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The quadratic functional equation on groups

By DI-LIAN YANG (Waterloo)

Abstract. In this paper, we study the functional equation f(zy)+f(xy~!) =
2f(xz) 4+ 2f(y), where f maps a group into an abelian group. Using the relation-
ship between its Cauchy kernel and solutions of Jensen’s functional equation, we
deduce many basic reduction formulas and relations, and use them to obtain its
general solution on free groups. We solve it on more specific groups including free
abelian groups and the general linear groups GL,,(Z).

1. Introduction

Let (G,-) be a group, (H,+) an abelian group, and f : G — H a
mapping. Consider the following functional equation

flay) + fley™") =2f(x) +2f(y), V=z,yeq. Q)

Equation (Q) is known as the quadratic functional equation [8]. Any map-
ping f satisfying equation (Q) is called a quadratic form. When G is a
normed linear space, the parallelogram law

lz + yl* + o = yl* = 2l|z|® + 2|lyl*, ¥,y €,

which gives a basic algebraic condition that makes a normed linear space
an inner product space, is of the form equation (Q); see [1], [2], and [5]. For
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equation (Q), the authors of [4] and [9] study some relations between bi-
morphisms and quadratic forms. Under the assumptions G is a 2-divisible
group, H is a field of characteristic different from 2, and f : G — H sat-
isfies the subsidiary condition, i.e., f(zxyz) = f(zzy) for all z,y,z € G,
reference [7] gives some functional equations equivalent to equation (Q),
and proves that f(x) = S(z,z), Vo € G, where S : G x G — H is a
symmetric bimorphism.

To study equation (Q), we first make a simple observation. Let e € G
and 0 € H be the identity elements. Suppose that f is a solution of
equation (Q). Letting z = y = e in equation (Q) we get

It is easy to check that

is also a solution of equation (Q), and it satisfies the normalization condi-
tion f(e) = 0. Therefore, every solution f : G — H is of the form

f=Ff+e

where f is a solution which is normalized and ¢ € H is a constant satisfying
2c = 0. In our paper, without loss of generality, we are concerned about
equation (Q) along with the normalization condition, i.e.,

flay) + fley™) =2f(2) +2f(y), Ya,ye€ G, with f(e)=0. (1)

The aim of this paper is to give the general solution of equation (1) on free
groups. Since any group is isomorphic to a factor group of a free group,
we can obtain the general solution of equation (1) on a large variety of
group by means of pullbacks and factorizations. Using this procedure,
we illustrate how it leads to solutions on more specific groups including
free abelian groups and the general linear groups GL,(Z). A result due
to KUREPA [9, Remark 2] is also extended by removing the 2 torsion-free
condition on H.



The quadratic functional equation on groups 329
2. Preparation

To each map f : G — H, as in [10]-[12], define its Cauchy kernel
A:GxG—H

A(.’L‘,y) = f(xy)_f(x)_f(y)a Vz,y € G, (2)

and B by
¢

Blay,...ow) = flx1...x) = Y flz)— Y Alzi,z),  (3)

i=1 1<i<j<t
over all sequences x1,...,z¢in G and £ > 1.

Theorem 2.1. Suppose that f : G — H is a solution of equation (1)
and that A: G x G — H and B are defined by (2) and (3), respectively.
Then for all x,y, z, x;,u,v € G, £ > 1, my,n € Z,i=1,...,¢, the following
holds.

fla™h) = f(x), (4)
f(xy) = f(yx), (5)
Az, y) = Ay, o), (6)
Ale,u) =0, (7)
Azy,u) + A(zy™ u) = 24(z, ), (8)
Al y) = —A(z.y), (9)
A(zy"z,u) = nA(zyz,u) — (n — 1) A(zz,u), (10)
A(zyz,u) + A(yzz,u) = 2A(xz,u) + 2A(yz,u) — 2A(2, u), (11)
A(zyz,u) + A(zzy,u) = 2A(zy, u) + 24A(zz,u) — 2A(z,u),  (12)
fy") =n*f(y), (13)
flzy"z) = nf(zyz) — (n — 1) f(zz) + n(n — 1) f(y), (14)
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2B(-,u,v), 2B(u,-,v) and 2B(u,v,-) : G — H are homomorphisms, (16)

f(zuvy) = f(zvuy) + 2B(u, v, yz), (17)
B(xz1) = B(z1,22) =0, (18)
B(e,z,y) = B(z,e,y) = B(z,y,e) =0, (19)
B(z,y,y) = By, z,y) = B(y,y,z) =0, (20)

B(z™'y,2) = B(z,y ', 2) = B(z,y,27 ') = —B(z,y,2), (21

B(z,y,z) + B(z,2,y) =0,
B(x,y,z)+B(z,y,:L‘) :07 (22)
B(z,y,z) + B(y,z,z) =0,

L

B(xy,...,we1) = Blay, ..., w)+A(@1 .. 2, 2o41)— Y Awi, ze41), (23)
=1

where 7 is the natural homomorphism from G onto G//G? and the quotient
group which is abelian and is of exponent at most 2.

PROOF. Let z = e in equation (1). Noting that f(e) = 0, we have (4).
Switching x and y, we get

flay) + flay™) = 2f(x) + 2f(y) = f(yo) + fy2™").
By (4), f(zy™!) = f(yz~!) and so we get (5). Relation (5) implies (6):

A, y) 2 Flay) - F@) — o) 2 Flum) - F@2) - ) = Ay, 2);

ie., A(x,y) is symmetric.
Clearly,
Ale,u) = f(eu) — f(u) — f(e) =0

and we get (7). We get (8) by the following direct computation
A(zy,u) + Al(zy ™, u)
= (flzyu) = flay) — f(@) + (fley ') = flay™h) = f(u))
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= (f(zyu) + f(zy'u) — (f(zy) + flzy™)) — 2f ()

= (f(uzy) + fuzy™") — 2f(x) — 2f (y) — 2f (u) (by (5))
=2f(ux) +2f(y) — 2f( ) —2f(y) —2f(u)
= 2f(zu) — 2f(x) — 2f(u) (by (5))
= 2A(z,u).

In the following, for convenience, denote by S(G, H) the set of all solutions
to Jensen’s functional equation

F(xy) + F(zy™) = 2F(x), Vaz,y € G, (24)

with the normalization condition F'(e) = 0. Clearly, S(G, H) is an abelian
group. Relations (7) and (8) show that A(-,u) is in S(G, H) for any given
u € G. So we can use the results in [10] and [11] and get (9)—(12).

Clearly, relation (13) is trivial for n = 0,1. Suppose that it is true for
n <k (k>1). Then

FOMY = —f Y +2f () + 2f (v)
=(—(k—=1)?+2K*+2)f(y) = (k+1)*f(y).

By induction, this proves (13) is true for any non-negative integer n. By
(4), it is true for all n € Z. Since

flay"z) = f(zay") (by (5))

fQzz) + f(y") + A(zz, y")

f(zz) + 02 f(y) + nA(zz,y) (by (13) & (10))
nf(zyz) — (n—1)f(zz) +n(n —1)f(y) (by (5)),

we have proved (14).
We use (13) to get

Alz,z) = f(2®) = 2f () = 22f () — 2f(x) = 2f (@),

which proves (15). To derive (16), first observe that

B(IL’,y,Z) = f(xyz) - f(IL’) - f(y) - f(Z) - A(xay) - A(.’E,Z) - A(y7z)
= flayz) = f(z) = (Aly, 2) + f(y) + f(2)) — Az, y) — A(z, 2)
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f(zyz) = f(z) — f(yz) — Az, y) — A(z, 2)
A(z,yz) — Az, y) — Az, 2). (25)

Similarly, we can check
B(‘Thy?'z) = A(my,z) —A(.’E,Z) —A(y,Z) (26)

It follows from (26) (resp. (25)) that B(-,-,u) (resp. B(u,-,*)) : GXxG — H
is the Cauchy kernel of A(-,u) (resp. A(u,-)) : G — H for any given u € G.
Thus, from relations (6)—(8) and (2.10) in [10], we get (16). We have (17)

since

flawvy) — f(zouy) = f(uvyz) — f(vuyz) (by (5))
= (A(uv,yz) + f(uv) + f(yz))
— (A(vu, yz) + f(ou) + f(yz))
= A(uv, yz) — A(vu, yz) (by (5))
= 2B(u,v,yx),

+f
+f

where the last equality comes from (26) and (2.11) in [10]. The usual
convention ) 4 = 0 implies (18) by (2) and (3). Thus, by (25), (7), (10),
(9), (6), and (11) (or (12), letting z = €), we get

B(e,z,y) = A(e,xy) — A(e,x) — A(e,y) =0, (27)
B(ZL‘, Y, y) = A(ZL‘, y2) - 2A(£L‘, y) = 07 (28)
B(x_l,y,z) = A(x_l,yz) - A(l‘_l,y) - A(x_l,z) = —B(w,y,z), (29)

B(z,y,z) + B(z,z,y) = A(z,yz) + Az, 2y)
—2(A(z,y) + A(z, 2)) = 0. (30)

This shows the first equality hold in (19)-(22) respectively. By (26)—(30),
it is easy to check the rest in (19)—(22) are true.
To show (23), it suffices to note that

L

B(zy,...,we01) = (w1 wepn) = Y (i) = flaeg)

i=1
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¢
> Alwi ) =Y Alwi wes)
i=1

1<i<j<e
¢

= f(@1..mp) + flaern) + Al oo we) = Y f(a)

i=1
¢
f(2e41) Z Az, x) ZA(%WH)
1<i<5<t i=1
¢
=B(z1,...,2x0) + Ax1 ... 20, T41) — ZA(a:i,:ch).
i=1
This completes the proof of Theorem 2.1. ([

Corollary 2.2. Suppose that f : G — H is a solution of equation (1).
Then

¢ 2 ¢ 2
fla™y™ My = (ZW) f(@) + <Zm> f(y)
=1 i=1
¢ ¢
+<zmi> (zn> (Fey) — $) — F(0)
=1 =1

holds for all x,y € G, £ > 1, my,n; € Z,1=1,... 1.
PRrROOF. It follows from (10) and (13) that
f@™y™) = f@™) + fy™) + A", y™)
= mif(@) +nif(y) +mim(f(zy) - f@) = ()

This shows (31) holds for £ = 1. Suppose it holds for £ = k, k > 1. Then
from (25), (26) and (2.6) in [10], we obtain

f(.’L‘ y . mkynkxmk+lynk+l) — f(xmlynl - mk+mk+lynk+nk+l)
+ 2By, MLyt gy Myt (by (18)
k

= fa™y" . MR TRy MR D Z B(y™e, g™t ™)
i=1
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k—1
+23 7 By, 2™y 4 2By, ™) (by (16))
i=1
k
— f(xrmym . 'xmk+mk+lynk+nk+l) +2 Z nkmk+1m¢3(y, z, l’)
i=1
k—1
+2)  ngmp1ni By, 2, y) + 2npmy g 1mi By, 2,y)
i=1

= fa™y™ g™y R (By (20)),

which concludes the proof of (31) by induction. O

The following extends a result due to KUREPA [9, Remark 2] by re-
moving the 2 torsion-free condition on H.

Corollary 2.3. Let f : G — H be a solution of equation (1). Then
f vanishes on the commutator subgroup [G,G] of G, i.e., f([G,G]) = {0}.
In particular, if G = [G, G] then equation (1) has only the trivial solution

f=0.
PROOF. Put m; = n; = 1 and my = ng = —1 in (31) to get
flzyz=ty=) =0 for all z,y € G. Let z; := u; “v; “uiivf with u;,v; € G

(3 3

and €¢; := £1,i=1,2,...,k. From (16), (17), and (20), we obtain
fl@fag? . afk) = flafad .. u, o, Fudork)
= f(aay .. 2" ) + 2B(u, * v, * 2 s L at u Fo )
= f@iiay .2y,
which ends our proof by simple induction. ]

Note that HIGMAN’s group (see [3])
G = (a1, a2, as, as;
~1 2 -1 2 -1 2. —1 _ 2
G G201 = Ay, Ay G3A2 = A3z, A3 A443 = Qy; Gy Q104 = a1>
is such an example satisfying G = [G, G].

Remark 2.4. 1) Relation (6) shows that A : G x G — H is symmetric.
We need only give the properties of A(-,u) : G — H, where u € G is
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arbitrarily given, because A(u,-) : G — H has similar properties by the
symmetry of A.

2) Using a similar argument, we can see that ¥y : G — H is also in
S(G, H) where

\Ilk(a:) = B(ul,...,uk_l,:c,uk+1,...,W)—B(ul,...,uk_l,e,uk+1,... ,Ug)

for any given k = 1,...,¢, u; € G. Thus we can apply all the results in
[10] and [11] to W and get the corresponding relations for £ > 3.

3. The general solution on free groups

Let (A) denote the free group generated by A. When |A| =1, (A) is
cyclic. By (13), f(a") = n?f(a), Vn € Z and a € A. Then it is easy to see
that the general solution of equation (1) is f(x) = n?h, where z = a" and
h € H is an arbitrary constant. Therefore, in the following, we shall focus
our attention on |A| > 2.

Theorem 3.1. Let G = (A) and f : G — H be a solution of equation
(1). Then f is even and has the representation

fla) =Y fla)+ Y eejAlaiay)
i=1 1<i<j<n (32)

+ Z ﬁiﬁjka(aiaaja ar) + g(m(x)),
1<i<j<k<n

where x = a{' ...a$" with a; € A and ¢; = £1 is a writing of x € G. Here,
7 is the natural homomorphism from G onto G/G?, the factor group of
G when all squares in G are equated to e; the mapping g : G/G* — H
satisfies

20=0, g(m(ay...ap)) =0 if £ <3; (33)

and A, B are defined by (2) and (3).
Conversely, if f : A—-H, A: AxA— HandB: AxAxA—H
satisfy
A(a,a) =2f(a), A(a,b) = A(b,a) (34)
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and
B(a,a,b) =0, (35)

B(a,b,c) + B(a,c,b) =0,
(36)
B(a,b,c) + B(c,b,a) =0,

respectively, for all a,b,c € A; and g : G/G? — H satisfies (33), then (32)
defines a mapping f : G — H which is a solution of equation (1).

Furthermore, the representation (32) is unique and can be compressed
into

l
fla . oal)y =Y "mif(a)+ > mimjA(ai,a;)
i=1 1<i<j<t (37)

+ Z mymimgB(ai, aj, ar) + g(m(ai™ ... ay"))
1<i<j<k<t

for all a; € A, m; € Z.

PROOF. Let f: G — H be a solution of equation (1). Then f, A and
B in (2) and (3) have the properties asserted in Theorem 2.1. In particular
f is even.

In view of (3), (4), (6), and (9), we have

flast .. oag) = B(af',...oa) + ) fla)+ Y eicjAlai, ay).
i=1 1<i<j<n

From (7) and (8) and applying Theorem 3 in [11] to the mapping A(-,u) :
G — H for any fixed u € G, we arrive at

¢
Az . ox) ) = ZmiA(a:i,u) + Z mim;(A(z;z;,w)
i=1 1<i<j<t (38)

— Az, u) — A(zj,u)) + gu(m(z™ .. z)")),
where g, : G/G? — H satisfies

29, =0, and gy(n(x1...2¢)) =0 when ¢ <2. (39)
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Repeatedly using (23), we obtain
n

-1 n k-1
B(af,...,a7) = > A(af ...af al}) — A(af, ai)
k=2 k=3 j=1
n n k-1
= A a)f ) ar) = YD ejerA(agar)  (by (9))
k=3 k=3 j=1
n k—1
= Z ék{ Z éjA(a]’, ak) + Z €i€5 (A(aiaj, ak) - A(ai, ak) — A(aj, ak))
k=3 j=1 i<j<k
n k-1
+ Gap (m(a . .. a;k_;))} =YD ejerAlaz,ar) (by (38))
k=3 j=1

= Z ek{ Z eic;B(ai, aj, ap) + ga, (m(af ... azk_ll))} (by (26)),
k=3

i<j<k
where 7 is the natural homomorphism from G onto G/G?, and
Ga,, : G/G? — H satisfies (39) for k = 3,...,n. Since g, (m(af'as?)) =0,

flaft...ag) = Y ecierBlaiaj,ap) + Y flai)

1<i<j<k<n i=1
(40)
n—1
+ Z eiejA(aia aj) + Z €k+19ak1 (77-(@;1 te a;k))
1<i<j<n k=3
Now we want to define F; : G — H (i = 1,2) by
n
Fi(af...ay) =Y fla)+ Y eejA(a,a;) (41)
i=1 1<i<j<n
and
Fy(af'...ay") := Z eicjexB(ai, aj, ak), (42)
1<i<j<k<n

respectively. Using (15), (20), (21) and (22), we can check that F; (i = 1,2)
are well-defined. In fact, for any b € A, we have

Fi(af...ay - bb? 'a;’ill cash) = Z f(a;) + Z ei€jAa;, aj) + f(b)
i=1

1<i<j<n
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k n
+ f(b) + Z ei(A(aia b) - A(ai7 b)) + Z el(A(ba ai) - A(ba al)) - A(b7 b)
i=1 1=k+1
= Fi(ai'...ay),
and
Fy(aft .. af -bb~' - apl . a) = Z cicjepB(a;, aj, ar)
1<i<j<k<n
+ Z eiej(B(ai,aj,b)—B(ai,aj,b))
1<i<j<k
+ Z eiej(B(baaiaaj) _B(ba (Ii,(lj))
k+1<i<j<n
k n
+ Z Z eiej(B(aia b, a]) - B(aia b, (I]))
i=1 j=k+1
k n
—Y " B(ai,b,b) = > B(b,b,a;) = Fa(aft...a7).
1=1 Jj=k+1

Similarly, we can verify

€ € —1 €41 _ €
Fi(ay' ... aqpf - 0770 a) ) o oa) = Fi(ay .ag),

Fy(af...ap -b_lb-a;’ill co.at) = Fy(aft . .agh).

Thus if z and y have the same reduced form then F;(x) = Fi(y), i = 1, 2.
Therefore we have proved F; (i = 1,2) are well-defined. For convenience,
let

r=af...a7, y="b"...b", a;,bj € A,
€, ==x1,e=1,...,n, j=1,...,p.

Since
n P

Fi(zy) + Fi(ey™) =) fla)+ > fb)+ Y, eejAlaia))

i=1 j=1 1<i<j<n

n p
+ Z T]injA(bi, bj) + Z Z emjA(ai, bj)

1<i<j<p i=1 j=1
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n p
+Y fla)+ Y f)+ Y ecjAai,ag)
i=1 j=1 1<i<j<n
n p
+ D () (=m) Ay, b)Y e(—n) Alas, by)
1<i<j<p i=1 j=1

Fy : G — H satisfies equation (1).

To verify that Fy also satisfies equation (1), first observe that F is
even by (22). Indeed,

B )= Y (—e)(—¢)(—€i)Blay, aj,a;)

1<i<j<k<n

= — Z EkEjeiB(akgajaai) (43)
1<i<j<k<n

— Z eicjexBlai, aj, ar) = Fa(x).

1<i<j<k<n
Using the definition of F5, we obtain
Fy(ey) = Y eeaBlasaja)+ > nimmeB(bi, by, by)

1<i<j<k<n 1<i<j<k<p

p n
+ > ) eemBlaiaibe) > > emmeBa, by, b)
1<i<j<n k=1 i=1 1<j<k<p

_FQ(‘T)"’_FQ(?J)"’_EI,W (44)
where

P n
Boy= Y. Y eeymBlai,a;,be)+Y > enymBlai, by, by).
1<i<j<n k=1 =1 1<j<k<p
Similarly

By(zy ') = F(a) + By ') + By 1, (45)

where

p
Eyy1 = Z Zeiej(_"?k)B(aiaaj;bk)

1<i<j<n k=1
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+) 0 D el=m)(—ny)Blai, bi, by).

i=1 1<j<k<p

So we have from (22)
Buy+ Eyyr = 0. (46)

It follows that from (43)—(46)
Fy(ay) + Fa(zy ') = 2Fa(x) + 2F(y).

This proves that F5 is a solution of equation (1). Therefore § := f—F|—F,
is also a solution of equation (1). By (40) we have

n—1

Q(a:) = Z €k+19aj41 (W(ail s azk)) (47)
k=3

Because g4, , (k=3,...,n — 1) satisfy (39), we have
2§ = 0. (48)

Thus
glzy) + gley™") = 2g(x) + 23(y) = 0 = 25 ().

This shows that g is also a solution of (24). By (2.2) in [10], g is actually
a mapping from G/G? to H, i.e., § = go, where g : G/G? — H. Clearly
g has property (33). Combining (40) and (47), we obtain (32), completing
the proof of the first part of this theorem. It follows from (6), (15) and
(20) that we can compress (32) to the form (37) by induction.

To prove the converse of this theorem, suppose that f : G — H is
defined by (32). Then such an f is well-defined since we have shown
F; (i =1,2) in (41) and (42) are well-defined by (34)—(36). Observe that
since g satisfies (33), f defined by (32) is indeed an extension of f on A.
(Here, for simplicity, we still use the same symbol f to denote the extension
of fon A.) Also

f(e) =0,
flaraz) = f(a1) + f(a2) + A(a1, az), (49)

f(alagag) = f(al) + f(ag) + f(ag) + A(al, ag)
+A(CL2,CL3) —i—A(al,ag) +B(a1,a2,a3). (50)
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Since

g(m(zy)) + g(w(zy™")) = 2g(r(zy)) = 0 = 2g(w(x)) + 29(7(y)),

where we have used 7(y) = 7(y~!) and 2¢g = 0, the mapping gom : G — H
does satisfy equation (1). By the proof of the first part, Fi(i = 1,2) are
solutions of equation (1). Therefore, f, being the sum of Fy, F5, and gor,

f(z) = Fi(2) + Fa(x) + gom(z), VeeG,

is a solution of equation (1). This completes the proof of the converse.
Finally, it follows from (49) and (50) that both A and B are unique.
Therefore g in (32) is also unique, which implies the uniqueness of the
representation (32). O

In particular, suppose G = (a,b) is the free group on two generators
a and b. By Corollary 2.2 and Theorem 3.1, we get the following.

Corollary 3.2. Suppose that G = (a,b) is the free group on two
generators a,b and that f : G — H is a solution of equation (1). Then f
has the representation

0 2 ¢ 2
f(a™p™ L a™M) = (Zm,) f(a)+ <an> f(b)
i=1 i=1

E E 61)
. (Zm> (Zn) (F(ab) - Fla) — F(B)

for all £ > 1, m;,n; € Z. Conversely, each mapping initialized at the three
words a, b and ab can be extended to a solution f of equation (1) by taking
(51) as its defining formula.

In particular, the above f can be factored through the abelianization
(a,b)® of (a,b).

Remark 3.3. By Theorem 2.1, it is easy to check that 2A is a bimor-
phism if, and only if, f(zyz) = f(zzy) for all x,y,z € G. This result
appeared in [1], [6], [7], and [9]. By Theorem 3.1, not every 24 needs to
be a bimorphism. However, In particular, if G is a group generated by 2
elements, 24 must be a bimorphism by Corollary 2.2. Here notice that
Corollary 2.2 holds for any (not necessarily free) group G generated by 2
elements. This generalizes Theorem 1 in [9].
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4. The general solutions on some special groups

Consider the commuting diagram

GlL)Hl

¢l Tw

Gy — H,
where ¢, 1 are homomorphisms. Then it is not hard to check that if fs is
a solution of equation (1) on Gs, sois fi; on Gy, and that if f is a solution
of equation (1) on Gy, ¢ is an epimorphism and 1 is a monomorphism,
then fy is a solution of equation (1) on Gs.
Therefore, suppose that GG1 is a group, that S is any subset of G7 and
G2 = G1/(S)1, where (S) denotes the subgroup generated by S and (S)“1
the normal closure of (S) in G1, and that 7 : G; — G2 is the canonical
surjection. Then fs : Go — H is a solution of equation (1) if, and only if, so
is f1 := foomon GG1. Thus, to obtain all solutions f5 : Go — H of equation
(1), it suffices to filter all solutions f : G; — H by the factorization
criterion f(zxwy) = f(xy), Yo,y € G1, Yw € S, equivalently

f(zw) = f(x), Vze Gy, YweE S, (52)
by (5). It is easy to see (52) is also equivalent to
f(w)=0 and A(,w)=0, Ywes. (53)

Indeed, for f(zw) = f(z)+ f(w) + A(z,w), in view of (52), we get f(w)+
A(z,w) =0, Vo € G;. From (6) and (7), we get (53). On the other hand,
from (53), f(zw) = A(x,w)+ f(x)+ f(w) = f(x). Therefore, through this
process, we can solve equation (1) on groups presented by generators and
defining relations.

In the following, by (A)* we denote the abelianization of the free
group (A).

Theorem 4.1. f: (A)* — H is a solution of equation (1) if and only
if it has the representation

fl) =Y mif(a)+ Y mimjA(ai,a;)+ g(r(z)) (54)

i=1 1<i<j<e
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for all x = a™ ...a;)" € (A Here, ay,...,ap € A, f : A — H and
A: Ax A — H satisfy (34)), m is the natural epimorphism from (A)®
to (A /((AY™)2, and g : (A)*®/((A)*®)2 — H is an arbitrary mapping
satisfying

20 =0, g(m(ay...ap)) =0, if £<2. (55)

PRroOF. By the preceding discussion, the general solutions are given
by (37), where f: (A) — H, satisfies the factorization criterion (52) with
S = {aba=1b~! | a,b € (A)}. By Proposition 5.1 in Appendix, condition
(52) is equivalent to the following

f(zaba™'b™1) = f(z), Va € (A), Va,be A (56)

By (37) and Theorem 2.1, if we let z = ¢"* ... ¢;" with ¢; € Aand m; € Z,
then

f(raba™ oY) = f(raa ') + 2B(b,a™ b~ za) (by (17))

y4
= f(x) +2B(b,a” " b ) +2B(b,a” a) + 2> miB(ba” ', ;)
i=1

y4
= f(z)+2) miB(a,b,c;)

i=1

by (16), (20), and (22). Therefore, condition (56) is equivalent to

2B(a,b,c) =0, Va,b,ce A. (57)
Let
go(z) := Z mimimB(a;, a5, ar), ai,aj,a, € A,
1<i<j<k<t

where z = a}™ ... a)" € (A) with a; € A, m; € Z. Completely similar to
F5 in (42), we can show that gy is well-defined. It also follows from (57)
that 2gy = 0, which implies that go is a function on (A)%/({A)*)? as in
the proof of Theorem 3.1. Clearly gy has property (55). Thus gy can be
absorbed into the last term g in (37). Therefore (37) can be reduced to
(54), which completes the proof of this theorem. O
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As in [10], [11], and [13], consider the general linear group GL,(Z)
(n > 2) of n x n invertible matrices over the integers. Here we use the
same notations in [10]-[12]. Let a = [(1) (1)} and b = [é ﬂ . Then GL2(Z)
is generated by a, b with some defining relations; see [10]. In GL,(Z)
(n > 3), for i # j, let e;;(p) be the matrix whose diagonal entries are 1, the
(i, 7)-th entry is p, and elsewhere 0. For diagonal matrices, let [a]; denote
the matrix whose (i,7)-th entry is «, and elsewhere 1; [a, 5];; = [a];[0];,
dij(a) = [a,a™1);;, and [ag, @9, ..., an] = [aa]1az)z . .. [an]n. Here p € Z
and «, «a;, § are units of Z. Then GL,(Z) is generated by the above
matrices with the following relations (see [11] and [12]):

eij(p)eij(q) = eij(p + q), (58)
eij(p)ere(q) = exe(a)ei;(p) (i # L5 # k), (59)
eij(P)ejr(a) = ejn(q)ei;(p)ew(pg) (i # k), (60)
eij(a — eji(1) = dij(@)eji(a)ey; (1 —a™t), (61)
eij(z)[ar, az,. .. an] = a1, 0, ..., anleii(a; tzaj), (62)
[ar, a0, .., 00][B1, Boy - -, Bu] = [1B1, a2, ..., anfBn].  (63)

Using these facts, we can get the general solution of equation (1) on
GL,(Z) for n > 2.

Theorem 4.2. A mapping f : GLy(Z) — H is a solution of equation
(1) if and only if it is given by

¢ 2 ¢ 2
fl@™o™ .. a™p™) = <Zmz> fla)+ (an> f(b)
=1 i=1 (64)

(5 (g e

with 4f(a) = 4f(b) = 2A(a,b) = 0.

Forn >3, f: GL,(Z) — H is a solution of equation (1) if and only if
f = fi1odet, where f1 : {1} — H s a solution of equation (1) such that
f1(1) =0, fi(—1) = a. Here « is any element in H satisfying 4a = 0.
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PROOF. Suppose, first of all, that n = 2. Let f : (a,b) — H sat-
isfy equation (1). By Corollary 3.2, f has the representation (51) and is
actually a mapping on <a,b>“b. Working at this level, as in [10], we get
b> = e. Clearly a®? = e. The factorization criterion says f(a?) = f(b?) =
A(-,a%) = A(, %) =0, ie., 4f(a) = 4f(b) = 2A(-,a) = 2A(-,b) = 0 by (13)
and (10). By Corollary 3.2 and Remark 3.3, 2A(-,a) is a homomorphism.
Thus condition 2A(+,a) = 0 is equivalent to 2A(a,a) = 0 and 2A(b,a) = 0.
But 2A(a,a) = 0 is just 4f(a) = 0 by (15). By the symmetry of A, the
condition 2A(-,a) = 0 is reduced to 2A(a,b) = 0. Similarly, condition
2A(-,b) = 0 also can be reduced to 2A(a,b) = 0. This completes the proof
of the first part of this theorem.

Forn > 3,let f : GL,(Z) — H be a solution of equation (1). Then, for
any u € G, the mapping A(-,u) : GL,(Z) — H must be a homomorphism
by Theorem 4 in [11] since it satisfies (24) on GL,(Z); that is,

Alzy,u) = A(z,u) + Aly,u), Va,y € G. (65)
Now
fwer(pq)y) = f(xey;' (p)es, (@)eij(p)ejr(q)y)  (by (60))
= f(zey; (p)eij(p)es, (@)ejn(q)y)
+2B(e, (q), €4 (p), ejr(Qyze;; (p))  (by (17))
= f(zy) (by (26) & (65)).
Hence

f(zein(p)y) = f(zy). (66)

By (61), d;j(«) is a product of matrices of type e;;, and so from (66) we
get,
f(zdij(@)y) = f(zy). (67)

Therefore,

f(x[ala a2, ... aan]y)

= f(x[al, a9, ... ,Oén]dlg(OéQ)dlg(Oég) Ce dln(an)y) (by (67))

= f(zlenh[ezlz - [anln [0z [0g aleshog s - .- fan]i[ag, ny)

(by the definitions of [ay, ..., o] and d;;(a))
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= f(zlonaz ... an)1y)  (by (63)).

Since det[aq, a9, ..., ] = @1z ... oy, we have proved

f(l’[al,OéQ, cee 7an]y) = f(x[det[ala ag, ... 7an]]1y)' (68)
Let x = g192 . .. g¢ be a writing of x as a product of generating matrices of
types e;j,d;j or [0, e, ..., 0p; and let hy, ha, ..., hy be the subsequence
of diagonal matrices obtained by removing those of types e;; and d;;. Then
we obtain

(@)= flg1g2--.90) = f(hahg .. ) (by (66) & (67))

= f([det(h1hgz...hm)]1) (by (63) & (68))
= f([det z]1).
Thus
f(z) = f([detx]1) =: fi(detx), Ve GL,(Z). (69)

Since the mapping det : GL,,(Z) — {£1} is an epimorphism, as mentioned
first this section, fi : {#1} — H is a solution of equation (1), which has
been solved at the beginning of Section 3. The rest of this theorem is very
easy to get by Theorem 2.1. ]

Remark 4.3. From [10]-[12], we see that there is much difference be-
tween equations (24) and F(zy) + F(y~'z) = 2F(z), Va,y € G, with
F(e) = 0. However, equation (Q) and the following functional equation

flay) + fly~'z) = 2f(x) +2f(y), Vaz,yeq, (70)

are equivalent in the sense that they have the same general solutions.
Clearly, it suffices to see that equation (1) is equivalent to equation (70)
with f(e) = 0. Indeed, if f : G — H is a solution of equation (1), then
from (5), f is also a solution of equation (70) with f(e) = 0. On the other
hand, similar to equation (1), if f : G — H is a solution of equation (70)
with f(e) = 0, then f has property (5). Thus f also satisfies equation (1).

Remark 4.4. In [13], Stetkeer effectively uses the observation that func-
tions satisfying the Jensen equation (24) are indeed functions on the quo-
tient group G/[G, |G, G]] to perform computations on groups like GL,,(R).
The same observation can be made about equation (1) using Theorem 2.1.
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5. Appendix

Proposition 5.1. Let G and H be groups. If G is generated by A
and f: G — H is arbitrary, then

is equivalent to the simpler
f(zaba o 'y) = f(zy), Va,y € G, Va,be A (72)

PROOF. Clearly (71) implies (72). Now suppose that (72) is true.
Then it is easy to derive

flzab"a™ b "y) = f(zy), Vz,y € G, Va,be A, e,n==+1. (73)

Let u = af'...a%r and v = b ...bJ" with a;,b; € A, ¢,n; = £1, i
1,..., my57 = 1,...,n. So (73) shows that (71) holds for m = n =
Suppose it holds for m < ¢, n < k, ¢,k > 1. For convenience, let u;

af' ...ay’, v =b" ... b]*. Then by the inductive assumption we have

=l

€1 €opm Tk+1  —€p —€1p Mk+1 —M
flx-ai . by b a, a0 )

—1Mk+1 —MNk+1 Ne+1, —1 “Me41, —1
fzuiviug byt by unb g by T Y)

-1 Nk+17 ~Mk+1 —1
(zurviug bpr1 by 0 Y)

=f
f

(x - ulvlul_lvl_l ~y) = f(xy).

Similarly we can check that

flx-af . afa) 507 bFa aT b b y) = f(xy).

This proves (71) is true by induction, which completes the proof of Propo-
sition 5.1. OJ
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