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Group algebras with unit group of class p

By ZSOLT BALOGH (Nýıregyháza) and ADALBERT BOVDI (Debrecen)

Dedicated to the memory of Béla Brindza

Abstract. Let V (FpG) be the group of normalized units of the group algebra
FpG of a finite nonabelian p-group G over the field Fp of p elements. Our goal is
to investigate the power structure of V (FpG), when it has nilpotency class p. As
a consequence, we have proved that if G and H are p-groups with cyclic Frattini
subgroups and p > 2, then V (FpG) is isomorphic to V (FpH) if and only if G and
H are isomorphic.

1. Introduction

Let G be a finite p-group and FpG its group algebra over the field Fp

of p elements. The subgroup

V (FpG) =
{∑

g∈G

αgg ∈ FpG
∣∣∣

∑

g∈G

αg = 1
}

is called the group of normalized units. Evidently V (FpG) is a finite p-
group and its order is p|G|−1.

It is well-known that if G is a finite nonabelian p-group then the nilpo-
tency class of V (FpG) is at least p. Mann and Shalev [10] have recently
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shown that the nilpotency class of V (FpG) is p if and only if the com-
mutator subgroup G′ is of order p. Our goal here is to study the power
structure of V (FpG) with nilpotency class p and to apply these results to
the isomorphism problem of the group of units.

Since the modular isomorphism problem for finite p-groups has been
positively resolved for some classes of finite p-groups, it is natural to in-
vestigate the question, originally raised by S. D. Berman, whether for a
field Fp of characteristic p and finite p-groups G and H the isomorphism
of groups V (FpG) and V (FpH) implies the isomorphism of G and H.

Note that Deskins [6] gave a positive answer to the isomorphism
problem for finite abelian groups and the Berman’s conjecture is true for
these groups.

Further, the authors in [2] solved this problem for the group algebras
of 2-groups of maximal class over the field of two elements, which is an
extension of Baginski’s result [1].

Note that, in general, for nonabelian p-groups the Berman’s question
is still open. In the present paper we give a positive answer to Berman’s
conjecture for p-groups of odd order with cyclic Frattini subgroup.

We introduce some additional notation. Let ζ(G) be the center and
Φ(G) the Frattini subgroup of G, respectively; Gp = 〈gp | g ∈ G〉, and let
the commutator subgroup of G be denoted by G′. For each subset D of
G, let D̂ denote the element

∑
g∈D g of FpG.

2. Results

We begin with the description of the center ζ
(
V (FpG)

)
of V (FpG),

where G is a finite p-group with commutator subgroup G′ of order p and
p > 2. Let Cg1 , . . . , Cgt be all the different conjugacy classes of G which
contain at least two elements. It is easy to check that t = |G|−|ζ(G)|

p ,

Ĉgi = giĜ′, ĈgiĈgj = 0 (1 ≤ i, j ≤ t)

and Ĝ′ is a central element with square 0.
Clearly, the set of all elements of the form

∑t
i=1 αiĈgi is an ideal of

the center ζ(FpG). It follows that every central unit x ∈ ζ
(
V (FpG)

)
can
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be written as

x = z +
t∑

i=1

αiĈgi = z

(
1 +

t∑

i=1

βiĈgi

)
= z

t∏

i=1

(
1 + giĜ′ )βi , (1)

where z ∈ V
(
Fpζ(G)

)
and αi, βi ∈ Fp.

Also it is easy to check that

|V (
Fpζ(G)

)| = p|ζ(G)|−1,

∣∣ζ(
V (FpG)

)∣∣ = p
|G|+(p−1)|ζ(G)|−p

p , (2)

and according to (1) we get

ζ
(
V (FpG)

)
= V

(
Fpζ(G)

)×N, (3)

where N =
∏t

i=1〈1 + Ĉgi〉 is an elementary abelian subgroup of V (FpG).
Further, the commutator subgroup V (FpG)′ has exponent p because

it is a subgroup of 1 + I(G′) and I(G′)p = 0, where I(G′) is the ideal
generated by the elements of the form h− 1 with h ∈ G′.

Denote by [FpG,FpG] the span of all ring commutators xy − yx with
x, y ∈ FpG, which is called the commutator subspace of FpG.

Lemma 1 (Brauer, [5]). An element
∑

g∈G αgg belongs to the com-

mutator subspace [FpG,FpG] if and only if
∑

g∈Ch
αg = 0 for every conju-

gacy class Ch of G. Moreover

(x + y)p ≡ xp + yp (mod [FpG,FpG])

for any x, y ∈ FpG.

We start by investigating the p-th powers of the elements of V (FpG).

Lemma 2. Let G be a finite p-group with commutator subgroup G′

of order p > 2. Then V (FpG)p is a subgroup of the center ζ
(
V (FpG)

)
.

Proof. Let H be the subgroup of V (FpG) generated by x and y,
where x ∈ V (FpG), g ∈ G, and y = g−1xg. Evidently,

(x, y) = x−1(g, x)x(x, g) =
(
x, (x, g)

) ∈ γ3

(
V (FpG)

)
,
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so the subgroup Hγ3

(
V (FpG)

)
/γ3

(
V (FpG)

)
is abelian. Thus H ′ is con-

tained in γ3

(
V (FpG)

)
and the nilpotency class of H is less than p. Then

H is a regular p-group and so, according to Theorem 12.4.2 in [7], we have

x−pyp = (x−1y)pdp = (x, g)pdp

for some element d of the commutator subgroup of V (FpG). But V (FpG)′

has exponent p, so x−pyp = 1 and xp = g−1xpg for all g ∈ G. Thus xp is
central, as asserted. ¤

Lemma 3. Let H be a group generated by two elements a, b, and

suppose that its commutator subgroup H ′ is central of prime order p. In

any group ring of H,

(a + b)p = ap + bp +
p−1∑

r=1

1
p

(
p

r

)
arbp−rĤ ′. (4)

Proof. As a first step, observe that ζ(H) = 〈ap, bp〉H ′ has index p2,
and that the centralizer of any non-central element h is 〈h〉ζ(H). For
k, r ∈ {1, 2, . . . , p − 1} and c1, . . . , cp ∈ {a, b} with c1 · · · cp ∈ arbp−rH ′,
it follows that no element of the coset arbp−rH ′ can commute with the
product c1 · · · ck and so

ck+1 · · · cpc1 · · · ck = (c1 · · · ck)−1(c1 · · · cp)(c1 · · · ck) 6= c1 · · · cp.

Next, consider the set of all words z1z2 · · · zp of length p in the alphabet
{x, y}, as elements of the free semigroup S freely generated by {x, y}. The
group of order p acts on this set by cyclically permuting the letters of a
word. It is easy to see that there are only two words fixed under this
action, xp and yp. Since p is prime, the length of each non-singleton orbit
is p. There are precisely

(
p
r

)
words in which x occurs r times and y occurs

p− r times, and we conclude that these are permuted in 1
p

(
p
r

)
orbits.

Let σ : S → H be the homomorphism defined by x 7→ a, y 7→ b. The
images of the orbits we counted all lie in the coset arbp−rH ′. The point
of the first step of our argument was to show that the restriction of σ to
each of these orbits is one-to-one. Since each orbit has length p and this
is also the number of elements in the coset, it follows that each element of
arbp−rH ′ is the image of precisely 1

p

(
p
r

)
of the words under consideration.

The rest of the proof may now be left to the reader. ¤
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Let x =
∑

g∈G αgg ∈ V (FpG). From Lemma 1, we know that xp =
y + u, where y =

∑
g∈G αgg

p and u ∈ [FpG,FpG]. Lemma 2 tells us that
xp and the gp are central in FpG; therefore so is y, and then also u. By
Lemma 1 again, the support of u cannot contain any element of ζ(G), so
u must be a linear combination of the Ĉgi . Thus u2 = 0, and then

xp2
= (y + u)p = yp =

(∑

g∈G

αgg
p

)p

=
∑

g∈G

αgg
p2

(5)

(because each gp is central). We have proved that V (FpG)p2
= V (FpG

p2
).

When expG > p, this shows that the exponents of the groups V (FpG) and
G coincide. Consider next the case exp(G) = p. Choose a, b ∈ G with
(a, b) 6= 1. Then a + b − 1 ∈ V (FpG) and by (4) we have (a + b − 1)p =
(a + b)p − 1 6= 1. It follows that

exp
(
V (FpG)

)
=

{
exp(G) if exp(G) > p;

p2 if exp(G) = p.
(6)

Lemma 4 (Lemma III.9.6 in Huppert [8]). Let U(Fp) be the group

of units of Fp with odd prime p. Then

∑

γ∈U(Fp)

γr =

{
0 for 1 ≤ r ≤ p− 2;

p− 1 for r = p− 1.

Lemma 5. Let G be a finite nonabelian p-group with |Φ(G)| = p.

Then V (FpG)p = V
(
FpG

p
)×N , where N =

∏t
i=1〈1 + Ĉgi〉.

Proof. First we shall prove that N ⊆ V (FpG)p. Let γ ∈ U(Fp),
g ∈ G \ ζ(G) and h ∈ G such that (g, h) 6= 1. The commutator subgroup
of 〈h, g−1h〉 coincides with G′ and

Ĝ′h−p = Ĝ′,
(
(g−1h)p − 1

)
Ĝ′ = 0, (7)

because hp, (g−1h)p ∈ G′.
Clearly, for each γ ∈ U(Fp) the element uγ = h+γ(g−1h−1) is a unit

in FpG. By (4) and (7)

up
γ =

(
(h + γg−1h)− γ

)p = (h + γg−1h)p − γp

= hp + γ
(
(g−1h)p − 1

)
+

p−1∑

r=1

1
p

(
p
r

)
hr(γg−1h)p−rĜ′.
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It follows that, with γ ranging over U(Fp),
∏

γ∈U(Fp)

(up
γh−p) =1 +

( ∑

γ∈U(Fp)

γ
)(

(g−1h)p − 1
)
h−p

+
p−1∑

r=1

1
p

(
p
r

)(∑
γ∈U(Fp) γp−r

)
hr(g−1h)p−rĜ′

and here, by Lemma 4, all summands with r > 1 vanish, leaving
∏

γ∈U(Fp)

(up
γh−p) = 1− h(g−1h)p−1Ĝ′.

Since (g−1h)pĜ′ = Ĝ′ by (7), we have h(g−1h)−1(g−1h)pĜ′ = gĜ′ and
∏

γ∈U(Fp)

(up
γh−p) = 1− gĜ′ = (1 + gĜ′)−1.

Thus 1+ gĜ′ =
( ∏

γ∈U(Fp)(u
p
γh−p)

)−1 ∈ V (FpG)p. Since the elements

of the form 1 + gĜ′ constitute a generator system of N , we have proved
that N ⊆ V (FpG)p, as required.

Let Gp be a nontrivial subgroup of G. Since Φ(G) is cyclic, then
Gp = 〈gp〉 for some g ∈ G and

V (Fp〈gp〉) ⊆ V (Fp〈g〉)p ⊆ V (FpG)p.

Thus we have proved that V
(
FpG

p
)×N ⊆ V (FpG)p.

Finally, the relation V (FpG)p ⊆ V
(
FpG

p
) × N follows from (5) and

the prove is complete. ¤

The question: for which p-group G is it true that G ∩ V (FpG)p = Gp,
is due to Johnson [9]. The previous lemma can be applied to conclude
the following

Corollary. Let G be a finite p-group such that |Φ(G)| = p > 2. Then

G ∩ V (FpG)p = Gp.

Proof. By Lemma 5 we get V (FpG)p = V
(
FpG

p
)×N , and so

G ∩ V (FpG)p = G ∩ V
(
FpG

p
)

= Gp. ¤
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Theorem. Let G and H be finite nonabelian p-groups with cyclic

Frattini subgroup and p > 2. Then V (FpG) is isomorphic to V (FpH) if

and only if G and H are isomorphic.

Proof. We say that G is a central product G1YG2 of its subgroups
G1 and G2 if the elements of G1 and G2 commute and together generate
G, and G1 ∩G2 is the center of one of the factors G1, G2.

It follows (for example) from Theorem 2 in [3] that, when p > 2,
every finite nonabelian p-group G with cyclic Frattini subgroup may be
written as

G = E × (K Y L), (8)

where E is elementary abelian, K is either of order p or an extraspecial
group of exponent p, and L is either nontrivial cyclic or nonabelian with
a cyclic maximal subgroup, that is, L is either Cpn = 〈a | apn

= 1〉 with
n ≥ 1 or

Mpn = 〈a, b | apn−1
= bp = 1, (a, b) = apn−2〉 with n ≥ 3.

It is obvious that L is cyclic if and only if exp(G) = exp
(
ζ(G)

)
; in this

case, |L| = exp(G) and |K| = p · |G : ζ(G)|, and otherwise |L| = p · exp(G)
and |L| = p−1 · |G : ζ(G)|. Consequently, the isomorphism type of such
a group is determined by the orders and exponents of the group and its
center.

The nontrivial part of the proof of the theorem is the claim that these
four invariants of G are recognizable from the isomorphism type of V (FpG).

First, |G| is recognizable from |V (FpG)|, and then |ζ(G)| can be com-
puted from

∣∣ζ(
V (FpG)

)∣∣ and (2). Using (1), it is not hard to see that

exp(ζ(G)) = exp
(
ζ(V (FpG)

)
.

It remains to show that the exponent of G is also recognizable. By (6)
if exp

(
V (FpG)

)
> p2, then exp

(
V (FpG)

)
= exp(G) and so we only have

an issue when exp
(
V (FpG)

)
= p2.

In this outstanding case exp(G) ≤ p2, so we obtain that |Φ(G)| = p.
Indeed, it is clearly for the group G with exp(G) = p. If exp(G) is equal to
p2 then by (8) exp(G) = exp(L) = p2. Clearly Φ(G) = Φ(L) and from the
fact that L is isomorphic to either Cp2 or Mp3 follows that the subgroup
Φ(G) has order p.
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Then by Lemma 5 V (FpG)p = V
(
FpG

p
)×N , where |N | = p

|G|−|ζ(G)|
p .

Therefore we can determine whether |Gp| is either 1 or p. We have proved
that the exponent of G is also recognizable, as required. ¤

Acknowledgements. The authors would like to thank the referee
for their valuable comments and suggestions for clarifying the exposition.

References

[1] C. Baginski, Modular group algebras of 2-groups of maximal class, Comm. algebra
20(5) (1992), 1229–1241.

[2] Zs. Balogh and A. Bovdi, Units of order two of group algebras of 2-groups of
maximal class, Comm. Algebra 32, no. 8 (2004), 3227–3245.
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