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Spectral disjointness of dynamical systems related
to some arithmetic functions
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Dedicated to the memory of Béla Brindza

Abstract. We present a new and general approach to prove the spectral
disjointness of dynamical systems related to digital expansions of natural numbers
and Gaussian integers. The main tools are ideas from automata theory and rigid
time in ergodic theory. This extends earlier work of T. Kamae and M. Queffélec.

1. Introduction

Let p be an integer, p > 2. An arithmetic function f : N — R is called
p-additive, if it satisfies the relation

L L
f ngpg = Zf(agpg), (1.1)
=0 £=0

Mathematics Subject Classification: Primary: 37A45; Secondary:11A63, 22D40, 28D15.
Key words and phrases: digital expansions, additive functions, spectral measure, dy-
namical system, ergodic skew product, rigid time.

The first author is supported by the START-project Y96-MAT of the Austrian Science
Fund.

The second author is supported by CNRS, UMR 6632.

The third author is supported by the Austrian Science Fund project Nr. S8307.

This work was started during the Special Semester “Arithmetics, Automata, and Asymp-
totics” at the Erwin Schrédinger Institute in Vienna.




214 P. J. Grabner, P. Liardet and R. F. Tichy

where ¢, € {0,...,p — 1}. In the sequel we will mainly be concerned
with completely p-additive functions, i.e. p-additive functions which satisfy
f(ep®) = f(e). A special instance of such a function is the p-ary sum-of-
digits function sp(n) defined by

L L
/=0 /=0

We will also be concerned with p-multiplicative unimodular arithmetic
functions F' : N — U = {z € C | |z| = 1} which satisfy the following
multiplicative formula in place of (1.1)

L L
F <Z 6@19() = [[Fer").
(=0 /=0

As usual we set e(t) = €2™ so that eo f is p-multiplicative, if f is p-
additive.

In series of papers [10], [11], [12] T. KAMAE has developed a method
(involving Baker’s theory of linear forms in logarithms of algebraic num-
bers) to prove the mutual singularity of the spectral measures related to
the sum-of-digits function.

Let Z, denote the totally disconnected compact group of p-adic in-
tegers (cf. [9]) equipped with its normalized Haar measure j,. For given
p-additive function f we define a function vy : Z x Z, — R by

Yp(n,x) = lim f(m+n)— f(m), (1.2)

meN
if the limit exists and ¥ (n,z) = 0 otherwise. For x € {—1,...,—n}, if
n > 0 and for x € {0,...,—n + 1}, if n < 0 the limit does not exist. It is

easy to see that 1y satisfies the following so called cocycle relation for a
Z-action (for this and other basic concepts, see [18])

Pr(m+n,x) = Yp(n,x) + Yr(m,n + x)

for pu,-almost all z. This means that 1)y is a cocycle which is, in addition,

pp-continuous. We define the group Gy = ({e(f(n)) | n € N}) usually
denoted simply by G and endowed with its normalized Haar measure hg.
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Finally, we consider the transformation 7}, y on Z, x G given by

Tp.5(w,u) = (x + Lue(ys (1, x))). (1.3)

It is easy to see that T}, ; is invertible and preserving the Haar measure on
the compact group Z, x G. Thus (Z, x G, T}, ¢, 1, ® hg) is a dynamical
system, which is an extension of the odometer on Z,. Obviously, we have

T (,0) = (x + n, ue(y(n, 2)).

We shall study the spectral decomposition E of the unitary operator
on L? (Zy x G) associated to T}, y. By general theory it is enough to study

(Yo Tl m) = /U e (E(dz)y,)

for all functions y € L%(Z, x G). Thus, by the Bochner-Herglotz theorem,
to every v € L*(Z, x G) we associate a measure p, on U, which is given
by its Fourier coefficients

pr(n) = (v o T 4.7)

and our aim will be to determine the spectral type of T, ; i.e., the Borel
measure =, r on U (defined modulo equivalence of measures), such that
py K Ep ¢ for any v € L? and there exists a vy € L? such that Pyo ~ Ep f-
The following decomposition

2(Zp, x G) =P L*(Z,) ® &, (1.4)
EEG

is invariant under the action of T}, ¢, so that =,y can be written as (x
denotes the convolution on U)

Epr=08p+ApxAyy, (1.5)

where A, is discrete and comes from the action of addition by 1 on
L*(Z,) and A, ; comes from the action of T}, ¢ on the orthocomplement of
L*(Z,)®1. We shall see that A, and A, ; are mutually singular (see Corol-
lary 3). The action of T}, f on L*(Z,) ® £, through the isometry ¢ — ¢ ®¢,
corresponds to the unitary representation V¢ of Z on L?(Z,) defined by

Vie(h)(x) = &(e(dr(n, 2)))h(x +n) (1.6)
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and the spectral measure p,g¢ is the one associated to ¢ with respect to
Vi¢. Hence we first can restrict ourselves to the computation of p,(n) for
Y(z,u) = x(x)(u) (= x ®&(z,u)) with x € Z, and £ € G, thus

p(n) = X(1)" /Z Eerno)mpld) (v=x®6.  (L7)

Therefore, py, = dgy(1)) * p1ge, where g,y denotes the Dirac measure
supported in z. Let us write vy for the spectral measure pig¢,, setting
&1 1 u— u, so that

y(w) = | elwr(n ) diy(e), e

ZP
Notice that this equals the correlation coefficients

N

. 1
lim NZe(f(n—i—k) — f(k))

N—oo
k=1

by unique ergodicity of the dynamical system (Z,, - + 1, y1,,) and fi,-conti-
nuity of the functions v (n,-). Such correlation coefficients were studied
in [1], [2] in the context of pseudo-randomness of sequences. If £ : u — u®
(s € Z), then pige = vgs.

M. QUEFFELEC [16] proved by means of Riesz-products that given &
such that § o 1)y is not periodic, all spectral measures p,g¢ are equivalent
to vy which is continuous and singular (with respect to the Lebesgue
measure). The fact that v4; is singular continuous is also a consequence
of the “principle of purity” (cf. [8]) implying that the spectral measure v¢
is either atomic, purely singular continuous, or absolutely continuous.

In our main result we will prove spectral disjointness of A, r and Ay 4
provided that p,q > 2 are multiplicatively independent integers and f
(or g) is not trivial, that is to say £(e(f)) # e(%sp) for any non trivial

character £ € G and any integer k. This is an extension of the above men-
tioned work of Kamae concerning the sum-of-digits function. QUEFFELEC
[17] applied general results about Riesz-products and SREIDER characters
(cf. [20]) to give a more conceptual approach to the results of Kamae. We
develop a new method for the proof which avoids Baker’s theory on linear
forms in logarithms as well as Sreider characters. In a concluding section
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we extend our method to more complicated digital expansions, namely to
canonical number systems for the Gaussian integers. A main ingredient of
our approach is the application of addition automata and (-rigid time in
ergodic theory.

2. Spectral disjointness

The following theorem is due to KAMAE [10], [11], [12], [17] who proved
it under the assumption that p and ¢ are coprime. In this case even the
measures Zp o5, and =g g5, are mutually singular.

Theorem 1. Let p,q > 2 be two multiplicatively independent integers
and let o and 3 be two irrational real numbers. Then the two measures
Ap.as, and Ay g, are mutually singular.

We will prove a more general theorem here.

Theorem 2. Let p,q > 2 be two multiplicatively independent integers
and let f and g be completely p-additive and g-additive functions. Assume
that f is not trivial (i.e., {(e(f)) # e(ﬁsp) for any non trivial character
€ on Gy and for any integer k), then the spectral measures Ay 5 and Ag 4
are mutually singular.

We shall see that & o e(f) is periodic if and only if £ o e(f) = e(-E1s,)
(see Proposition 2).

Addition of n = Zszo exp® to x = 372, 0’ € Z, can be described
in terms of automata. For any digit 0 < ¢ < p — 1 we introduce the
automaton A, defined by Figure 1.

pe

p1

p-i e-1

p-1- s

Figure 1. The automaton A,
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The addition n4+z =3 72 nip® can be performed as follows: read the
digit dp and feed it into the automaton A., starting at the initial state.
Denote the state reached after this operation by Sp. The digit written
by the transducer is the digit 79. Now read the digit é; and feed it into
the automaton A., this time starting in the state Sp. Denote the state
reached after this operation by S;. The digit written by the transducer is

the digit n;. Iterating this procedure gives all digits ny.
To each automaton and each p-additive function, we attach the ma-
trices
p—e—1 p—1

> elfmle+0) = fn(0) S elfmle+L—p) = fu(0)
Agm):l p_€€_=20 ﬁi;,{_&-
g (fmle+ L+ 1) = (D) Y elfmle+l=p+1) = fm(0))
=0 l=p—e—1

where, for any non negative integer m, f,, denotes the p-additive function
defined by

fm(n) = f(p™n).

Then we have

Proposition 1. For any p-additive function f the following product

formula
K 1
oy (Z skp'f) = (1,0)AY) ... ALY <ﬁ (1)> (2.1)
k=0 I
holds.

PROOF. Set for short Fy,,(n,x) = e(¢y,, (n,z)). Using the p-multiplica-
tivity of e(f) one gets for n = eo + pn':

| Fonayglan = ¥ P [ Rl agldo

P ateo<p Zq
1
+ Z F(so—f—a—p,a)—/ Fi(n' +1,2)py(dx)
ateo>p P Jz,

and an analogous equation for pr F(n+1,z)u,(dr), replacing eg by eg+1
(with the usual convention that a sum over an empty set is equal to 0).

Consequently
vp(n) \ _ 40 ( Pn(n)
(ﬁf(n + 1)) ~ A0 oy (o 4 ) (22)
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and (2.1) follows by induction. O

Remark 1. By the known fact (cf. [3]) that p-additive functions which
satisfy the hypotheses of Theorem 2 are pseudo-random, it follows that the
corresponding spectral measure is not atomic. Furthermore, an application
of (2.1) shows that for any a € {0,...,p — 1}

-1

e(fla+€—p)— f(0)vs(1)

bS]

p—a—1
pra) == 3 e(flat ) — 1)+
p =0
CYTRe(f(e+1) — £(0)
p—e(f(0)=f(p—1))

If U¢(1) = 0 (this cannot happen for p = 2), then (2.3) shows that ¢(p —
1) # 0. Moreover, 0¢(mp"™) = 0¢(m) for m € N; this implies that vy is not

Y|

l=p—a

(1)

(2.3)

absolutely continuous.

Lemma 1. Let p > 2 be an integer and f be a completely p-additive

function, which does not satisty f(n) = ;%1319(”) (mod 1) for some inte-
ger k. Then there exists a constant 0, 0 < 0 < 1, and a finite block of

digits B (which contains at least two distinct digits) such that
|7y (n)] < 0750, (2.4)

where op(n) denotes the number of (non-overlapping) occurrences of the
block B in the p-ary digital expansion of n.

PROOF. We notice that the entries of the matrices (a,g;)) = A, satisfy
©)) « 1) _gen_L( p—e S
<) a0 -1( P00 0). e

If one of the above inequalities is strict for one & (this cannot happen
for p = 2), we see that all the entries of the matrix AsA.A, are strictly
bounded by the corresponding entries of the matrix BsB.B,. Thus we
have ||AsAcAy|| < 1, where || - || denotes the matrix norm associated to the
maximum norm on C2.

It remains to treat the case that there is equality in (2.5) for all 7, j, €.
From ¢ =1 and i = j = 1 we conclude that f(d +1) — f(0) = C (mod 1)
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for some constant C'. Therefore f(6) = C¢ (mod 1), which implies that
f(n) = Csp(n) (mod 1). In this case the matrix A, takes the form

) _1( (b - ) P >
B ANCEEES e CE S s

with ¢ = e(C). Computing the entries of the product of two matrices
shows that ||A:A,|| < 1 for any pair (¢,7) ¢ {(0,0),(p —1,p — 1)} except
if (P71 =1.

Taking any of the blocks considered in the two cases as the block
B mentioned in the lemma and setting 6 the norm of the corresponding
matrix product, (2.1) gives the proof of the lemma. O

Remark 2. Observe that [[Af'[| = [|A}%,|| = 1 for any integers m > 0.
For p > 2 and f # Cs, (mod 1) the above proof shows that there is a
digit £ # 0 such that op(n) can be replaced by the counting function of
all occurrences of € with at least 2 digits in between.

Proposition 2. The measure vy is discrete if and only if f = I%sp
(mod 1) for k € Z. Otherwise, vy is singular continuous.

PROOF. Assume first that f # I%sp (mod 1) and apply Lemma 1
to bound the Fourier coefficients of v; in terms of the counting function
of some block B of length L. Since B # 0%, we can estimate op(n) in
Lemma 1 from below by the number of occurrences of the “digit” B in the
pl-ary expansion of n. We apply Tschebysheff’s inequality to obtain

1 ALp*L N
#{n< N | JB(n) < WlogpN} < m
Thus we have

SpmpPr< Y ewrENe S g

n<N an an
o(n)> T log, N a(n)§2p—L log,, N (2.6)
) oL
1+2p7 log,, 0 4Lp N

<N
- log, N’
which implies

o1 N 2
lim N Z |p(n)]* = 0.

N—oo
n<N
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By the WIENER-SCHOENBERG theorem [19], [21] this means that v; has
no point masses. By the principle of purity, vy is singular or absolutely
continuous with respect to the Haar measure on U. The latter case never
occurs since vy (p*l) = vy(€) for all integers k > 0 and any ¢ € Z while

vy # 0.

In the case f = -%-s, (mod 1) we use the congruence s,(n) = n

P
mod (p — 1) to see that e(f(n)) is periodic and therefore the measure is
equal to the uniform distribution on the points (e( %» O

Remark 3. Notice that e(¢¢) is periodic if and only if f(n) = Iﬁsp(n)
(mod 1) for an integer k.

Remark 4. The support of the measure in the discrete case is the
finite group (e(p%l)). This shows that [16, Proposition 3] is not correct
as stated there. QUEFFELEC’s proof can be corrected to show that the
discrete measure is supported on an at most countable union of classes of
the group ({e(p~*) | k € N}) for general additive functions f.

In the following we will need the notation
By(nses...e0) = #{i; 0 <i <log,n, di—s4;(n) =¢;, and 0 < j < s},

where d;(n) denotes the j-th digit of n in base ¢ representation and &5 . . . g9
is an arbitrary block of digits in {0,...,p — 1}.

Lemma 2. Let p,q > 2 be multiplicatively independent integers and
r € N, r > 0. Then, for any given block ¢, ... gy, there exists an increasing
sequence of integers ny such that

lim By(rp"*,es...g0) = o00.
k—o0

PROOF. We imitate the proof of [4, Theorem 2|. Let us consider the
sum

N

1 E n

N Bq(rp ,53...50). (27)
n=1

We have to show that this sum tends to co as N — oco. Let K = [%] and
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m=y:, ei¢". For a positive integer £ < N we consider
Ag:#{(n,k‘); 1<n; s<k<K and

(2.8)
0+

m rp” m—+1
qs+1 < qk—l—l <+ qs+1 }

Notice that the inequalities in (2.8) involving ¢ are equivalent to the occur-
rence of the block e ...¢q in the g-adic digital expansion of rp™ at some

position k. Taking logarithms in (2.8) and setting o = logq

Togp W€ obtain

Ag:#{kSK—s—i—l; dn, 1<n <N,

log(¢ + qs%)
log p

1 log (¢ + 2
<n—(ktDat ogr _ (0 + o51)

log p logp
=#{k1<k <K and {—(k+1)a} € I;} + O(log(¢ + 1)),
where I; denotes the interval

log(¢ + 1) — logr log (4 + Zﬁ—ﬂ) —logr
log p ’ log p

modulo 1 of Lebesgue measure |I;|. By the irrationality of « the sequence
(ka)gen is uniformly distributed modulo 1 and thus we have

Ay = K|Ij| +o(N) + O(log(¢ + 1)),

where the o(N)-term is uniform in ¢. Summing up we obtain for 2 <
P(N) <N

Y(N) Y(N)
Ag=K Y Il + o(N9(N)) + O(sh(N) log ¢ (N)).
=1 /=1

Now choose the function ¥(N) such that limy_,o. ¥(N) = oo and the
o(N9(N)) term above is still O(N). We now observe that the series

o0
>l
(=1
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is divergent and since

1 N T
N ZBq(rp",gs L. E0) > — Z Ay,
n=1 =1

the sequence (By(rp",es...€0))n is unbounded. Thus the proof of the
lemma, is complete. O

3. Rigid times and proof of Theorem 2

For the proof of the main result we now introduce tools from ergodic
theory. Let I' be an infinite, countable discrete Abelian group, let V : v —
V7 be a unitary representation of I' on a Hilbert space H and let ¢ be a
complex number such that |(| < 1. An infinite subset S of T" will be said
a (-rigid time for V if the family (V*)scs weakly converges to (I (where
I is the identity map) with respect to the filter of co-finite sets. In other
words, for all h, A’ in H and for all € > 0, there exists a finite subset F' of
S such that [(V*h|h') — ((h|h")| < e holds for any s € S\ F. For short we
write limgeg(V*h|h') = {(h|h). By polarization, S is a (-rigid time for V/
if and only if for any h € H

lim(V*h|h) = ¢||R|2. (3.1)
seS

Now we state the following general

Theorem 3. Let V' be a unitary representation of I' on H and let
¢ be a complex number of modulus < 1. An infinite subset S C I" is a
(-rigid time for V if and only if for any h € H and any ¢ € L'(T', py,),

lim | o(u)u(s)pn () = ¢ /F o (w)pn(du), (3.2)

where pp, denotes the spectral measure of h associated to V which is given
by
pu(s) = (V°h,h), sel.
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PROOF. Assume that S is a (-rigid time for V. For any v € I, let C,
be the character on I" defined by C,(u) = u(y); one has by definition

V) = [ oo pnde) = [ uts)utr)on(du).

On the other hand,
(V> k) = (VIR = ¢ [ Gy (u)pn(d)
s I

Therefore (3.2) holds for ¢ = C,. Clearly (3.2) also holds for any linear
combination of characters and a straightforward density argument shows
that (3.2) is also true for any ¢ € L'(T', p,). Conversely, assuming that
(3.2) is true for any hin H, ¢ in L*(T', py) and taking ¢ = 1 we immediately
get (3.1). O

The notion of {-rigid time furnishes the following simple test to derive
the mutual singularity of two unitary representations:

Theorem 4. Let V and V' be two unitary representations of T' (on
Hilbert spaces H and H', respectively) and assume that S C T is a (-rigid
time for V and a (’-rigid time for V' with ( # (. Then the spectral
measures of V and V' are mutually singular.

PROOF. Let h € H, ' € H' be of norm 1 and let v, v be the corre-
sponding spectral measures (which are both probability measures on f‘)
Let o be a probability measure on I' and assume that o is absolutely
continuous with respect to py and pp/. By definition

50) = [ S-wuon(an) = [ 2

i dpn, t dpw

(w)u(y)pw (du),
and passing to the limit along .S we obtain from Theorem 3

iierflg&(s) =¢=C.

This contradiction means that o does not exist or, equivalently that pp
and pps are mutually singular. U

Now we introduce particular weighted unitary representations related
to multiplicative I'-cocycles. Let K be a compact metrisable Abelian group
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with group law denoted additively and assume that I' acts on K by means
of translations. For any v € I, let 77 denote the translation which realizes
the action of v. We assume that this 7-action is ergodic and aperiodic on
K endowed with its Haar probability measure u. Aperiodicity of T implies
that v +— 77(0x) is one-one. For this reason we will identify v by the
group element 77(0g). We will also view 7 as a unitary representation
of I' on the Hilbert space L?(K,u) and since T is infinite, we notice that
there always exists a 1-rigid time S for 7.

As above, U denotes the group of complex numbers of modulus 1
equipped with its Haar measure A and let ¢ : I' Xx K — U be a 7-cocycle
i.e. a measurable map such that

o(v+7,2) = o(v, 7 z)p(7, ) prae.

We then define the skew product action 7, of I' on the product space
(K xU,p® A) by

(70)"(,¢) = (2 + 7, Cp(, 2))-

Finally, we define the unitary representation U, of I' on L%*(K) by

UJ(h)(x) = (v, )h(T7x). (3.3)

Theorem 5. Assume that S is a 1-rigid time for 7. Then for any

T-cocycle p : I' x K — U, the set S is a (-rigid time for the representation
U, if and only if for any x € K,

¢ if x is trivial,

lim [ (s, 2)x(2)u(dz) = { (3.4)

seS Ji 0 otherwise.

PROOF. For characters y and x’ on K, we have
(UIxIx") :x(v)/Kw(%x)x(w)x’(w)u(dw)-

Assume that S is a (-rigid time for U,, then limses(UZx[X") = ({x[X")-
This proves (3.4). Conversely, assume (3.4) for any y € K, then

limgeg E<Uéx|x’> = ((x|x) for any characters y and x’ on K whereas
limgeg x(s) = 1 due to the 1-rigidity of 7 along S, hence

lim(US y|y') = N,
im(Ugx|x) = ¢
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By bilinearity, the same formula holds for any linear combinations of char-
acters. We finally obtain by continuity, limses(U3h|h') = ¢(h|R) for all h,
h'in L?(K, 1), as expected. O

Readily, for any integer ¢ # 0, the set S = {fp"; n € N} is a 1-rigid
time for the Z-action  — x+m (m € Z) on Z,. Going back to the cocycle
1y and the unitary representation V¢ we get the following consequence:

Theorem 6. Assume that f is a completely p-additive arithmetic
function. Then for any integer ¢ # 0 the set S := {{p"; n € N} is a (-rigid
time for Vy¢, with & : u— u™ (u € G, m € Z) and

¢ = Umy(0).

PROOF. In order to apply Theorem 5, notice that { o e oy is a 7-
cocycle. We compute

I(n) = : E(e(yy(bp™, x)))x (x)pu(dx)

~

for any x € Z,. Associated to X, there exists an integer k£ such that
x(yp¥) = 1 for any y € Z, and due to the p-additivity of f, one gets for
any integer n > k

p"—1

I(n) :5 > /Z Ee(s, (L)X + ") (dy)

— ( / x(x)u(dx>) ( / 5(€(¢fn(€v$)))ﬂ(d$)> .
Zop Zp

The complete p-additivity of f implies

I(n) = (x|1)2mg(£)
so that conditions (3.4) are fulfilled. O

Corollary 1. Let m,n € Z, then the two measures vy, s and v,y are
either equal or mutually singular.

PROOF. Assume that v,y # vp,r. There exists an ¢ € Z such that
Unt(€) # Dpp(€) which implies vy, and v,y mutually singular by using
Theorems 6 and 4. ]
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Now we relate the measure p, given by (1.7) for v = x ® £ to the
measure Vy,f, where m is given by £:ur— u". Recall that py=0d7,(1)} * me.

Proposition 3. With the above notations, assume that m f 7é Sp
mod 1. Then the measure p. is equivalent to v,,y. Equivalently, all trans—
lations of vy, by pF-th roots of unity are equivalent.

PRrROOF. Let y be a measure on U and ¢ be a primitive K-th root of
unity. Define the measure

1 K-1 }( 1
a(dt) = 2= > alj)e( 1o Spery ().
j=0 k=0

If  is continuous, the two measures are equivalent, since the trigonometric
polynomial vanishes in at most finitely many points. A straightforward
computation shows that the Fourier coefficients of k and u are related by
the following formula, for 0 < ¢ < K,

—t—1
R0+ Kn) = % Z a(l+ j)a(j) i(Kn)
1 ]212_1 (3.5)
+? Z a(€+j—K)@ﬂ(K(”+1))~
j=K—¢

Taking K = p*, where k is the smallest exponent such that X(l)pk =1,
{4 = Vs (which is continuous by Proposition 2) and a(j) = e(mf(5))x(1)’*
n (3.5) (0 < s < p*) we obtain

pF——1
(£+pFn) = x(1)* (% e(m(f(€+3) — f(5))0mg(n)
5=0
pF—1
+% > e(m(f(e+j—p") = F()oms(n+ 1))
j=pk—t
= X(1)% Dy (€ + pn).

The last equation holds by an application of (2.2) to the function mf as
a completely pF-additive function. Thus k = pysee and in particular py
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k_
is equivalent to p—* Z?:ol Vinf * 0{y(1)7}, which by the same argument is
equivalent to v,f. O

Corollary 2. The spectral type of the unitary representation Vy g
defined by (1.6), with & : u — u™ such that mf # %sp (mod 1), is equal

to Vg, and for any h € L*(Z,), any x € Zp the spectral measures ppee
and p(y.n)ee (= Phoe * 0fy(1)}) are equivalent.

PrOOF. It is enough to show that for any linear combination h =
Z?Zl a;X; of characters x; on Z, the measure ppg¢ is absolutely con-
tinuous with respect to v,,r, but as a classical result pg¢ is absolutely
continuous with respect to Z?:l px;e¢; and the result follows from the
above proposition. O

In the next corollary, we sum up results which essentially derive from
Corollary 2 and the decomposition (1.4):

Corollary 3. For any completely p-additive arithmetic function f,
the dynamical system (Z, x G, T}, r, ip ® hg) is ergodic. Let A, be the
discrete part contribution of the translation T': x ~ x +1 on Zy, A, ¢ the

part corresponding to the orthocomplement of L*(Z,, u,) ® 1 with Al()d}

(resp. A;C}) its discrete (resp. continuous) part. The spectral type of T,

(cf. (1.5)) has the form
—_ d c
Eps = Ay x A+ AL

Moreover, let J; be the subgroup of integers m such that mf = %sp

mod 1 for a suitable integer k € N, and let mg > 0 be defined by J; = mqZ.

Then

(i) if Gy is the subgroup of the (p — 1)-st roots of unity generated by
the values of mgf, then the discrete part Agf} of A, s is the spectral
type of the translation z — z(y where (y = e(mqf(1)) is a generator
of Gy and the (ergodic) dynamical system (Z, x Go, Ty, itp @ ha,)
with Ty(x,2) = (x + 1, 2(p) is a factor of T}, y under the factor map

(z,y) = (z,y™);
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(i) if mg # 0, G is finite and the continuous part AI()C} of Ay, ¢ is given by

the measure
Do Vmss

1<m<#G
m#0 mod mg

(iii) if mo =0, Ap s (= Al(f}) is equivalent to the measure

[e.9]

Z 2_ml/mf.
m=1

In this case E, y = Ay + A, ;.

Remark 5. In case (iii) of Corollary 3, if G is finite of cardinal r, then r
and p — 1 are relatively prime and the infinite sum can be replaced by the

r—1
E V-
m=1

Proor oF THEOREM 2. From above, we may suppose that g is also
not trivial. By complete p-additivity of f and Theorem 6, the set S =
{tp™; n e N} (€ €N, £#0) is a (-rigid time for Vj ¢ with ¢ = 7¢(¢), and
we can choose £ such that 77(¢) # 0. Lemma 2 implies that there exists an
increasing sequence of integers nj such that the number of occurrences of

sum

a given non-zero block B in the g-ary expansion of ¢p"* tends to infinity.
The estimate given in Lemma 1 then implies

lilgn Ug(Lp™*) = 0. (3.6)

Let H be the subspace of all h € L*(Z,) such that p, < vy where py,
denotes here the spectral measure h with respect to unitary represen-
tation V', : u — e(ihg(n,x))u(x 4+ n) of Z on L*(Z,). The space H
is invariant under V. and the unitary representation x ~— M, of Zq
given by M, (u)(xz) = x(z)u(x), this latter fact following from Corol-
lary 2. Assume that H # {0} and choose h # 0, h € H. For any
function u in the orthocomplement of H we have (V'.(h)-u | x) = 0 for
any x € Zq and n € Z. This implies Vnge(h)-u = 0 pg-a.e. or equivalently,
h(z + n)u(x) = 0 for pg-almost all  and any n € Z, and consequently
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u = 0 pg-a.e. Therefore H = L?*(Z,), in particular p1 = v, < vs. But
Dy(Ep") = [y G (E)e(tp™st)vg(dt), and

. dv, - B
h}in/IU ﬁ(t)e(ﬂp tive(dt) =(#0

by Theorem 3, in contradiction with (3.6). Thus H = {0} and we conclude
that vy and vy are mutually singular. The same conclusion holds if we
replace f and g by mf and m’g with any integers m and m’ such the
characters v — v™ and v — v™ are not trivial respectively on G ¢ and
Gg4. Now, the mutual singularity of A, ; and A4, is an easy consequence
of Corollary 3 part (iii). O

4. Gaussian integers

In this section we consider radix expansions for the Gaussian integers
Z[i]. Tt is well known that all bases b for canonical number systems in Z][i
are of the form b = —a£4, a € N, a > 1 (cf. [13]). Such numeration
systems were introduced in special cases earlier by D. KNUuTH [14]. Thus
every Gaussian integer z can be written uniquely in the form

L
z= ngbe with e, € A (= {0,...,a%})
(=0

that leads to the classical notion of b-additive arithmetic functions f :
Z[i] — R which, by definition, verify f(z) = Zf:o f(g¢b%). In the following
we will mainly consider completely b-additive arithmetic functions defined
by

L L
f (zwa) -3 e
=0 =0

and still denote by Gy or simply G the closed subgroup of U generated by
the values of e o f. The corresponding compact group K (replacing the
g-adic integers for the classical radix expansions) with Haar measure py
as well as the related cocycle ¥ (see infra) where f is the sum-of-digits
function have been investigated in [7].
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Let (Ky, Ty, p) be the group action of Z[i] by translation, namely
T7(x) = x + z for any Gaussian integer z, and let (Ky x G, T} ¢, iy @ ha)
be the skew product above Tj defined by

T () = (& + 2 ue(y (2, 2))),

where 1) is the cocycle given by

Usza) = lim f(z+) - F(6).

§€Zi]

if the limit exists and v ¢(z,2) = 0 otherwise. For any z € Z[i], the map
(2, -) is continuous almost everywhere. This fact was proved in [7] for the
sum-of-digits function, but since the proof makes use only of the b-additive
property, it is valid in full generality.

Theorem 7. The dynamical system (Ky x G, T ¢, iy @ h) is uniquely
ergodic.

PRrOOF. The ergodicity will be a consequence of our next study. It can
be also derived by arguing along the same lines as in the proof given in
[7] for the sum-of-digits function. The uniqueness of the ergodic measure
follows from the general result [see [7], Corollary 4]. O

Our first aim is the study of the spectral type of Tj , taking into
account the decomposition analogous to (1.4), replacing Z, by K. The
dual group of T is identified with the two-dimensional additive torus I' =
C/Z[i] so that v € T' corresponds to a unique character x,(z) = e(R(vz))
of I' and all characters of I'" are of this form. Moreover, by duality, all
characters of T' are of the form y, : v — Xv(2). Now, the dual group of
KC(b) is identified with the discrete subgroup

L) :={wel; Ik eN, vhw =0},

each character x of K(b) being identified to w(x) = w/b* € I, w € Z][i],
through the formula x(z) = xw(z) = e(R(w Z?;& z;b7)). We use the same
notations as before: p; represent the spectral measure associated to any
function h in L?(Kp x G) with respect to 7T; b,r- Recall that py, is a measure

on I' and in particular, for h = x ® £ with xy € K and & : u — u™ (€ @),
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one has

Preae(2) = x<z>j/ (U (2, 7)) s (d):

K
hence pyoe = fw(y)} * Vimf- b
An important spectral property related to T f is the existence of rigid
time. It is a simple observation that any set S(¢) := {¢b"; n € N} (for
any Gaussian integer ¢ # 0) is a 1l-rigid time for the Z[i]-action T} on
Ky by translation. Now for any character § of G, let V¢ be the unitary
representation of Z[i] on L?(K}) given by

Vie(h)(x) = &(e(bs(z, 2)h(a +2).

The following theorem corresponds to Theorem 6 for p-additive function;
the proof is almost identical and is left to the reader:

Theorem 8. The set S({) is a (-rigid time for V¢, with £ : v — u™
and ¢ = Dy (0).

The corresponding Corollary 1 holds as well.

As in the case of p-adic integers discussed in Section 2, addition of m—+
ni can be performed by a family of transducer automata. They are more
complicated, due to the fact that there are 12 possible carries (including
the carry 0) which form the set ¥ of states. These automata are described
in Figure 2. Since the situation is more complicated than in the p-adic
case, we also give a brief verbal description. Let d : Z[i] — {0,1,...,a?}
be the first digit function to base b i.e., d(z) is defined by the relation
z —d(z) € bZ[i] and notice that (a®> + 1)b~! = —b— 2a = b> + (2a — 1)b +
(a—1)% Toadd m+ni =g +e1b+ -+ &b to any z = Y poxd®
(z) € A) in Ky such that y = (m +ni) +x = > 2> yxb*, we first compute
Yo = €0 + o — n(a® + 1) and report the carry ¢; = n(—b — 2a) where 7 is
equal to 0 or 1 according to g + ¢ < a? or a®> + 1 < gy + (< 2a° + 1).
After computing the digits yo,...¥ys_1, the next one, y,, is obtained by
computing ¢ + €5 + x5 where ¢4 is the running carry to be added (and
es = 0 if s > r). This gives ys = d(cs) + €5 + x5 — n(a® + 1) and the next
carry cs1 = (cs — d(cs)b™! + n(—b — 2a), where 7 is equal to 0, 1 or 2 in
such a way that 0 < d(cs) +¢es+xs —n(a® +1) < a?. If we define the maps

Sy iz (2 —d(2)b' +n(=b— 2a)
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for 0 < 1 < 2 then, ¥ is the smallest subset of Z[i] containing 0 and
satisfying both

(VeeX) (dc) =0 = Sy(c) e 2& Si(c) € %)

and
(VeeX) (dc) #0 = Vn € {0,1,2}, S,(c) € X).

It is easy to see that there exists a positive integer M such that for any
2z € Z[i], there is an integer k > 0 verifying for i = 0,1,2, |S¥(2)| < M and
moreover, |S;(z)] < M if |z] < M. Hence |s| < M for any s € ¥, proving
that X is finite. By straightforward computation we obtain

¥»={0,1,-A,C,-2,F,B,D,E,—B, A, —1} (4.1)
where
A=1b+ 2a, B=b+2a-1, C=-b—2a-2,
D=-b—2a—-1, E=b+2a-2, F=-2b—4a+1.

The automaton corresponding to the addition of the digit ¢ is depicted
Figure 2.

In the labelled graph of Figure 2, the notation [¢] means that ¢ has
to be added to the digit that has just been read, if the result is still in
A (= {0,...,a%}), so that if ¢ is the current state, the next one is the
extremity of the arrow issuing from o and labeled by [g]. Notice that there

is always exactly one possibility.

Finally, by ordering ¥ = {0, ...,011} as it is given in (4.1), the corre-
sponding matrices A, related to the computation of the Fourier coefficient
W(Zizo £xb¥) can be read off as

t(e) 0 t(e—a%—1) 0 0 0
t(e +1) 0 t(e—a?) 0 0 0
0 0 0 0 0 0
0 0 0 t(e—a?—2a—-3) 0 0
t(e — 2) 0 t(e—a?—3) 0 0 0
0 0 0 t(e—a’®—4a) t(e—4a+1) 0

0 t(e+2a—1) 0 0 0 t(e—2a2+2a—3)
0 0 0 0 0 0

0 t(e+2a—2) 0O 0 0 t(e—2a2+2a—4)
0 0 0 0 0 0

0 t(e+2a) 0 0 0 t(e—2a2+2a—2)
t(e — 1) 0 t(e—a’®—2) 0 0 0
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0 0 0 0 0 0
0 0 0 0 0 0
t(e+(a—1)%) t(e—(a+1)?) 0 0 0 t(e — 2a)
t(e+a?—2a—1) 0 0 0 0 t(e —2a—2)
0 0 t(et+a?—4a+2) 0 02 0
0 0 0 0 t(e4a?—1) 0
0 0 0 t(e—(a—1)2-1) 0 0 (4'2)
t(e+a?—2a) t(e—a?—2a—2) 0 0 0 t(e—2a—1)
0 0 0 t(e—(a—1)2=2) 0 0
t(e+(a—1)%4+1)  t(e—a®—2a) 0 0 0 t(e —2a+1)
0 0 0 t(e—(a—1)?) 0 0
0 0 0 0 t(e+a?) 0
with
1 2
tq) = — Y. elfk+q) —f(k) A={0,....d%},
a*+1
keAN—q+A

t(q) being null if AN —q + A is empty (i.e., |q| > a?).

In fact, let f,, be the general notation for the b-additive function
z — f(b™z), set Fu(z,x) = e(vy,(z,2)) for short and = = x¢ + ba’
for any z € K. For z € Z[i] with partial b-expansion z = ¢ + bz, and
any o € 3, using the b-multiplicativity of e(f) and the fact that u is a
product measure, one has

ﬁf(z + U) = . Z 1{x0:k}F(z + va):u'b(dx)
b 0<k<a?

2
= (AE)U,Sn(O') / Fl(z’ + Sﬂ(0)7 x’)'ub(dx/)’
n=0 Ky

the term in the above summation corresponding to n = 2 being omitted if
€ = 0. This proves the following fundamental formula:

Ut (2 + 09) 5, (2 + 00)
: = A : (4'3)
I)f(Z-f-O'll) ﬁfl(zl'f'o'll)
Obviously, for any b-additive function f, ||Ao|| = ||Ag2]] = 1 and if

we denote by B, = (b(of)ﬁ) the matrix A. but with f = 0, each entry
of (a® + 1)B. are non negative integers, the sum of all terms on each

line being equal to a? + 1, and the entries of the matrix (a[(f)ﬁ) = A
)

satisfy ]aff)ﬁ] < bff 5- As in the above discussion, if there is no digit € such
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Figure 2. The automaton A, for base —a + i

that ||Ac|] < 1 then the first line of A; says that f(0 + 1) — f(6) = C
(mod 1). Assuming in addition that f is completely additive, this implies
that f(z) = Csp(2) (mod 1). In that case ||Ac|| = 1 for any digit ¢ but
there are many triples (1, e2,£2) € A such that one entries of the product
Ag Ag, A,y is strictly less than the corresponding entry of B, B., B.,. For
our purpose, we only need to exhibit one such triple. In fact, choosing
((a — 1)2,2a,0) and working with the automata A(a—1)2, A2 and Ay we
obtain

(A(a—1)2A2aAO)B,B = (20, + 1)2aﬁa2+1 + (a2 — 2)(2a + 1)C_2a_1.
where ¢ = e(C). Therefore
‘(A(a,1)2 AgaA())B’B’ < (B(a,1)2 BQGBO)B’B = (2a + 1)20, + (a2 — 2)(2a + 1)
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lf C(a+1)2+1 7§ 1 (and ’(A(a_1)2A2aA0)37B‘ = (B(a—l)QB2aBO)B,B other—
wise). Consequently, for any digits € and 7, the inequality

H‘AEAA((L—I)2 A2aAOA77 H <1

holds if and only if ¢ is not a ((a + 1) + 1)-th root of unity. The case
where ¢(@+1*+1 = 1 is very particular as it was observed in [7] where it is
shown that

V(z,2) € Z[i)%, sp(z+2') = sp(2) + s(2)) (mod (a+1)*4+1). (4.4)

We have proved the analogue of Lemma 1, namely if f is completely
b-additive and does not satisfy f(z) = st(z) (mod 1) for some
integer k then, there exists a constant 6, 0 < 8 < 1, such that

|95 (2)] < 077 (4.5)

for some non-overlapping block counting function op(z) where the digit
block B can be chosen of length at most five. From (4.5) we infer the
following;:

Proposition 4. For any completely b-additive function f, the measure
vy is discrete if and only if [ = ((IH%SI’ (mod 1) for some k € Z.
Otherwise, vy is singular continuous and for any w € (b)), Prwel (=
vy * 0gy)) I equivalent to vy.

PRrROOF. Assume that f = %sb (mod 1), then the map xs :

a+1
z + e(f(z)) is a character of Z[i] and vy is discrete. In fact, by direct

computation, xf(z) = e (%(%)) and Uy(z) = xs(2) i.e., vy = 6ay},
where o = m + Z[i].
In the case f # st (mod 1), we introduce the set

L—-1
Ap = {Z 55[)[; (60,...,€L,1) S AL}
£=0

It follows from the geometric considerations in [6] that Ay satisfies the
condition (4.8) below. Following the proof of Proposition 2 we get

lim — 3 Joy(2) 2 = 0. (4.6)

Leo (a2 + 1)L zEAL
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This, together with Theorem 9 infra, finishes the proof of continuity of the
measure Vy.

In order to prove vy * dg,y ~ vy for w = wb™F with w € Ap, w # 0,
we introduce the probability measure

1 2
’i(du):m D e(R(f(2)+wz)x.(—u) S > ey (du).
ZEAL UEAL
which precisely verifies for any y € Ay, and y' € Z]i]
Ry +b"y") = xw() oy (y + 0"y) (4.7)

that is to say, K = vy * 0y,). Equation (4.7) is obtained by iterating
(4.3) with the b-additive function F' : z — R(f(z) + wz) which verifies
Fr, = R(fr) mod Z[i]. O

We could not find the following straight forward generalization of the
Wiener—Schoenberg theorem in the literature. Thus we state it and give a
short proof.

Theorem 9. Let G be a compact metrizable abelian group and (Ay,),
an increasing sequence of finite non empty subsets of G such that

A, NA
lim #(xAn n)

Jim AR < 0 (4.8)

for all x € G. Let v be a measure on G. Then the limit

tim o S 900 (19)

noe 3 An XA
n

exists and equals

> v{gh)?

geG
In particular, the measure has no point masses, if the limit (4.9) is zero.

PRrROOF. The proof runs along the same lines as the proof of the clas-
sical WIENER—SCHOENBERG theorem [19], [21]. It depends on the fact
that

S0P = [[ X v v ave),

XEAR Gx G XEAn
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Define 1
fala) = —— 3 @);
#A,
XEAnR
if we can show
1 forxz=0
lim f,(x) = 4.10
”—’C’Of (@) {O otherwise, ( )

Lebesgue’s theorem on dominated convergence yields existence of the limit
(4.9) and its value.

In order to prove pointwise convergence in (4.10) we fix = # 0 (for
x = 0 the convergence is trivial). Assume now that |f,(z)| > ¢ for some
€ > 0 and infinitely many n. Then there exists a convergent subsequence
fri (), whose limit is # 0. By our assumption on the sets A,, the sequence
X() fn, (x) is convergent to the same limit for any character x. Taking x
such that y(x) # 1 gives a contradiction. O

From Proposition 4 and previous analysis we can transfer conclusions
of Corollary 2 and Corollary 3 to b-additive arithmetic functions f, but
replacing the index p by b, the function I%sp (mod 1) by st
(mod 1) and the group of (p — 1)-th roots of unity by the (1 + (a + 1)i)-
torsion subgroup of I' i.e., the group

T,:={vel; 1+i(a+1))v=0}

To be complete, we need to know that Tj, ; is ergodic if f = st

(mod 1), a result coming from the general theory ([7], Corollary 4), or
simpler, due to the easy fact that I'(b) N T, = {0} and (4.4) which says

that Ty = T, x R, where, by definition, R} : y — ye (%(
the group of ((a + 1)2 + 1)-th roots of unity.

z
1+(a+1)i) on

Let us mention the following simple consequences: first, as we have
already noticed, T} ; is ergodic by the fact that the above spectral studies
show that the eigenvalue 1 only comes from 7} and so occurs with multiplic-
ity 1. Now, the following corresponds to the case where the eigenfunctions
for Ty, y are only those issuing from Tj:

Corollary 4. Assume that f is completely b-additive and takes an
irrational value. Then G = U and the spectral type 2y 5 of Tj, y has the
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form 2y, y = Ay + Ay, ¢ where Ay, the discrete part, is the spectral type of
Ty and A, ¢, the singular continuous part, is given by > " 1 27" Uy, .

A b-additive arithmetic function f will be said trivial if there exists an
integer k£ and a non trivial character x,, : u — u™ of Gy such that

e = (™)

a+1)2+1

According to Proposition 4, this definition is equivalent to have v, dis-
crete for some m such that 0 < m < #G.

Now we want to prove an analogue of Theorem 2. Our proof will work
only under the assumption of coprimality between the bases and we have
to show that the corresponding Lemma 2 holds in this case. We recall that

Loy, =2 ® Zy, (p prime )

plm

as topological rings. Continuing with b = —a + i (a > 0), let p be an odd
prime divisor of a®> + 1. Since —1 is a square mod p, it is also a square
in Z,. This means that ¢ € Z, but we have to choose this square root of
—1. We do this in connection with the factorization p = 77 where m and
7 are conjugate and non equivalent Gaussian prime numbers. In fact, if
m = —0 + 471, observe that the rational integers 7 and o are unities in Z,
and fix one square root i’ of —1 in Z, by assuming the relation

—o+i7=0 mod pZ,.

The specialization i — i’ over Z, allows us to identify Z[i| with Z[¢'] (C Z,)
by the ring isomorphism J : x + iy — x + i'y. In addition, such a choice
of ¢/ implies that the p-valuation of J(7) is 1 and for the conjugate prime,
J(7) = —o —i'7 is a unity in Z,. Finally, let

i’:r0+7“1p+r2p2+...

be the p-adic expansion of i/, and set i'[n] = ";(1) rip® for any integers
n > 1. Since i'[n] is a square root of —1 mod p"™, the map z + iy —
x +14'[n]y + p"Z from Z[i] to Z/p"Z is a ring morphism with kernel 7"Z]i]
which induces the ring isomorphism

On iU+ v+ 7L — u 43 [n)v + p"Z
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from Z[i] /(7)™ onto Z/p"Z. Thus, the family of morphisms ¢,, defines an
isomorphism ¢ between the projective limits Z[i], := lim Z[i) /7" Z[i] and
Ly = lirgn Z/p"Z.

The case b = —1 + ¢ is particular because —1 + ¢ is the unique prime
divisor (up to an equivalence) of 2 and —1 has no square root in Zy. As a
consequence, K_11; = Zsli].

Returning to X in full generality and let 7y ..., be the distinct
prime divisors of b which are not above 2 (in case a is odd) and let p; be
the rational prime such that m; is above p;. Observe that the primes p;
are distinct, since —a + ¢ is not divisible by a rational prime. Select the
square root z; of —1in Z,, in accordance with 7; as above leading to the
isomorphism ¢ between Z[i]x; and Z,,, which can be used to produce
the isomorphism

Qi1 ZLp; (= Zg211) if ais even;
Ky =~ (4.11)

Zsli] ® (®§:1 ij> otherwise.

Theorem 10. Let b = —a + ¢ and ¢ = —a’ + i be coprime and f,
g be completely b-additive, respectively c-additive. Assume that e(f) #
e(msb) for any integer k, then the spectral measures vy and v, are
mutually singular.

PROOF. We assume that e(g) # e(msb) for any k € Z otherwise,
v, is discrete while v is continuous, and the theorem holds. Without loss
of generality we may also assume that a’ is even. Let w1 ..., 7, be the
distinct prime divisors of ¢, respectively above the (odd) primes p1, ..., p,.
Recall that the primes p; are distinct and let ) : Zlily; — Zyp, be the
above isomorphism such that <p(j )(ﬂj) is equivalent to p;. Define m to be
the minimal positive integer such that ™ = 1 mod c and define d; as
the maximal positive integer such that o) (™) € 1 + p?j Zy; = Uqg,(pj)-
From [15, Theorem 5.7, Corollary] we infer that Z,, ~ U;(p;) from which
we conclude that Z,, =~ Ug,;(p;). Thus every element of Uy, (p;) can be
written as 2% dja, where z; is a principal unity and o € Z,,. By definition,

we have .

. T s
A" =27
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where a; is a unity in Z, ; it follows that (™) (b)™) = Uy,. Since the
primes p; are all distinct, (W (b)Y, ..., ") (b)™) generates Uy, (p1) X - - - X
Uy, (pr). Thus from (4.11) we get 1 4 ¢?K. C (b™) for any d greater than
max{dj,...,d,}. Therefore, for any block B of digits in {0, ... ,a’Q}, any
Gaussian integer ¢, and any k£ € N, choosing d large enough with respect
to ¢, there exists a positive integer nj such that op(¢b™) > k. For a

suitable choice of the digit block B, the bound (4.5) implies that
liin Ug(£b"™) = 0.

Following the proof of Theorem 2 with Proposition 4 in hand, we obtain
first that v, is pure with respect to vy, i.e., v, is absolutely continuous or
singular with respect to v;. Since f is completely b-additive, there exists
¢ € Z[i] such that v¢(¢) # 0. Therefore {¢b"; n € N} is a (-rigid time for
Ve with ¢ # 0, and therefore, by Theorem 3, v, has to be singular with
respect to vy. ]

Corollary 5. With the assumptions of Theorem 10, if f and g are
non trivial, then the spectral type of the dynamical systems Ty, r, and
Ty, f, are mutually singular; in particular the direct product Ty, r, x Ty, ¢,
is uniquely ergodic.

We have deliberately paid attention to real valued p-additive or b-
additive functions. This is not a real restriction since we work in fact with
e(f) and then use the corresponding p- or b-multiplicative notion. Indeed,
our choice is motivated by the seminal paper of A. O. GEL’FOND [5].

We end this study with an application to uniform distribution which
is a consequence of Corollary 5 with more than two bases, taking into
account the Tempel’'man ergodic theorem:

Theorem 11. Let f%, i = 1,...,m be non trivial, completely b;-
additive functions such that the bases b; are mutually coprime and set
G; = Gf(i). Then the sequence

2 (e(fD(2)), - e(f 1 (2))

is uniformly distributed in Gy X - - - X Gy, in the sense that for any increasing
sequence (A,,)y of finite non empty subsets of Z|i] satisfying (4.8) and for
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all continuous functions v : Gy X -+ X G, — R, one has

1
##An

lim
n

S e (f D), e (2)) = / vdH  (412)

z€An Gi1 X XGm
where H = hG1 ®---®th.

PROOF. From Theorem 10, the direct product P := T}, ;1) X -+ X
Ty, o) 18 ergodic and can be viewed as the skew product above the
(unique) ergodic translation Ty, x - - - x T}, , built with the cocycle (e(¢ ;) ),
“++,e(¥pem )). Therefore P is uniquely ergodic and since P is (up, @ hg, ) ®
-+ ® (up,, ® hg,,)-continuous, all points in (Kp, X G1) X -+ x (Kyp,, X Gp)
are generic for P. Taking Q := ((0,1¢,),..., (0, 1¢,,)) one has

P*(Q) = ((z.e(fP(2)), -, (2. e(f(2))- O

Clearly an analogous result holds for p;-additive arithmetic functions
in bases p; > 2 which are assumed to be mutually coprime. In that case A,
is usually taken to be {0,1,...,n}.
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