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The topology of semilocal connectedness
and s-continuity of multivalued maps

By JANINA EWERT (Slupsk)

A topological space (Y,7) is said to be semilocally connected if for
each open set U C Y and each point z € U there exists an open set V' such
that x € V C U and Y'\V consists of a finite number of components [2].
This notion was introduced by WHYBURN [9. p. 19] under the additional
assumption that (Y, 7) is a connected Tj-space. Similarly as in [2, 3, 4, §]
we consider the semilocal connectedness of general topological spaces.

In a topological space (Y,7) the family {U € 7 : Y\U is connected}
is a subbase of a topology denoted as 7*. Obviously, 7* C 7. Further
(Y, 77) is semilocally connected [2, Th. 3.1] and (Y,7) is a semilocally
connected space iff 7 = 7* [2, Th. 3.3].

Let X,Y be topological spaces. A function f : X — Y is called
s-continuous at a point x € X if for each open set V' C Y containing
f(x) and having connected complement there is an open set U satisfying
x €U C f~1(V). A function f is called s-continuous if it is s-continuous
at each point [2, 3, 4]. One can readily check that:

A function f: X — (Y,7) is s-continuous if and only if
f:X — (Y, 7%) is continuous [8, Prop. 9].

Now, let F': X — Y be a multivalued map. For aset B C Y we denote
Ft(B)={z € X :F(z) C B} and F~(B) ={z € X : F(z) N B # 0}.
A multivalued map F': X — Y is said to be upper (lower) s-continuous
at a point z € X if for each open set V. C Y with F(x) C V (resp.
F(z)NV # () and Y'\V connected there exists an open set U C X for which
zeUC FH(V), (resp. z € U C F~(V)) holds, [6]. A multivalued map F'
is called upper (lower) s-continuous if it is upper (lower) s-continuous at
each point.

Theorem (A) simply rewritten for multivalued maps is not true in
general. For a multivalued map F : X — (Y,7) the upper (lower) 7*-

semicontinuity implies the upper (lower) s-continuity, but the inverse does
not hold.
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Ezample 1. Let (R, 7T) be the space of real numbers with the natural
topology and let D C R be a non-Borel set. We define a multivalued map
F': R — R assuming

[ 1,21Us,7), ifzeD.
Fle) _{ 1,3]U[6,7], ifz¢&D.

The map F' is lower s-continuous. For Vi = (5,6), Vo = (0,4) U (5,8) we
have F~ (V1) = D, F*(V,) = R\D, thus F is not lower semicontinuous.
Since 7 = T* the map F is not lower 7 *-semicontinuous. (Moreover it is
not upper nor lower Borel measurable).

Ezample 2. Let (R?,7) be the plane with the natural topology, B,
the closed ball with center p, and radius %, where p, = (0,2n — 1) for
n > 1. Let us put

A=J(-1.1]x{2n}) U{-1,1} xR

and A, = AU{0} x [2n—1,00) for n > 1. Then we define the multivalued
map F : R — R? as follows

Fl2) An, ifa:z%,nZl
= A, ifx%{%:nZl}.

If V C R? is an open set such that R?\V is connected, then F* (V) =

R or F*(V) = R\{1,5,..., 1} for some k > 1, hence F is upper s-

oo
continuous. On the other hand the set W = R?\ |J B, is open and
n=1

FT(W) = R\ {2 :n>1}, so F is not upper semicontinuous. Since we
have 7 = T*, the map F' is not upper 7 *-semicontinuous, either.

Theorem 3. Let F' : X — (Y,7) be a multivalued map with con-
nected values. Then F is lower s-continuous if and only if F : X — (Y, T*)
is lower semicontinuous.

PROOF. Let B be a base of 7* consisting of 7-open sets whose com-
plements have a finite number of components in (Y,7). If W € B, then

Y\W = |J M; where the M; are pairwise disjoint connected closed sub-
j=1
sets of (Y, 7). For a point z € FT(Y\W) we have F(x) C M; for some

j < n, thus FH*(YA\W) = [ FT(M;). It follows from the lower s-
j=1

continuity that F™(M;) is a closed set, so F~ (W) is open and the proof

is completed.
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As Example 2 shows, for upper s-continuity the theorem analogous to
the above one is not true. We remind that a multivalued map F': X — Y
is said to be of lower (upper) Baire class 1 if for each open set W C Y the
set I~ (W) (resp. FT(W)) is an F, set, [5].

Now let S(Y') denote the family of all non-empty subsets of Y and let
7, be the Vietoris topology on S(Y') given by a topology 7 on Y, [1]. For
multivalued maps F, F,, : X — Y, n > 1, we will write F' = 7, — lim F,
iff for each = € X the sequence {F,(x) : n > 1} converges to F'(x) in the
space (S(Y'),7,). Then we have the following result:

Theorem 4. Let X be a topological space, (Y,7) a locally connected
separable metrizable space, and let F, F,, : X — Y, n > 1, be multivalued
maps with F' = 7_-lim F,,. Then
(a) if F,, are upper s-continuous maps, then F' is of lower Baire class 1;
(b) if F(z) is a compact set for each v € X and the F,, are lower T *-

semicontinuous, then F' is of upper Baire class 1.

Proor. Let W C Y be a non-empty open set; there exists a sequence

(e @]
{G, : n > 1} of connected open sets satisfying W = |J G,,. Assume
n=1
Wi = G. It follows from our assumptions on Y that we can choose a
connected open set Uy satisfying G C U; C U; C W, then let us put Wy =
G1UU;. Thus Wy, Wy are open sets having finitely many of components
and W7 € Wy € Wy € W. Assume that we have constructed open sets
Wi, ..., Wy, such that each of them has a finite number of components and

W; CWipr CW fori <m—1. Let 51,...,S; be components of the set
W,. We take open connected sets Vi, ...,V satisfying S5; C V; CV; C W

k
for j < k and we denote W,,,11 = Gpp1 U J Vj. Thus Wy,4q is open, it
j=1

has at most k4 1 components and W,,, C Wint+1 C W. So we have shown:

oo
each open set W C Y is of the form W = U W,., where the W,,
1 n=1
are open sets having finitely many components and

W, C Wiy for n > 1.

Let W be an open set and x € F~(W). Then (1) implies that there
exists ko such that F(z) N W) # 0 for k > ko. From the 7_-convergence
of the sequence {F,(xz) : n > 1} for each k > ky there exists nj such
that F,,(z) N Wy # () for n > ng. Hence we can choose k > 1 such that
Fo i1 (x) N Wy, # 0 for each n > 1; this leads to the inclusion

F-wW)c lJ M Fre (W),

k=1n=1
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If z ¢ F~ (W), then F(x) C Y\Wj, for each k > 1. The 7,-convergence
implies that for each k there exists n; such that F,(X) C Y\W; for
n > ng, thus for each k > 1 there exists n > 1 for which F,,,x(z) C Y\Wj
holds. Hence

X\F~( ﬂUF (Y\Wy) X\Uﬂ ek (W)

k=1n=1 k=1n=1

So we have shown

(2) U ﬂ n+k

k=1n=1

Let Sk 1,...,S5km, be components of Wy. If the F,, are upper s-

continuous, then
my

F7:+If(W/€> = U Fr:—i—k(sk,j);

j=1

this set is closed, so F' is of lower Baire class 1 and (a) is proved.
Now let W C Y be an open set and let € FT(W). Since F(z) C

|J Wi where the Wy, are open sets such as in (1) and F(z) is compact,
k=1

there exists kg > 1 such that F(z) C Wy for each k > kg. Furthermore
for k > kg there is ny such that F,,(z) C Wy for n > ny; hence we obtain

that there is k > 1 such that for every n > 1 there holds F, x(z) C Wj.
In the consequence we have

U N Fl

k=1n=1

Finally let z ¢ F*(W). Then F(x) N (Y\Wj) # 0 for each k > 1.
Using the 7..-convergence of the sequence {F,(x) : n > 1} for each k& > 1
we can choose n > 1 for which F,,x(x) N (Y\Wy) # 0. This implies

) © () U P i

k=1n=1
and then
(3) U ﬂ ek (W,
k=1n=1

The sets W, are 7 *-closed. If the F,, are lower 7 *-semicontinuous, then
according to (3), F' is of upper Baire class 1.
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Let us observe that in Theorem 4 (b) the lower 7 *-semicontinuity of
the maps F),, cannot be replaced by lower s-continuity. For instance, it
suffices to take F,, = F for n > 1, where F' is the map from Example 1.

For a topological space (Y,7) we denote by 27 the family of all

non-empty connected closed subsets of Y~ (for simplicity we will write 2)).
For a set U C Y we denote

Ut={Bec2¥:BcCU}, U™ ={Bec2Y:BnU#0}.

Then 7+ and 7~ are topologies on 2 given by the base {UT : U € T}
and the subbase {U~ : U € T} respectively. Similarly are constructed
topologies (7*)T and (7*)~ on 2Y by taking the sets U € T*.

Corollary 5. Let F': X — (Y,T) be a multivalued map with values
in 2Y. Then F is lower s-continuous if and only if the function F : X —
(2Y,(T*)7) is continuous.

According to Example 2 a similar property for upper s-continuity
cannot be formulated.
In the sequel we will show that there exists a topology 7 on 2¥ such

that a multivalued map F : X — Y with values in 2} is upper s-continuous
if and only if the function F': X — (2Y,7) is continuous. It will be ob-
tained by constructing of some quasi-uniformities on 2} (for quasi-uniform
spaces see [7]).

For subsets Uy, Us of a topological space (Y, 7) such that U; C Uy we
put:

Hy, v, ={(A,B) €2} x2Y : AnU, #0= BNU, # 0}
My, v, ={(A,B) €2 x2Y : AcU, = BcU)}
It can be easily verified that these sets have the following properties:
(P1) A C Hy, v, and A C My, v,;
(P2) if Uy C Uy C Us, then Hy, v, C Hy,,u, and My, v, C My, us;
Hy,.us C Hy,,us, Mu,,us C My, us;

(P3) Hl}f,Uz = MY\Uz,Y\Ul and M(;117U2 = HY\Uz’Y\Ul;
(P4) if Uy € Uy C U3 then HUl,Ug -I{U%U3 C HUl,Ug and
MU17U2 ’ MU2,U3 - MU17U3'

Theorem 5. Let (Y,7) be a locally connected T, space and let
G ={Hy, v, : U1,Us € T, Uy C Uy and Y\U;, Y \Uy are connected},
Go = {My, v, : U1,Us € T, Uy C Uy and Y\Uy, Y \Us are connected},
Py = {Hy, v, : Uy C Uy and Uy, U, are connected open sets},
P2 ={ My, v, : U, C Uy and U;, Uy are connected open sets}.
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Then
(a) Gi1,Ga,P1, P2 are subbases of quasi-uniformities 01,09, 4; and s

on 2Y;
(b) V! = Uy and V' = Uy;
) 79, =T*) ", 7, =T, 79, C(T*)" and 7y, = T;
(d) Let X be a topological space and F : X — Y a multivalued map with
connected closed values. Then F' is upper s-continuous if and only if the
function F : X — (2Y,9,) is continuous.

PRrOOF. (a) For any open sets Uy, U, such that U; C Us and Y\Uj,
Y'\U; are connected there exists an open set U with Y\U connected and
Ul cUcUCcC Us. Then HUl,UvHU,Uz € Gy, MUl,U;MU,Uz € G, and
HUl,U o HU,U2 C HU1,U27 MUl,U o MU,UQ C MUl,U2~ These together with
(P.1) give that Gi,Gs are subbases of some quasi-uniformities Uy, Us on
2Y. Using analogous arguments we conclude that P; and P, are subbases
of some quasi-uniformities {; and s on 23/.

(b) Let us take open sets Uy, Uy such that U; C Uy and Y\Uy, Y\Us

are connected. We can choose connected open sets V7, V5 satisfying
Y\UscViCcVyCVoC Vo CY\Us.
Then we have Hy, v, € G1, My, v, € G2 and

HgllaUQ - MY\U2,Y\U1 ) MV17V27 M(;11,U2 - HY\U27Y\U1 - HV17V2'
Since My, v, € P2 and Hy, v, € P1 we obtain 07" C &y and U5 ' C 8.
Now, let U;,Us be connected open sets and let Uy C Us;. We choose

connected open sets Vi, Vs for which Uy € Vi € Vi € Vo € Vi C Us holds.
Then we have Hy, 7, € P1, My, v, € P2 and

—1

Hy, v, = My, v\on 2 My, v\7,
—1

MU17U2 - HY\UQ»Y\Ul - HY\‘_/27Y\V1'

Since My\y, y\v, € G2 and Hy\y, y\i, € G1 we obtain Ut € Yy and

U5t € Wy; thus (b) has been shown.
(c) For any set A C Y we have

Uy, ifANU, #0

H Al = 20

0a 4] {2{, it AU, =0
Uf, ifAcU

My, v,lA] =3 (27 '
2Y if AN (Y\Uy) £ 0.

Thus
(1) g, C(T*)", 79, C(THT, 7y, CT and 7y, CTT.
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Let B* be a base of the topology 7* consisting of the open sets whose
complements have a finite number of components in (Y, 7). Then

{U~ : U € B*} is a subbase of the topology (7*)~ in 2Y. If U € B*, then

n
Y\U = | D;, where the D; are connected closed pairwise disjoint sets.
i=1

n
For any connected set C' C |J D; there exists ¢ < n such that C C D,,
i=1

n + n n - n
thus (U Di) = |J Dj. From this we obtain (ﬂ Ui) = U,
i=1 i=1 =1 =1
where U; = Y\D; and U = (| U;. Let A € U™; then we can choose a
=1

(2

point y € AN (N U; and open sets V; with y € V; C V; C U; and Y\V;

i=1
n n
connected for i < n. So Hy,y, € Gy and U™ = (U, = () Hy, v,[4],
i=1 i=1
which implies U™ € 79,. As a consequence we have (7*)” C 7y, hence

Ty, = (T*)_.

Now, let B be a base of the topology 7 consisiting of connected open
sets. The family {U~ : U € B} is a subbase of the topology 7~ on 2Y.
For any U € B and A € U~ we take a point y € ANU and aset V € B
such that y € V. C V C U. Then Hyy € Py and U~ = Hy y[A]; it gives
T~ C 1y, and finally 7y, =7 .

Let U € T and A € UT. Since A is a connected closed set, it follows
from assumptions on (Y,7) that we can take connected open sets Vp, V5
for which A € V4 C V3 C Vo C Vo C U holds. Then My, v, € Ps and
My, v,[A] = Vot C U, so UT € 7y,. Since {UT : U € T} is a base of
77, in virtue of (1) we have 7y, = 7.

(d) Let F : X — Y be a multivalued map with values in 2¥. Let
us assume that F' is upper s-continuous, My, y, € G2 and zo € X. If
F(z0) ¢ Ui, then My, 1,[F(z0)] = 2Y; hence for each € X we have
F(z) € My, v,[F(z0)]. In the other case, if F(xg) C U, then according
to the upper s-continuity there is a neighbourhood W of xy such that
F(z) Cc Uy for v € W. Thus F(z) € My, u,[F(xo)] for each x € W and
this implies the continuity of the function F : X — (2Y,0s).

Conversely, suppose that F': X — (2¥,9,) is continuous. Let x¢ €
X,U €T, F(xg) CU and let Y\U be connected. We choose an open set
V such that Y'\V is connected and F(zg) CV CV C U. Since My € Go
there exists a neighbourhood W of z( such that F(z) € My y[F(x)] for
z € W. But My y[F(xo)] =U", so F(z) C U for z € W and the proof is
completed.
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Corollary 6. Let (Y,7) be a locally connected Ty space. Then there

exist uniformities Sy, So on 2 such that for any multivalued map F : X —
Y with closed connected values the following conditions are equivalent:
(a) F is upper semicontinuous and lower s-continuous (lower semicontin-
uous and upper s-continuous);

(b) the function F : X — (2Y,51), (resp. F : X — (2Y,S5)) is continuous.

PRrROOF. Applying Theorem 5 it suffices to take S; = Uy V Uy and
Sy = Uy V Uy

In theorem 5 (c) the equality 79, = (7*)" does not hold in general.

Example 7. Let (R%,7T) be the plane with the natural topology and

let A, W be the subsets of R? defined in Example 2. Then A is connected
closed, W is open and A C W. Let My, ; v, ; € Go for j <n and

(1) ﬂ MUl,j7U2,j [A] C W+;
j=1

n
without loss of generality we can assume A C () U; ;. Since
j=1

ﬂ MU1,j,Uz,j m MU1 ,i:U2,5 A] ﬂ U2j ﬂ UQJ ’
j=1

Jj=1 j=1

+

n n

for each point € () Usy; we have {z} € (ﬂ UQJ-) . Hence
j=1 j=1

(2) ﬂ Us; CW.
j=1

The sets R?\Us,j, j < n, are connected, so R?\ (] Uz ; has a finite number
J_
of components. Further A C ﬂ Uz j, hence B,, ¢ ﬂ U, ; holds only
J=1 J=1

for a finite number of indices m. Thus U By, ¢ R%\ ﬂ Us,; and this

m=1

contradicts (2). Consequently (1) does not hold and (7 *)Jr =T ¢ 1,
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