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Uniformly noncreasy Orlicz spaces

By PAWEL KOLWICZ (Poznan)

Abstract. The geometric properties which are considered are closely related
to the fixed point property (see [14] and [20]). Criteria in order that Orlicz spaces
are uniformly noncreasy are given. It is shown that uniform noncreaseness and
orthogonal uniform convexity are not comparable one to another in general. It
is also proved that uniformly monotone Kothe space with a uniformly monotone
dual is orthogonally uniformly convex and the converse is not true. It is noticed
that orthogonal uniform convexity is not self-dual property.

1. Introduction

Uniform rotundity and uniform smoothness of Banach spaces play an
essential role in the theory of Banach spaces and their numerous applica-
tions. In particular each of these properties guarantees normal structure
and reflexivity which in turn imply the fixed point property for nonex-
pansive mappings (see [7]). On the other hand, there are some methods
which allow us to establish the fixed point property for Banach spaces
without normal structure. One of them is uniform noncreaseness. It was
introduced by PruS in [20]. He has proved that it implies the fixed point
property both for a Banach space and its dual and it does not imply normal
structure (see [20]).
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Throughout this paper X is a real Banach space. As usual, S(X) and
B(X) stand for the unit sphere and the unit ball of X, respectively. Given
a functional z* € S (X™) and a scalar ¢ € [0,1] we set

S(z*0)={xeB(X):2"(x) >1-4}.
For any two functionals z*,y* € S (X*) and a scalar § € [0, 1] we put
S (z*,y",0) =S (%, 6) NS (y",0).

We say that a Banach space (X, ||-|| ) has a crease, if there are two distinct
functionals z*,y* € S (X*) with diam S (z*,y*,0) > 0. This means that
the sphere S (X) contains a segment of positive length which lies on two dif-
ferent hyperplanes supporting the ball B (X). (X, ||-|| ) is called noncreasy
(X € (INC)) whenever S (X) has not creases, i.e. for every z*,y* € § (X¥)
with z* # y* we have diam S (z*,y*,0) = 0. Obviously all spaces with
dim X < 2 are noncreasy.

It is clear that X € (NC) whenever it is rotund or smooth (we refer
to [5] for definitions of rotundity and smoothness). Moreover, that impli-
cation can be reversed in Orlicz function spaces Lg over nonatomic finite
measure space (see [4]).

Definition 1. A Banach space (X, ||| y) is uniformly noncreasy
(X € (UNQ)) if for each € > 0 there is a 6 = d(¢) > 0 such that
diam S (z*,y*,0) < e, whenever z*,y* € S(X*) and |z* — y*|| . > €.
We put diam () = —oco.

Recall that X is uniformly conver (X € (UC)), if for each € > 0 there
is 0 > 0 such that for any z,y € S(X) the inequality ||z — y||y > € implies
lz+ylly <2(1—=0) (see [5]). X is uniformly smooth (X € (US)), if for
each € > 0 there is § > 0 such that for any z € S (X) and y with ||y[|y < ¢
we have ||z +y|x + ||z — yllx <2+¢|yllyx (see [5]).

It is easy to see that each of these two properties ((UC), (US)) implies
uniform noncreaseness (see [20]).
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2. Orlicz spaces

In this section we present criteria for uniform noncreaseness of Orlicz
function spaces equipped with the Luxemburg and with the Orlicz norm.
We consider both the case of finite and infinite nonatomic measure space.
We start with some notations and definitions.

Let (T,%, 1) be a measure space with a o-finite, complete nonatomic
measure . By L? = LY(T) we denote the set of all u-equivalence classes
of real valued measurable functions defined on T. We say that ® : R —
[0, 00] is an Orlicz function, if ®(0) = 0, ® is a convex, even, left continuous
on [0,00) and ® is a function, which is not identically equal to zero and
infinity.

Let ® be an Orlicz function, p be its right derivative and ¢ be the right-
inverse function of p. Then we call ¥ (v) = O‘v‘ q (s)ds the complementary
function of ®. It is known that ¥ (v) = sup,~q{u|v] — ® (u)} for every
v € R. Moreover

uv = ® (u) + ¥ (v) (1)

whenever v = p (u) or u = ¢ (v).
The Orlicz function space Lg is defined to be the set

Ly = {a: € L0 : Ig(ca) = / O (cx(t))dp < oo for some ¢ > O}.
T
This space is usually considered with the Luzemburg norm
|z|| =inf{e >0:Ip (z/c) < 1}
or with the equivalent Orlicz norm
ol =suw {| [ o] v e L. 1) <1},
T

It is more convenient for our consideration to make use of the Amemiya
norm

|z|l4 = inf {% (1+ Ip (kz)) : k > 0} .

We have Hx||§ = ||z||$ for an arbitrary Orlicz function ® (see [10]). De-
note Ly = (La, | |lg) and L = (Ls, | |3). If ¥ is finitely valued (or
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equivalently if lim, o, ® (u) /u = o0), then for every = € Lg\ {0} we have
kE** (x) < oo and

(1+ Ip(kx)) for any k € K(x) = [k}, k}*], where (2)

lzlle =

| =

ki =inf {k>0: Iy (p(k|z|)) > 1} and k}* = sup {k>0 : Iy (p(k|z|)) <1}
(see [3]). We say that an Orlicz function ® satisfies the Ag-condition for
all w (for large w) if there is a constant k > 2 (there are ug > 0 with
® (up) < oo and k > 2) such that

O (2u) < kP (u)

for every u € R (for every |u| > wug), respectively. We will use abbre-
viations ® € A%, ® € A, if ® satisfies the Ap-condition for all u, for
large u, respectively. Note that if U € AL, then ¥ is finitely valued and
the condition (2) holds for each x € Lg\ {0}.

A function @ is strictly convex (¢ € (SC)) if ®((u+v)/2) < (P(u) +
®(v))/2 for all u,v € R,u # v. & is uniformly convex for all arguments
[for large arguments] if for any ¢ > 0 there is a § = 0 (¢) > 0 [there exists
uo > 0 such that for every € > 0 there is a 6 = ¢ (¢) > 0] such that

q)<u-2m> PP IOEL 10

2

for all u,v satisfying |u — v| > emax{u,v} [Ju —v| > emax{u,v} and
u,v € [ug,00)].
For more details we refer to [3] and [18].

Theorem 1. Assume that ;1 (1) < co. The following assertions are
equivalent:

(i) An Orlicz space L§ (Lg) is uniformly noncreasy.

(ii) ® and ¥ satisfy the Ay-condition for large u and one of the two con-
ditions is fulfilled:

(a) ® isstrictly convex and ® is uniformly convex for large arguments.

(b) W is strictly convex and V¥ is uniformly convex for large argu-
ments.

(iii) An Orlicz space L (L) is uniformly convex or uniformly smooth.
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ProoOF. We will prove only the case of the Orlicz norm, because for
the Luxemburg norm the same ideas can be applicable.

(i) = (ii): If L§ € (UNC), then L§ is reflexive (see [20]). Con-
sequently ® € Al and U € AL, whence (L))" = Ly (see [3]). Suppose
that both conditions (a) and (b) are not satisfied. We need to show that
L§ ¢ (UNC), i.e. there exist a number g9 > 0 and sequences (x7;), (y;;) in
S (Ly) such that

127 = ynlle = €0 (3)
and
diam S (z),yr,1/n) > (4)
for each n € N.
We divide the proof into 4 parts.

A. Assume that ® ¢ (SC) and ¥ ¢ (SC). Then ® ¢ (SC) and p is
not continuous. Thus L§ ¢ (NC) by Theorem 3 in [4]. Note that the
similar arguments as in case B can be applied in the proof.

B. Suppose that & € (SC), ¥ € (SC) and &, ¥ are not uniformly
convex for large arguments. Then, by Lemma 1.17 in [3], there exist posi-
tive numbers €1, €2 and sequences (u,) and (v,) of real numbers tending
to infinity such that

p((I+e)un) <(1+1/n)p (un), ()

g(14+e2)vn) < (L+1/n)q(vy). (6)

Note that ®, U € AL, so ® and ¥ are finitely valued. Hence, since v,, — 00
and u, — oo, without loss of generality we may assume that there are
disjoint measurable subsets 77", T3' of T' such that u (T\ (17U T3)) >
wu(T)/2 and

V(1) ol n () = (L))l w (@) =5 (1)

for each n € N. We decompose each set T* (i = 1,2) into two disjoint
subsets T} and T}, with

w(TR) = u(T) fori=1,2. (8)
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Take ag such that ¥ (p(ap)) > max{2/u(T),1}. For each n € N there is a
measurable set T3 C T'\ (17 U T3') with

U [vn] 1 (T17) + W (L + €2) va] p (T13) + ¥ [p (up)] 1 (T37)

(9)
0 p (1 +21) wa)] 1 (T3) + ¥ (p (a0)) o (T3) = L.

Put
kn = vnq(vn)p (T11) + (1 + €2)vnq ((1 + €2) v) 1 (T13) + tnp (un) 1 (T31)
+ (1 +e1) unp (1 + 1) un) 1 (135) + aop (ao) 1 (13') (10)
and
Ty = (q(vn) Xy + (L +€2)vn) x1n, + un Xy + (14 €1)un X1y, + G0 XTY) /s
Yn = (q(vn)xy +q((1+e2)vn)xrp, + (1 + €1)un Xty + un Xy, + aoxry)/kn,
Ty = vpxry + (1 + e2)vnxry, + p(un) Xy + P((1 + €1)un) Xy, + Plao) Xy
Yp = (1 +e2)vn Xy + vaXxrn, + P(un) X1y + P((1 + €1)un) XT3 + P(a0) XT -

We will show that conditions (3) and (4) are satisfied by taking the above
defined sequences. First note that, by (8) and (9), Iy(z}) = lv(y;;) = 1.
Hence z}, % € S (Ly) for each n € N. Moreover, by ¥ € Al there exists
vg > 0 and for @« = max {2,1 + e9,1/e5} there is ko > 2 such that

U (av) < koW (v) (11)

for every |v] > vy (see [3]). Consequently ¥ (eqv) > SV (v) for each |v| >
vo/e2, where f = 1/k,. Since v, — oo, without loss of generality, we
assume that v, > vg/eq for any n € N. Hence, by (7) and (11),

Ly (202 (2 — ) > 2R3 (egv) j (T7') > 2028 (v,) p (T7) -
> 2k W (1 +€2) va) B (T]) = 1.

Then
|y, — ynlly > 1/2k; (13)

for all n € N. Now we will show that z,,y, € S (x},y",1/n). Note that
v = p(q(v)) for any v > 0, since ¥ € (SC), so ¢ is strictly increasing.
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Hence Iy (p (knx,)) = 1 for any n € N, by (9). Thus, by (1), (2), (9) and
(10), we get

o _ Lo (buwn) _ 1@ (g (0) (1) + @ (a (1 + £2) ) 1 (T13)
N -

P (un) p (T51) + P (L + 1) un) p (T35) + @ (ao) p (T3)
kn

{W [on] + @ (g (vn))} p (T1h) + W [(1 + 22) vn] + @ (g (1 + €2) vn))} o (1)
kn

(¥ [p(un)] + P(un)} u(T51) +{¥ [p (1 +e)un)l + @ (1 + e1)un) } p(T35)
ky,

+

_|_

{¥ (p(a0)) + P (a0)} 1 (T5")

+ .

=1

for each n € N. Similarly [|y,||g = 1 for every n € N. Furthermore, by (10),
x}xy, = 1 for all n € N. Moreover, the inequalities (6), (8) and (10) yield

(1 + e2)vng(ua)(TT1) + vng (1 + €2)vn) p(T1h) + tnp(un) (T3
kn

*
yn‘rn =

N (14 e1) unp (1 + 1) un) 1 (T5) + aop (ao) 1 (T3)
kn

- (14 e2)vnq (1 + €2)vn) (1) + vnq(vn) p(T7h) + unp(un)u(T5)
kn(1+41/n)

N (14 e1) unp (1 + 1) un) 1 (T3) + aop (ao) p (T3)
kn

1

>
1+1/n

>1-1/n

for each n € N. Then z,, € S (z},,v;;,1/n) for every n € N. Analogously as
above, applying inequalities (5), (8) and (10), one can easily get x vy, >
1—1/n for every n € N. Similarly, using now inequalities (5), (6), (8) and
(10), we obtain yy, > 1—1/n for all n € N. Thus y,, € S (z},,y;;,1/n) for
every n € N. To finish the proof we evaluate the norm ||z, — yn|/g. From
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equality (7) we conclude \P_l(W) = p((1 4+ €1)uy), whence

E1U _ 1
o = wnlly = 2 ) 0 ()
' i (14)
E1Unp

>
= Tk

p(T5) p (L +e1) up) -
Applying equality (1) we deduce
I+ep)up((T+e)uy) >V (p((1+e1)uy)), mneN (15)

From Proposition 1.6 in [3] we conclude

%Uq <%1}> <O (@), v>0. (16)

Then, applying (11), we get

(I+e2)vpg(T4+e2)vy) SV (2(1+e2)vn) < ka¥ ((14e2)vn), .
1
n € N. ()
Note that p(73") < p(T3") ¥ (p(ag)) < 1/2, by (7), (8) and (9). Conse-
quently, by (7), (10), (15) and (17) we get
kn,
(1+e1) unp (14 1) un) pu (T3)

< (L+ea) vng (1 + e2) vn) p (T7') + aop (ao) 1 (13")
- (1 +e1) unp (1 +€1) un) p (133)

koW (14 e2)vpn) u (T9") + agp (ap) %‘* + agp (ag)

+2 < +2= + 2.

- (p((1+e1)un)) p(T3)

1
1
Denote \ = 2k, + 4agp (ag) + 2. Hence the inequality (14) yields

e1unp (1 + 1) up) p (T3) 2e
L+e1)unp (1 +e1) up) e (Ty) ~ A(L4e1)

Hxn - yn“% Z )\(

Finally, denoting g = min{%, 1/2]{:3}, where 1/2k2 is from (13), we
conclude that conditions (3) and (4) are satisfied.
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C. Suppose that ® ¢ (SC), ¥ € (SC) and ¥ is not uniformly convex
for large arguments. Hence p is constant in some interval [a,b], 0 < a < b
and there exist positive number e and sequence (v, ) of real numbers tend-
ing to infinity such that ¢ ((1 4 e2) v,) < (1 + 1/n) ¢ (v,) for each n. Then
we may step the same way as in case B by taking u, = a, (1 +&1) u, = b,
n € N and T3 = T, of positive measure is chosen so that u (7T\T2) >
3u (T') /4. Next for each n € N we take a set T]" disjoint with 75 such that
p(T\ (TP UTs)) > pu(T) /2 and W[(1 + e2)v,]u(T7) = L. Note that the
second term in (7) disappears in this case. It may happen that ¥ € (SC)
and ® vanishes outside zero.

C.1. Suppose that p(a) = p(b) = 0. Then the third and fourth term
in (9), (10) and in formulas of =}, y* disappear. However, the proof goes
the same way. Note only that ||z, — yn|¢ = E’,;—H“M(Tg)\ll_l (ﬁ) and one
can analogously apply inequality (17) to finish the proof.

C.2. If p(a) = p(b) > 0, the proof is analogous. We need only addi-
tionally assume that the set T is chosen to satisfy 0 < W (p (b)) u (To) <
1/2.

D. Assume that ¥ ¢ (SC), ® € (SC) and @ is not uniformly convex
for large arguments. Hence ¢ is constant in an interval [¢,d], 0 < ¢ < d and
there exist positive number 1 and sequence (uy,) of real numbers tending
to infinity such that p ((1 +e1) upn) < (1 4+ 1/n) p (uy), n € N. We consider
two cases.

D.1. Suppose that ¥ vanishes outside zero and ¢(c) = ¢(d) = ¥(c) =
U(d) = 0. Then we may step similarly as in case B with v,= ¢, (14 e2)v,=d,
n € N and 77" = T} is chosen so that 0 < pu(T1) < p(T)/4. Then ||z} —
yrlle = ||[(d — ¢)xny|lw > 0. Clearly, the first term in (7), the first and
second term in (9), (10) and in formulas of x,,, y, disappear.

D.2. Assume that ¥ vanishes only at zero. Then we assume that the
interval [c, d] is a structural affine interval of ¥ (i.e. U is affine on [c, d] and
it is not affine on either [c¢ — §,d] nor [c,d + 4] for any 6 > 0). Hence we
find v, < ¢ such that ¢(d) < (14 1/n)q (v,) and p(q(vy)) = v,. Taking
T" = Ty, where 0 < ¥ (d)u(T1) < 1/2 and replacing (1 +e2) v, by d
in (9), (10) and in the formulas for z,,yn, ), y; we may step similarly
as in case B. Then Iy (s (z} —y})) > sV (d—c)u(11) > 1, where s =
max {1, (¥(d — c)u(Th)) "'}, so ||z} —yilly = 1/s. We do not need to
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use the AL condition for ¥ in order to obtain the estimation of the norm
|0 — ynllg. We simply get

K < dg(d) p(T1) + aop (a0)
(1 +e1) unp (L4 €1) un) p(155) 1/4
and it is easy to finish the proof.

(i) == (iii): By the assumptions we have Lg € (UC) or Ly € (UC)
(see [11]). But (Ly)* = L, because ¥ € A} (see [3]). Moreover, a Banach
space X € (UC) iff X* € (US) (see [5]). Thus L§ € (UC) or Lg € (US).

(iii) == (i): This follows immediately from [20]. O

+2

Using the same methods as in the proof of Theorem 1, one can show
the respective result for an infinite nonatomic measure (the required proof
is even much simpler than in the case of finite measure). Namely

Theorem 2. Assume that u(T') = oo. The following assertions are
equivalent:
(i) An Orlicz space L§ (Lg) is uniformly noncreasy.
(ii) ® and VU satisfy the Ay-condition for all u and one of the two conditions
are fulfilled:
(a) ® is uniformly convex for all arguments.
(b) W is uniformly convex for all arguments.

(ili) An Orlicz space Ly (L) is uniformly convex or uniformly smooth.

The sketch of the proof. Only the implication (i) == (ii) needs to be
discussed. The existence of sequences (u,) and (v,) satisfying (5) and (6)
follows analogously. However, we have to consider three cases for each of
these sequences, namely u,, — 0, v, — oo and u, — ug for some ug > 0,
similarly for (v,). Hence we divide the proof into three cases.

L If u, — 0 or u, — o0, v, — 0 or v, — o0 and &, ¥ € (SC), we
follow analogously as in case B of Theorem 1.

IT. If u,, — ug for some ug > 0, v, — 0 or v, — 00, ¥ € (SC), then &
is affine on the interval [ug, (1 + £1) ug]. Since ® € A§, ® vanishes only at
zero and consequently we step as in case C.2.

II1. If v,, — vg for some vy > 0, & € (SC), the situation is analogous
to the case D.2.
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3. Kothe spaces

In this section we would like to draw a comparison between the uniform
noncreaseness and the orthogonal uniform convezity(each of them implies
the fixed point property). But first we recall the necessary terminology.

Let E = (E,<,|| - ||g) be a Banach function lattice over the measure
space (T, %, p) (with a o-finite and complete measure ), where < is semi-
order relation in the space LY and (E, ||-||z) is a Banach function space, i.e.
FE is linear subspace of L, norm || - || is complete in E and the following
two conditions are satisfied:

(i) ifz € B,y e LY |y| < |z| p-ace., then y € E and |ly|p < ||z[|5,
(ii) there exists function z in E that is positive on the whole T (see [17]).

We will call the space E the Kéthe space. In particular, if we consider the
space E over a non-atomic measure pu, then we will say that E is a Kothe
function space. If we replace the measure space (T, %, ) by a counting
measure space (N,2N,m), then we will say that E is a Kdthe sequence
space.

A Kothe space E is said to be strictly monotone (E € (SM)) if for
every 0 < y < x with y # x we have ||y||g < ||z|[g. We say that a Kothe
space E is uniformly monotone (E € (UM)) if for every g € (0,1) there
exists p € (0,1) such that for all 0 < y < z satisfying ||z||g < 1 and
lylle > g we have ||z —y|[g < 1—p (see [1]).

A Koéthe space E is called order continuous (E € (OC)) if for every
x € E and each sequence (z,,) € F such that 0 < z,,, < |z| and z,, — 0
we have ||z, ||z — 0 (see [17]).

The geometry of Banach spaces is strictly connected with the fixed
point theory (see [7]). The orthogonal uniform convezity is a geometric
property related to the fixed point property. It was introduced in [13]
during studies on property () of Rolewicz.

The notation 7V s = max {r, s} for any r,s € Rand A+ B = (A \ B)U
(B\ A) for every A, B € ¥ will be used.

Definition 2. A Kothe space (E, || - ||g) is orthogonally uniformly con-
vex (E € (UCY)), if for each € > 0 there is § = 6(¢) > 0 such that
for any z,y € B(FE) the inequality HxXAwaE V HyXAzyHE > ¢ implies
|(x+v)/2||p <1—9, where A,y = suppx + suppy.
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Obviously, if E € (UC), then E € (UC1). It is known that uniformly
convex Kothe spaces are uniformly monotone (see [9]). Moreover,

Lemma 1 (Lemma 3 in [13]). If E € (UC*), then E € (UM).

The converse of Lemma 1 is not true as examples L', [! show.

It is known that orthogonal uniform convexity implies the fixed point
property (see [14]). It is also connected with property (3) (property ()
has been introduced by ROLEWICZ during studies on well-posed problems

in optimization theory — see [19]). Namely, UC Yot & B in every

Ko6the sequence space, UC' = (:3>) UC* in every Kéthe function space
and the converse of implications (1), (2) and (3) is not true in general (see
[13], [14] and [15]).

It can be deduced by Theorems 1, 2 and Theorem 4 from [14] that
UNC = UC* in Orlicz function spaces with the Luxemburg norm. Fur-
thermore, the Example 1.10 from [8] of Orlicz function space shows that
this implication can not be reversed in general. However, one can pose a
natural question whether the implication UNC = UC* can be extended
to all Kothe spaces. The next example shows that this is not the case.

Example 1. Let Xg = (ZQ, || - ||), where ||z|| = max {||z||;2, B]|z||;~} for
8 € (1,v2]. Then X5 € (UNC) by Theorem 4 from [20]. Let = = ge;

and y = %614—1/1—%62, where e; = (0,...,0,1,0,...) is the ith unit

vector. Then ||z|| =1 and |ly|]| = 1, by £4/1 — % < 1. Since z < y and
z #y,s0 Xz ¢ (SM). Thus Lemma 1 yields Xz ¢ (UC).

The previous example suggests the following question. If a uniformly
noncreasy and uniformly monotone Kéthe space is orthogonally uniformly
convex. However, this is also not true.

Ezample 2. Given Banach spaces Xy and X1, by (Xo x X;)_, we de-
note the product Xo x X; with the norm ||(z, z1)|| = max {||zo||, ||z1]},
where 29 € X¢ and 21 € X;. Analogously (Xy x X1), stands for the prod-
uct Xo x X with the norm ||(zo, z1)||; = ||zo||+||z1]]. TakeY = (Z x Z),,
where Z is a Kothe space which is both uniformly convex and uniformly
smooth. Then Y € (UNC), by Proposition 1 in [20]. Note that Y is a
Kéthe-Bochner space E (X) with X = Z and E = [} (two-dimensional [1).



Uniformly noncreasy Orlicz spaces 361

Since E,X € (UM),so Y € (UM) (see [2]). On the other hand, since I3 ¢
(UCt) and E, X are isometrically embedded into E(X), so Y ¢ (UCt)
(see also [16]).

Note that for the space Y from the previous example we have Y* =
E* (X*) with E* = [3°. Since I3° ¢ (UM), so Y* ¢ (UM). This suggests
the following

Question. Do conditions E, E* € (UM) and E € (UNC) imply
E e (UCH)?

Theorem 3. Suppose that E, E* € (UM). Then E € (UC’L).

PROOF. Assume for the contrary that E, E* € (UM)and E ¢ (UC™).
Then there are ; > 0 and sequences (z,,) , (yn) in B (EF) such that

[zaxanlle V llynxa,lle = e and  lzn +ynllp — 2, (18)

where A,, = suppx, + suppy,. In view of the inequality ||z, + ynllp <
|l |xn| + |yn| ||z we may assume that x,, y, are nonnegative. Applying
Hahn-Banach Theorem we find a sequence ()22 ; in S(E*) with 7 ((z,+

yn)/2) = ||[(zn + yn)/2||E, n € N. Applying (18) we conclude
xrx, — 1 and zyjy, — L. (19)

Recall that a Kithe dual E of E is defined by
B = {her®: il =sw{ [ 100ldu: g € B, glls <1} <oo.

It is known that E' is a Banach function lattice. Recall that if E € (UM),
then E € (OC) (see Proposition 2.1 in [6]). Moreover E* = E iff E €
(OC) (see [17]). Let AL = suppz,,\ supp y,. In virtue of (18), without loss
of generality, passing to a subsequence, if necessary, we may assume that
HanA}lHE > ¢; for any n € N. Recall that E € (UM) iff for any o € (0,1)
there is ng (o) > 0 such that for any « € E, x > 0 with ||z||z = 1 and for
any A€ X

if [[xxallp > o then HxXT\AHE <1—-ng (o) (Theorem 6 in [9]). (20)

Consequently condition (20) with 71 = ng (1) implies HanT\A}LHE <
x:anA}L‘ > 771/2

1 — 71, whence ‘x:xnxT\A%‘ < 1—m;. Hence, by (19),
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for sufficiently large n. Consequently

e = /2 (21)
for infinitely many n € N. Consequently, since E* € (UM), again condi-
tion (20) with 1y = ng« (n1/2) yields Hx:zXT\A}L‘
many n € N. On the other hand, by (19), Hx:zXT\A}L‘
zyyn — 1. This contradiction proves the theorem.

lzxas |

g S1—mp for infinitely

e 2 TpXT\ALYn =

Taking into account that every orthogonally uniformly convex Kéthe
space is reflexive (Corollary 1 in [14]), applying Lemma 1 and Theorem 3,
we conclude

Corollary 1. E € (UM) and E* € (UCY) if and only if E* € (UM)
and E/ € (UC’l).

Note that uniform noncreaseness is self-dual property (i.e. X € (UNC)
iff X* € (UNC), see [20]).

Remark 1. Orthogonal uniform convexity is not self-dual property
(equivalently the converse of Theorem 3 is not true). Indeed, let E = [, be
the Musielak—Orlicz sequence space with the Luxemburg norm generated
by a Musielak—Orlicz function ¢ = (¢;):;, where

u/2 ifo<wu<l,
1 (u) =41 1 and

wi(u) =u® foru>0,i=2,3,....
One can compute a function ¢* = (¢})2; which is complementary to

0 = (¢i)i2;. Then

0 if0<v<1/2,
pi(v) = and
if v >1/2

N

Oi(v)=0v? forv>0,i=2.3,....

Hence ¢ and ¢* satisfy the dz-condition. It is also easy to check that
¢ fulfills the condition (x). Moreover, (¢;);>, is uniformly convex in 1-
neighborhood of zero. We refer to [12] to the respective definitions of
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conditions &, (*) and uniform convexity of (¢;). Then I, € (UC*) by
Theorem 6 in [15]. Since ¢ € 02, £* = I, (The Musielak—Orlicz space
ly« with the Orlicz norm). But one can easy show that 2. ¢ (SM). It
is enough to take x = (1/2e; + 1/2e3) /k and y = (1/4e1 + 1/2e2) /k with
k=2. Theny <z, y # x and 2% = llyllg- = 1.
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