ, ρ1 =
1
2
Lβ. (1.11)
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Remark. The vector fields pi and bi being linearly independent, it
follows that the yi are uniquely represented in the form (1.10).

By taking the derivative of (1.11) with respect to yi we obtain

∂ρ

∂yi
= ρ−2pi + ρ−1bi,

∂ρ1

∂yi
= ρ−1pi + ρ0bi, (1.12)

where

ρ0 =
1
2
Lββ , ρ−1 =

1
2µ

Lµβ, ρ−2 =
1

2µ2

(
Lµµ − 1

µ
Lµ

)
. (1.13)

The functions ρ1, ρ, ρ0, ρ−1, ρ−2 are called the invariants of the spaces
Fn with (µ, β)-metric. The subscripts 1, 0, −1, −2 show the degree of
homogeneity of these invariants.

Now we give an important result:

Theorem 1.1. The fundamental tensor field of the Finsler space with

(µ, β)-metric is given by

gij = ρaij + ρ0bibj + ρ−1(bipj + bjpi) + ρ−2pipj . (1.14)

This result can be proved by direct calculation, or it can be noticed
that it follows from a similar result in the general case of β-change metrics
(see [9] for details).

Examples. 1. Let µ(y) be given by

µ(y) = {(y1)m + (y2)m + · · ·+ (yn)m} 1
m , m ≥ 3. (1.15)

In the two-dimensional case, its fundamental tensor is ([10])

gij =




(y1)m−2[(m−1)(y2)m+(y1)m]
µ2m−2

−2(y1y2)m−1

µ2m−2

−2(y1y2)m−1

µ2m−2

(y2)m−2[(m−1)(y1)m+(y2)m]
µ2m−2


 .

We also have

det(gij) =
(m− 1)(y1y2)m−1

µ2m−4
.
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Using this function, P. L. Antonelli and H. Shimada [2] con-
structed the celebrated Ecological metric F̄ := eαix

i
µ as the conformal

change of the m-th root. This metric is well known for its applications in
Biology and Ecology. The theory of (µ, β) spaces gives a new possibility.
We can deform the Minkowski metric µ by a 1-form b and obtain a new
metric F ∗ = F ∗(µ, β). The applications of this kind of metrics in Biology
and Physics will be considered in another paper.

2. Other concrete examples of Finsler spaces with (µ, β)-metric can
be constructed as follows:

L(µ, β) = (µ + β)2, µ-Randers type

L(µ, β) =
(

µ2

β

)2

, β 6= 0, µ-Kropina type

L(µ, β) =
(

µ2

(µ−β)

)2

, β 6=0, µ-Matsumoto type

L(µ, β) = (µ2+β2), µ-“Riemannian type”.

(1.16)

The indicatrix of a µ- Randers type metric was used by P. L. An-

tonelli to constrain the exponentially independent population densi-
ties ([1]).

We remark that for the fundamental function L(µ, β) = (µ2 +β2), the
fundamental tensor is

gij =
1
2

∂2µ2

∂yi∂yj
+

1
2

∂2β2

∂yi∂yj
= aij(y) + bi(x)bj(x).

Therefore this is not a Riemannian metric, like in the case of (α, β) metrics,
but a deformation in the sense of Beil [8] of the considered Minkowski
metric.

It will be interesting to study the classes described in (1.16) using as
µ the expression (1.15), or taking µ to be the fundamental function of a
locally Minkowski Finsler space.
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2. Variational problem

Let Fn = (M, F (x, y)) be a Finsler space with (µ, β)-metric, and let
us put F (x, y) = F̃ (µ, β), F̃ 2(µ, β) = L(µ, β).

The function L(µ(x, y), β(x, y)) being a differentiable Lagrangian on
T̃M , we can study the variational problem for the spaces with (µ, β)-metric
using the integral of action of this Lagrangian.

Let c : t ∈ [0, 1] 7→ c(t) ∈ M , xi = xi(t), t ∈ [0, 1] be a parametrized
smooth curve on the manifold M , having its image in a domain of a local
chart of M . The integral of action of the regular Lagrangian

F 2(x, y) = L(µ(x, y), β(x, y))

is given by the functional

I(c) =
∫ 1

0
F 2

(
x,

dx

dt

)
dt. (2.1)

The variational problem for I(c) leads to the following Euler–Lagrange
equations ([6]):

Ei(F 2) :=
∂F 2

∂xi
− d

dt

∂F 2

∂yi
= 0, yi =

dxi

dt
, (2.2)

and the energy of the Lagrangian F 2(x, y) is given by

EF 2 = yi ∂F 2

∂yi
− F 2 = F 2(x, y).

We have the following law of conservation of energy:
Along the integral curves of Euler–Lagrange equations the energy EF 2

is constant, i.e. we have

dEF 2

dt
=

dF 2

dt
= 0

on every solution curve c of the differential equations (2.2).
By applying the operator Ei to L(µ(x, y), β(x, y)) we obtain

Proposition 2.1. The covector field Ei(L) is expressed by

Ei(L) = LµEi(µ) + LβEi(β)−
{

dLµ

dt

∂µ

∂yi
+

dLβ

dt

∂β

∂yi

}
. (2.3)
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Indeed, from

Ei(L(µ, β)) =
∂L(µ, β)

∂xi
− d

dt

(
∂L(µ, β)

∂yi

)

it follows
∂L

∂xi
= Lµ

∂µ

∂xi
+ Lβ

∂β

∂xi

∂L

∂yi
= Lµ

∂µ

∂yi
+ Lβ

∂β

∂yi
(2.4)

d

dt

∂L

∂yi
=

dLµ

dt

∂L

∂yi
+

dLβ

dt

∂β

∂yi
+ Lµ

d

dt

∂µ

∂yi
+ Lβ

d

dt

∂β

∂yi
.

Now it is easy to see that (2.3) holds.
The relation between Ei(µ) and Ei(µ2) is given by

2µEi(µ) = Ei(µ2) + 2
dµ

dt

∂µ

∂yi
. (2.5)

Using (2.3) and (2.5) we can prove

Proposition 2.2. The Euler–Lagrange equations (2.2) are equivalent

to the following system of differential equations:

Ei(µ2) + 2
ρ1

ρ
Ei(β) + 2

dµ

dt

∂µ

∂yi
=

1
ρ

[
Lµ

d

dt

∂µ

∂yi
+ Lβ

d

dt

∂β

∂yi

]
,

yi =
dxi

dt
.

(2.6)

For simplicity, let us consider now the curve c parametrized by the arc
length s given by ds2 = µ2

(
x(t), dx

dt

)
. In this case we have µ2

(
x, dx

ds

)
= 1,

and
dµ

ds
= 0. (2.7)

Now we can show

Proposition 2.3. In the canonical parametrization along the solution

curves c of the Euler–Lagrange equations (2.6) we have:

dµ

ds
= 0,

dβ

ds
= 0,

dLµ

ds
= 0,

dLβ

ds
= 0. (2.8)
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Proof. Indeed, the first relation is already given by (2.7). The law
of conservation gives dL

ds = 0 = Lµ
dµ
ds + Lβ

dβ
ds = Lβ

dβ
ds = 0 which implies

dβ
ds = 0. From here dLµ

ds = Lµµ
dµ
ds +Lµβ

dβ
ds = 0 and analogously dLβ

ds = 0. ¤

Let

Fij(x) =
∂bj

∂xi
− ∂bi

∂xj
(2.9)

be the electromagnetic tensor field of the (µ, β)-metric.
Taking into account the expression of Ei(β), we obtain

Ei(β) = Fij(x)
dxj

dt
. (2.10)

Using (2.6), (2.8) and (2.9) we have:

Theorem 2.1. In the canonical parametrization the Euler–Lagrange

equations of a Finsler space with (µ, β) metric are as follows:

Ei(µ2) + 2
ρ1

ρ
Fijy

j = 0, yj =
dxj

ds
. (2.11)

Consider the function µ given in a preferential system of coordinates.
So we have:

µ2(y) = aij(y)yiyj

and

Ei(µ2) =
∂µ2

∂xi
− d

ds

∂µ2

∂yi
= − d

ds

∂µ2

∂yi
= −2aij(y)

dyj

ds
.

It follows:

Theorem 2.2. In the canonical parametrization the Euler–Lagrange

equations of the Finsler spaces with (µ, β) metric are given by the following

Lorentz equations:

d2xi

ds2
=

ρ1

ρ
air(y)Frj(x)

dxj

ds
. (2.12)

In particular, we have

Corollary 2.1. If the 1-form β = bi(x)dxi is closed then the Euler–

Lagrange equations of the Finsler space with (µ, β) metric are given by

d2xi

dt2
= 0. (2.13)
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Remark. If β is closed, then the (µ, β)-space is a Finsler space of scalar
curvature (Numata’s theorem [3]).

3. Canonical nonlinear connection and the metrical
N-connection

Consider the Lorentz equations (2.12) writen in the form

d2xi

ds2
− ρ1

ρ
air(y)Frj(x)

dxj

ds
= 0, yi =

dxi

ds
. (3.1)

These equations are the differential equations of a spray with the co-
efficients

Gi(x, y) = −1
2

ρ1

ρ
air(y)Frj(x)yj , (3.2)

where the functions Gi are 2-homogeneous with respect to yi.
Based on the general theory, it determines a nonlinear connection with

the coefficients

N i
j =

∂Gi

∂yj
. (3.3)

The connection N will be called the canonical (or Lorentz) nonlinear con-
nection of the Finsler space with (µ, β)-metric.

Proposition 3.1. The canonical nonlinear connection N of the Finsler

space with (µ, β) metric has the coefficients:

N i
j = −1

2

[
∂

∂yj

(
ρ1

ρ

)
air(y)ys +

ρ1

ρ

(
∂air

∂yj
ys + airδs

j

)]
Frs(x). (3.4)

We recall that the functions N i
j are 1-homogeneous with respect to yi.

Corollary 3.1. If Fij(x) = 0 then N i
j = 0.

The Berwald connection determined by N has the coefficients

Bi
jk =

∂N i
j

∂yk
= −1

2

[
∂2

(ρ1

ρ

)

∂yj∂yk
air(y)ys +

∂
(ρ1

ρ

)

∂yj

(
∂air(y)

∂yk
ys + air(y)δs

k

)
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+
∂
(ρ1

ρ

)

∂yk

(
∂air(y)

∂yj
ys + air(y)δs

j

)

+
ρ1

ρ

(
∂2air

∂yj∂yk
ys +

∂air

∂yj
δs
k +

∂air

∂yk
δs
j

)]
Frs(x).

We recall that its torsion is tijk = Bi
jk −Bi

kj = 0.

Now, the geometric theory of Finsler spaces with (µ, β)-metrics can be
constructed by analogy with the one of Finsler spaces with (α, β)-metrics.
However, one should pay attention to the fact that sometimes even the
formulas involved are formally identical, in fact they are different only as
geometrical objects.

By means of the nonlinear connection N = (N i
j) given in (3.4) one

obtains the direct decomposition TTM = HTM ⊕ V TM , where the hor-
izontal subbundle HTM and the vertical subbundle V TM are spanned
by the local adapted bases δ

δxi , and ∂
∂yi , respectively. Next, Matsumoto’s

axiom leads to a unique Cartan connection DΓ(N) = (Lk
ij , C

k
ij), with the

coefficients given by the usual formulas (see [7]).
It should be interesting to calculate explicitely these coefficients for

concrete examples of (µ, β)-metrics in order to depict their geometric par-
ticularities. The metric F = µ + β, where µ is the m-th root metric, is a
good place to start with.

Taking into account that the canonical nonlinear connection is 1-
homogeneous with respect to yi, it follows that the 1-forms δyi are 1-
homogeneous. Therefore we can consider the following homogeneous lift
of the fundamental tensor of the Finsler spaces with (µ, β)-metric:

G = gij(x, y)dxi ⊗ dxj +
(

ρ

ρ1

)2

gij(x, y)δyi ⊗ δyj . (3.5)

Obviously we have ρ1 = 1
2Lβ 6= 0.

The metric G is a Riemannian structure 0-homogeneous with respect
to yi, globally defined on T̃M if N has this property, that depends only on
the fundamental function F (x, y) of the Finsler space with (µ, β)-metric.
The distributions N and V are orthogonal with respect to G.
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Consider the almost complex structure F : X(T̃M) → X(T̃M) defined
in the adapted basis by

F
(

δ

δxi

)
= −ρ1

ρ

∂

∂yi
, F

(
∂

∂yi

)
=

ρ

ρ1

δ

δxi
, (i = 1, . . . , n).

From the general theory it follows that F is an almost complex struc-
ture, globally defined on (T̃M) if the canonical nonlinear connection N

has this property. One can easily see that F is a 1-homogeneous tensor
field with respect to yi, locally given by

F = −ρ1

ρ

∂

∂yi
⊗ dxi +

ρ

ρ1

δ

δxi
⊗ δyi.

For a Finsler space Fn = (M,F (x, y)) with (µ, β)-metric the pair
(G,F) is an almost hermitian structure depending only on the fundamental
function F (x, y). The almost symplectic structure associated to (G,F) is

θ =
ρ

ρ1
gijδy

i ∧ dxj .
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