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On some global and local geometric properties
of Musielak—Orlicz spaces

By HENRYK HUDZIK (Poznaii) and WOJCIECH KOWALEWSKI (Poznan)

Abstract. It is well known that any SU-point is an exposed point and any
LUR-point is a strongly exposed point. Conditions which complete exposed points
and strongly exposed points to SU-points and LUR points (respectively) are
found. Criteria for SU-points in Musielak—Orlicz spaces with the Luxemburg
and the Orlicz norms are given. Moreover, criteria for compact local uniform
rotundity of Musielak—Orlicz sequence spaces are established.

1. Introduction

Denote by N and R the sets of natural and real numbers, respectively.
Let (X, || ||) be a real Banach space and X* be its dual space. By S(X)
we denote the unit sphere of X.

A point x € S(X) is said to be an extreme point if for every y, z € S(X)
such that z = y;rz, we have z = y = x. We say that z* € X* is a support
functional at © € X \ {0} if ||z*]] = 1 and z*(x) = ||z||. The set of
all support functionals at x € X \ {0} is denoted by Grad(z). A point
x € S(X) is said to be an ezposed point if there exists * € Grad(z) such
that z* ¢ Grad(y), whenever y € S(X) and y # z. It is obvious that every
exposed point is an extreme point.
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A point z € S(X) is said to be a strongly exposed point if there exists
x* € Grad(z) such that for every sequence (x,) C S(X) the condition
x*(zy, —x) — 0 implies ||z, — z|| — 0.

A point x € S(X) is called a strong U-point (SU-point for short) if for
any y € S(X) with ||z + y[| = 2, we have z = y.

A point z € S(X) is said to be a point of compact local uniform
rotundity (local uniform rotundity) (CLUR-point, (LUR-point) for short)
if for every (z,,)22 in S(X) such that ||z, + 2| — 2 we have that (z,) is a
relatively compact set in S(X) (resp. ||z, — x| — 0). If every x € S(X) is
a CLUR-point, then we say that X is compactly locally uniformly rotund
(X € (CLUR) for short). If every z € S(X) is a LUR-point, then we say
that X is locally uniformly rotund (X € (LU R) for short). The importance
of the notion of SU-point follows from the fact that x € S(X) is a LUR-
point if and only if x is a CLUR-point and an SU-point as well as that
“SU-point” cannot be replaced in this equivalence by “extreme point”
(see [3]). Moreover, a point z € S(X) is an SU-point if and only if any
x* € Grad(z) exposes x, that is, if y € S(X) and 2*(y) = 1, then x =y
(see [10], Remark 2). In consequence any SU-point of S(X) is an exposed
point. It is also known that in Ko6the function (or sequence) spaces, if
x € S(X) is an SU-point, then |x| is a point of upper monotonicity as
well as a point of lower monotonicity (see [10], Lemma 7). For example,
the point (1,1) is an extreme point of S(I$°), but it is not a point of
lower monotonicity because ||(1,0)]|s = ||(1,1)||cc = 1 and (1,0) < (1,1),
(1,0) £ (1,1).

A Banach space X is said to have the Kadec—Klee property (X has
the H-property) or X € (H) for short if the weak convergence and the
convergence in norm of sequences in S(X) to a limit element from S(X)
coincide. It is known that the CLUR property implies the H-property.

A sequence ® = (®;)°, is called a Musielak-Orlicz function, if for any
i € N, the function ®; : R — Ry U {oo} is convex, even, vanishing at 0,
limy, 00 ®;(u) = 00 and P;(u;) < oo for some u; € (0,00). The function
U = (¥;)°, with ®;(v) = sup,>o{ulv| — ®;(u)} for any i € N and v € R
is called the function complemgntary to @ in the sense of Young. The
function ¥ is again a Musielak—Orlicz function.

Denote by Iy the space of all real sequences and define e, = X, for
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any n € N. Given a Musielak—Orlicz function ®, we define the Musielak—
Orlicz sequence space lg, by

lo ={x=(2;)721 €lp: Ip(Ax) < o0 for some A > 0},

where

Ip(x) =) ®(y).
i=1

This space equipped with the Luxemburg norm
|z|le = inf{\ > 0: Is(x/\) < 1}

or with the equivalent one
1
¢ = inf —(1+ Ip(k
I3 = nf +(1+ To(kz)

called the Orlicz (or the Amemiya) norm is a Banach space. The spaces
(s, |lo) and (e, ||3) will be denoted shortly by le and lg, respectively.
Moreover, we define the space

{a: = (2i)j21 €lp: VA >03iy € Nsit. Z O, (Nz(d)]) < oo},
i=iy

and it will be denoted shortly by he and hg, respectively. For z € lg we de-
note 6(z) = inf {A>0: >z, ®i(Alz(i)]) < oo for some iy € N depending
on )\}.

Let p; (u), p; (u) (q; (w), ¢ (u) respectively) denote the left and right
derivatives of ®; (¥; respectively) at u. We have the Young inequality

uv < @;(u) + ¥;(v)
for all u,v > 0; and
wo = ®;(u) + U;(v) <= p; (u) <v <pf(u) or ¢ (v) <u<g(v).
For any x € lg, we define
K (@) = inf{k > 0: Iy (o™ (kla])) > 1);
K () = supfk > 0 Ty (p* (kla)) < 1}
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K(z) = {[’f:@)ak**(x)h k@) <oo
[k* (), 00) if k*(z) < oo and k™ () = co.

We usually will write £*, £** instead of k*(z), k**(x) if it is clear which z is
considered. It is known that [|z]|3 = +(1+4 Io(kz)) if and only if k € K (z)
for any z € lp (see [21]).

The dual space of lg is well known. Namely, we have

(lq;)* =lyg DS,
that is, any * € (lg)* is uniquely represented in the form
= Sv + @,

where v € Iy and &, is the order continuous functional on lg generated by
v, that is,

o0
&o(x) = Zvixi Vz els)

and ¢ € S is a linear singular Eu&ctional on lg, that is, ¢(x) = 0 for any
x € hg (order continuous functionals are also called regular functionals).
We denote by R Grad(z), (S Grad(y), respectively) the set of all regular
(singular, respectively) support functionals at .

Let Ay be a subset of N. We say that a Musielak—Orlicz function
P satisfies the d2(Np) condition (@ € d2(Np) for short) if for any h > 1
(equivalently for some h > 1) there exists a > 0, k > 1, igp € Ny and a
positive sequence (c;) (i € No, i > ig) such that > ;e ;o ¢ < oo and
the inequality

<I>z(hu) < k@z(u) + ¢

holds whenever i € Ny, i > ig and ®;(u) < a. If ® € d2(N), then we write
simply ® € ds.

For the theories of Orlicz and Musielak—Orlicz spaces and the notions
concerning lg defined above we refer to [2], [18], [17], [21], [15], [19] and [16].

We say that a function ® : R — Ry U {oco} is upper (lower) affine at
w € R if there exists v € R with |v| > |w] (Jv| < |w]) such that ® is affine
on the intervals [|w|,|v|] and [ — |v], —|w|] (respectively on the intervals
[lv],lw|] and [ — |w],—|v]]). We introduce the following notations:

Al = {z € R: ®; is upper affine at 2},
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={z € R: @, is lower affine at z}

ASi= (€ A p=(x) = pF (o)}, AS}={s€ A} pi () = pF ()
ANS! = A')\ AS!, ANS} = Al \ AS]
Ay(z)={ieN:a; € A'}, Aj(z) ={i e N:xa; € A},

A (z) ={i€ Ay(x) : z; € ASL), A (x) = {i € Ay(z) : 2; € AS}},
Ay (z) = Ay(z) \ Aj(2), Al (x) = Ay(z) \ 4] (2).

Moreover, for every i € N we denote Smooth(®;) = {u € R : pf(u) =
p; (w)}, a(®;) = sup{u > 0: ®;(u) = 0}, b(P;) = sup{u >0 : ®;(u) < oo},
Ext(®;) = {u € R : ®; is strictly convex at u}, 0P;(u) = [p; (u), p; (u)].
If a(®;) = 0 (b(P;) = 400, respectively) for all i € N, then we will write
® >0 (P < oo, respectively).

We will use a few known results that we present below.

Theorem 1.1 ([3]). Let X be a Banach space and x € S(X). If x is
an SU-point, then x is an exposed point.

Theorem 1.2 ([1]). A point z € S(lg) is exposed if and only if:

(i) Ip(x) =

(ii) card({z € N a(®;) >0, x; € Smooth(®;)}) =0,
(iii) card({i € N:x; ¢ Ext(®;)}) <1,
(iv) (o7 (lzil))ien € lw,

(v) there are no pairi,j € N with i # j such that x; € AS and z; € ASlj.

Theorem 1.3 ([6]). A Musielak—Orlicz space lg, has property H if and
only if ® € 0y or 3 2, V,(¢;) < 1,where

o {b(q)i)a if Wi(b(®;)) <1

U-1(1), otherwise.

)

Theorem 1.4 ([4]). Let X be a reflexive Banach space. Then both X
and X* have the CLUR-property if and only if the both X and X* have
the H-property.
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Lemma 1.1 (see [20], [14]). Let ® < oo, x € S(lp) and Ip(x) = 1.
Then z* € R Grad(x) if and only if it is of the form

o0
2 (y) =Y i / mem (y € la),
=1

where n = (n;) € ly is such that n; € 09;(x;) = [p;(\xz\),p:rﬂx,\)] for any
i€ N,

Lemma 1.2 ([20]). If U ¢ 09, then there exists a sequence (I,) C N
(0=1y <1, < Iy <...)and afamily of sequences (u}) inR; (n=1,2...;
it=1I,1+1,...,1I,) such that

In
Z )>1 for anyn € N,
=Ip1+1

;i (u] )S% ®; <§) - <1_%) <I>i(2u?)

for any n € N and any i € {I,,—1 +1,...,1,}.

Theorem 1.5 ([12]). Let x € S(lg) and k € K (z). Then
(i) if k* < k™, then there exists exactly one support functional at x and
it is generated by wsgn(z), where w; = p; (k*z;) = p; (k**x;) for any
1 €N;
(i) if K(xz) = {k}, then
(a) Ig(p~(kx)) <1 and O(kx) <1
(b) if 6(kx) < 1, then Iy(pt(kx)) > 1. Moreover, each support
functional at x belongs to ly and it is of the form : wsgn(x),
where p; (kz;) < w; < pf(kx;) for any i € N and Iy(w) = 1;
(c) if O(kx) = 1, then each support functional at x is of the form
wsgn(z) + ¢, where p; (k|z;|) < w; < pj (klz;|) for any i € N,
Iy(w) +a =1, ¢ is a singular functional, ¢(x) = a/k and a €
0,1 = Iy(p~ (kx))].
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2. Results

We start with two auxiliary lemmas and two remarks.

Lemma 2.1. In the Musielak—Orlicz space he, the condition Iy (z)=1
is equivalent to the condition ||z|¢ = 1 if and only if ®;(b(®;)) > 1 for any
ieN.

PROOF. Necessity. Suppose that there exists 79 € N such that
®,,(b(®;,)) < 1. Defining x = b(®;,)e;, we have Ip(z) < 1 and Ip(Az) =
oo for any A > 1, which implies ||z||¢ = 1.

Sufficiency. Tt suffices to show that ||z||l¢ = 1 implies Ig(z) = 1
when ®;(b(®;)) > 1 for any ¢ € N. Assume that there exists = € ho
such that Ip(x) < 1. The function f(A\) = Is(Ax) is convex. It fol-
lows from the definition of the space hg that there exists ig € N such
that > 7%, ®;(22;) < oo. Moreover, there exists Ao € (1,2) such that
S0 @ (M) < 1, because of Ip(z) < 1. Therefore, the function f is
real-valued in the interval (0, \g), so it is continuous on this interval, by
its convexity. Since f(1) = Is(z) < 1 and f is continuous in a right-
neighbourhood of 1, there exists A\; > 1 such that Ip(A\z) < 1, whence
INz||le < 1, which gives ||z]e < %1 < 1. This contradiction finishes the
proof. ]

Using similar techniques as in [11], we get

Lemma 2.2. Assume that ® = (®;) is a Musielak—Orlicz function
such that for any i € N there exists u; € R satisfying ®;(u;) = 1. Let
O € 6y, x € lo, (zn) C lo, T, — x coordinatewise and ||z,|le — ||z|o.
Then |z, — z|le — 0.

Remark 2.1. For a Banach space X and x € S(X) define the follow-
ing condition

(A) If ye S(X) and ||z + y|| =2, then Grad(xz) = Grad(y).
Then the point x is an SU-point if and only if x is an exposed point
and condition (A) holds.

PROOF. <) Let z,y € S(X) and ||z + y|| = 2. Then condition (A)
gives Grad(y) = Grad(z). Using the fact that = is an exposed point we
get x = y.
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=) First we will show that any SU-point in S(X) is an exposed point.
Let y € S(X) and 2*(z) = 2*(y) = 1 for * € S(X*). Then z*(x +y) = 2.
Therefore
2= [z*||[lz + yl| = [+"(z + y)| = 2,

whence ||z + y|| = 2. By the assumption that z is an SU-point we get that
x = y, which means z is an exposed point. Now assume that x € S(X) is an
SU-point, y € S(X), ||z +y|| = 2. Then z = y and so Grad(y) = Grad(z).
Therefore we have obtained condition (A). O

Remark 2.2. For a Banach space X and x € S(X) define the follow-
ing condition

(B) If (z,) C S(X), «* € Grad(x) and ||z + x,|| = 2, then z*(z,) — 1.

Then z is a LUR-point if and only if x is a strongly exposed point and
condition (B) holds.

PROOF. =) It is well known that a LUR-point is a strongly exposed
point. Let z be a LUR-point and ||z 4+ z,|| — 2. Then ||z — z,|| — 0,
which implies that =, — =z, i.e. 2*(z,) — z*(z) = 1. Therefore we have
obtained condition (B).

<) Let ||z, + z|]| — 2 and 2* € S(X™*) be a functional which exposes
x strongly. Then z* € Grad(z) and by condition (B) we get z*(x,) — 1 =
x*(x), i.e. 2*(zry —x) — 0 for any =* € Grad(x). Since z* strongly exposes
x, so ||z, — x| — 0. O

Theorem 2.1. Let ® < co and = € S(lg). Then x is an SU-point if
and only if:

() Ta() = 1,
(ii) card({i € N: a(®;) > 0, ; € Smooth(®;)}) =0,
(iii) card({i € N: x; ¢ Ext(®;)}) <1,
(iv) there are noi,j € N, i # j, such that z; € A!, and x; € A{,
)

(v) 6(z) <

PROOF. Necessity. Assume, without loss of generality that z > 0 and
x is an SU-point of S(lp). By Theorem 1.1 and Theorem 1.2 we only need
to show the necessity of conditions (v) and (iv). Suppose 6(x) > 1. Since
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x € S(lg) and O(z) < ||z||e, we have §(x) = 1. Then Ig(Ax) = +oo for
any A > 1. Let 49 € N be such that z;, # 0 and let y = {y;}, where

{x i # io;
Yi = .

0, 1= ig.

Then I3(y) < 1, whence |ylle¢ < 1, and Is(Ay) = +oo for any A > 1,
which implies ||y||l¢ > 1. Consequently ||y||¢ = 1. Therefore ||z + y||o < 2.
Moreover, |y| < |z| and |y| # |z|, which implies 2 = 2||y|le < ||z + y||s,
whence we get ||z +y|l¢ = 2. This contradicts the assumption that x is an
SU-point and gives the necessity of condition (v). Now we will show that
condition (iv) is necessary. By Theorem 1.2 we need to consider only two
cases: I) there exist 4, € N, i # j, such that z; € AS! and xj € ANSlj;
IT) there exist 4,7 € N, i # j, such that z; € ANS!, and z; € ANSlj. We
will prove only case I), because the proof of the second one is nearly the
same. Assume that there exist i,j € N, i # j, such that x; € AS! and
T € ANSlj. We choose a,b € Ry such that

Dy(x;) + Pj(x;) = Pi(xi + a) + Pj(x; — b)

and define
Y = TXn\{ij} T (T +a)e; + (w5 — b)ej.

Then Is(y) = Ip(z) = 1, by condition (i). Let n; = p; (z;) = pi(xi),
n; = p; (zj) and n, = p, (x,) for n ¢ {i,j}. Then, by Lemma 1.1, the
support functional z* generated by 1 belongs to Grad(z) N Grad(y). So

2=z +y) <[z+yle <2,

whence ||z 4+ y|l¢ = 2. This contradicts the assumption that x is an SU-
point. In the same way we consider the case: z; € ANS! and z; € AN Slj
for some natural i # j.

Sufficiency. Assume that conditions (i)—(v) hold and ||z||e = |lylle =
|£+2|l = 1. In the same way as in the proof of Theorem 5 in [3] we show
that Is(y) = Iq>(%) = 1 and the coordinates z;, y; belong to the same
interval of the affinity of the functions ®;, for any ¢ € N. If there exists
ip ¢ Ext(®;) (condition (iii)), then condition (ii) yields ®;,(z,) # 0. Since
xi, and y;, belong to the same interval of affinity of the function ®;, and



50 Henryk Hudzik and Wojciech Kowalewski

Is(x) = Ip(y) = 1, so we have x;, = y;,. If 2; € Ext(®;) N A%, for some
i € N, then, by condition (iv), z; € Al for any natural j # i. Therefore
x; < y; for any i € N. Now condition (i) implies that x; = y; for any i € N,
because of Ip(y) = 1. Similarly we consider the case z; € Ext(®;) N A! for
some ¢ € N. g

Theorem 2.2. Let x € S(Lg) and b(®(t,-)) = +oo for u-almost every
t € T. Then x is SU-point if and only if:

(i) lo(x) =1,
(ii) p({t € T : a(P(t,-)) > 0, z(t) € Smooth(P(¢,-))}) =0,
(iii) p({t €T :2(t) ¢ Ext( (t,-))}) =0,

(iv) p(Ai(z )) (Au(z)) =
) 0(z) <

PRrROOF. The proof proceeds in the same way as the proof of Theo-

(v

rem 2.1, using Theorem 3 in [1] (which characterizes exposed points in
Lg) instead of Theorem 1.2. O

The next theorem is an analogue of Theorem 2.1, but it concernes the
Orlicz norm.

Theorem 2.3. A point = € S(Ig) is an SU-point if and only if the

following conditions hold:

(i) K(z) = {k} for some 0 < k < o0,

(i) Af(kx) = A5 (kx) =0,

(iii) if AP*(kx)#0, then §(kx) <1 and Iy (p™ (kx)xw riy) +Vilp; (kzi)) < 1
for any i € A}®(kx).

(iv) if A% (kx) #0, then §(kz) <1 and Iy (p~ (kx)xw 1)+ Vi(p; (kx;)) > 1
for any i € A}’ (kx).

PROOF. Necessity. Condition (i) is necessary in order that x is an
extreme point (see [13] and [5]). Therefore, it is also necessary in order
that x is an SU-point.

(ii) Assume for simplicity (but without loss of generality) that = > 0.
Since condition (i) is necessary, we can assume in the remaining part of
the proof that K (z) = {k}. Suppose that there exists ig € Aj(kx). Then
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the function ®;, is affine in the interval [kz;, — b, kx;,] for some b > 0. We
will consider two cases.

1° Let 0(kx) < 1. Define

b
Y = TXN\{io} T <l‘z‘o - Sgn(évio)E) €ig- (1)

Then p (ky;) = p (kxz;) for any i € N. Hence Iy(pT(ky)) = Iyv(p™ (kz)).
Moreover, for a # k, we have Iy(p™(ay)) < Iy(pT(az)), which implies
k = k*(z) < k*(y). Since 0 < y < z, we have (ky) < O(kz) < 1. If
Iy(pt(kx)) < 1, then by Theorem 1.5(ii)(b), we have that Grad(z) = 0,
which contradicts the Hahn—Banach theorem. Hence Iy (p™(kz)) > 1.

If Iy(p*t(kz)) > 1, then Iy(p*(ky)) > 1, whence k*(y) < k and we
get k*(y) = k, by k*(y) > k. Consequently K(y) = {k}, because in the
opposite case Iy (pT (kx)) = 1, by Theorem 1.5(i) and the Young inequality.
Since k € K(y) if and only if klylly € K (y/lyl3). 50 K (u/Iyl3) =
{klly||$}. Moreover

— o Yi _ _
b; <kHy||<I> HyHO) =D; (kyl) =D; (kxl)a
P

o (Mol ) = o7 ) = o )
Iyl

for any ¢ € N, so by Theorem 1.5(ii)(b), Grad (y/||y||$) = Grad(z).

If Iy(p*(kz)) = 1, then Iy(pt(ky)) =1 and k € K(y), so k*(y) = k,
by k*(y) > k, which has been already proved. If &k = k*(y) < k™ (y)
then, by Theorem 1.5(i), p*(kx) generates a support functional z* be-
longing to Grad(x) N Grad (m) If £ = k*(y) = k**(y) then, by Theo-
rem 1.5(ii)(b), p*(kx) generates a support functional z* that belongs to
Grad(z) N Grad(y/||y||$)- For such a functional we have

Yy Yy
2:x*<x—i— >§Hx+
lyll% Iyll%

whence ||z + WH% = 2, which means that x is not an SU-point. This
2l

o

>~ 4
[¢3]

proves the necessity of the condition Aj(kx) = 0 for k satisfying K (k) =
{k} whenever 0(kx) < 1.
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2° Let O(kz) = 1. Define y as in (1). Then 6(ky) = 1, because in the
opposite case there exists [ > k such that Is(ly) < oco. On the other hand,
by Is(lx) = oo, we have

I<I>(ly) = I@(l‘rXN\{io}) + (I)io (lyio) = I@(lm) + (I)io (lyio) - (I)io (l‘rio) = +00,

which gives a contradiction. By Theorem 1.5(ii)(c), the case Iy (p* (kz))>1
can be considered as the case 1°. So let Iy (p™ (kz))<1. Then Iy(p™ (ky))<1.
Since O(ky) = 1, so Is(ay) = oo for any a > k, whence k™ (y) = k and
K(y) = {k}, by k*(y) = k. It follows from Theorem 1.5(ii)(c) that any

y* € Grad (II ”o> is generated by the triple (v,¢,a), where v € ly, ¢

is a singular functional, a > 0, Iy(v) +a =1, ¢ (y/|yll%) = a/(kllyll%)
a€ 0,1 —Iy(p~(ky))] and

_ o Yi
b (ki) = pr (knyuq) ) v < pt (knyuq) o>=p:<kxi>
WG WG

for any ¢ € N. Moreover

a
Sgn yi)vi =1— ———,
Z o kllyllg

=1

because Iy (v) =1 —a, Is(ky) = k|y||$ — 1 and

IIyHcsz E sgn(yi)vi = lo(ky) + Ly (v).
P

Similarly

kal sgn(zi)v; = Ip(kz) + Iy(v) =k—1+1—a=Fk —a.
i=1
Hence Y 2°, @; sgn(z;)v; = 1—%. Moreover z—y € h?, s0 ¢(y) = ¢(z) = £.
It means that

Grad < > C Grad(z).

[

Now we can proceed as in the case 1° of the proof, obtaining that x is not
an SU-point.

In the same way we can show that AS(kx) = 0.
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(iii) By the previous part of the proof we can assume that conditions
(i)—(ii) hold. Consider first the case 6(kz) = 1. Assume that there exists
ig € AP*(kz). Then the function ®;, is affine on the interval [kz;, —b, kx;,]
for some b > 0. Define y as in (1). Then, similarly as in the proof of
condition the necessity of (ii), we have 0(ky) = 1. First we will show that

Ty(p™ (kx)) < 1. (2)

Suppose for the contrary that Iy(p~(kx)) > 1. Since K(z) = {k}, it
follows from Theorem 1.5(ii)(a) that Iy(p~ (kx)) < 1, whence

Iy(p~ (kz)) = 1. (3)
Consequently, since ig € A}’ (kx), we get
Iy(p* (k) > 1. (4)

Since K (z) = {k}, we get Iy(pT(ax)) < 1 for any « < k, because in the
opposite case k*(z) < o < k. So by ig € Aj*(kx) and y < x, we have

Iy(pT(ay)) <1 for any a < k. (5)

If Ty (pt(kx)xan fio}) + Wio (P (ki) < 1, then Iy(p*(ky)) < 1, which
contradicts the equality Iy (p~(ky)) = 1, being a consequence of (3). So
we should consider only two subcases.

3° Letly (p* (k)X fio}) + Wio Py (k2io)) > 1. Then Iy (p™(ky)) > 1,
whence k*(y) < k and, by (5), k*(y) = k. If k = k* < k™, then it follows
from Theorem 1.5(1) and from the Young inequality that Iy(p™(ky)) =
1, which contradicts the fact that I'y(p*(ky)) > 1, whence K(y)={k}.
Therefore K (y/|ly3) = {kllyll3}. Moreover Fy(p~(ky)) = T(p~ (k) —
1, by (3). By Theorem 1.5(ii)(c) we have that the support functional x*,
generated by p~(kx) belongs to Grad(z) = Grad (y/||y||$). Proceeding as
in the case 1° of the proof, we get that x is not an SU-point.

4° Let Iy (p™ (kx)xw fio}) + Yo (p"(kz;,)) = 1. Note that in this case
supp(z) # A}*(kx), because in the opposite case we have Iy (p~(kx)) < 1,
which contradicts condition (3). So, in particular, we have supp(x) #
{ip}. Moreover Iy(pT(ky)) = 1, whence k € K(y) and Iy(pT(ky)) =
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Iy(p~(ky)) = 1, by (3) and the fact that Iy(p~ (ky)) = Iv(p~ (kx)). By
the assumption that ®;(u)/u — 0 as u — 0 for any i € N, we get

p; (kyi) = p;r(kyi) for any i # ig, 1 € N. (6)

Condition (5) and I'y(p*(ky)) = 1 imply that k*(y) = k. By (6) we have
Iy(pt(ay)) > Iy(pT(ky)) = 1 for any a > k. Hence Iy(pT(ky)) = 1
implies that £**(y) = k. Finally K(y) = {k}. Proceeding as in the case 3°
of the proof, we get that = is not an SU-point.

Therefore, we have proved that if #(kxz) = 1, then condition (2) is
necessary in order that x is an SU-point and we can assume that this
condition holds.

Now once again consider y as in (1). If Iy(p*(ky)) > 1, then, as
above (cases 3° and 4° of the proof), we have k*(y) = k. If k™ (y) =
k* = k, then, by condition (2) and Theorem 1.5(ii)(c), the support func-
tional z* € Grad(x), which is generated by the triple (w, ¢1,a1), where
w = (p; (kx;))7° = (p; (kyi))° and ay, ¢ satisfy conditions from Theo-
rem 1.5(ii)(c), also belongs to Grad (y/||y[|$). Proceeding with z* as in
the case 1° of the proof, we get ||z 4+ y||$ = 2. It means that = is not
an SU-point. If £**(y) > k* = k, then, by Theorem 1.5(i) and the Young
inequality, we get Iy (p™(ky)) = 1, whence k**(y) > k. Since 0(ky) = 1, so
Is(ly) = oo for any | > k, whence k**(y) = k and finally K (y) = k. This
contradiction shows that the case k**(y) > k* is impossible.

If Iy(pt(ky)) < 1, then k**(y) > k and as above, using 0(ky) = 1,
we get k**(y) = k. From Theorem 1.5(i) and the Young inequality, we get
that K(y) = {k}, because in the opposite case Iy(p~(ky)) = 1. Now we
proceed as above, obtaining a contradiction.

In order to prove condition (2) in the case §(kz) < 1 together with the
assumption that there exists i9 € AP*(kx) such that I'y(p™ (k2)xm (i0}) +
Wiy (p;, (kziy)) > 1, we proceed exactly in the same way as in the cases
3° and 4° of the proof, using only Theorem 1.5(ii)(b) instead of Theo-
rem 1.5(ii)(c). Then we have Iy(p~ (kx)) < 1 and Iy(p*(kz)) > 1. Defin-
ing y as in (1), we get Iy(pT(ky)) > 1, whence k*(y) < k and, by (5),
k*(y) = k. We will consider two cases.

If Iy(pt(ky)) = 1, then the support functional z*, generated by
pT(ky), belongs to the Grad(xz) N Grad (y/||y||3), by Theorem 1.5(ii)(b)
and the fact that p~(kz) = p~(ky) < p*(ky) < p*(kx). Therefore, as in

—_—
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the case 1° of the proof, we have ||z 4+ y/|ly||$|$ = 2. So, we get that x is
not an SU-point.

If Iy(p*(ky)) > 1, then there exists A" (kz) 3 i1 # i, because in the
opposite case Grad(z) = 0, by Theorem 1.5(ii)(b). If

> Wip] (ki) + Wiy (p;; (ki) + Vs, (py, (kay) = 1,
=1
i {io i1}
then the support functional x*, generated by v = (v;)7°, where v; =
pi (kx;) for i ¢ {ig,i1}, v; = p; (kx;) for i € {ip,i1}, belongs to the
Grad(z) N Grad (y||y||$). So, as above, z is not an SU-point.

(iv) This case can be proved similarly to the case (iii), so we omit the
proof. ]

Sufficiency. Assume that y E S(lg), llz +y||$ = 2. Let I € K(y) and
conditions (i)—(iv) hold. Then k—+l € K(x +y) (see [4]) and ||z + y||§ =
zll§ + llyllg, whence

(k+1) (1 + 1o (W T +y )) (1 + Ia(kx)) + k(1 + Ia(ly))

K !
a > —k z:: kxz A z:: lyz
2 z 2
= ——®i(kz;) + ——Pi(ly;
<k+l TR > g itk + g i)

for all # € N. It means that all functions ®; are affine on the intervals
[min{kz;, ly; }, max{kx;, ly;}]. Suppose that there exist ¢ # j such that
i € AP®(kx) and j € A}°(kx). Then, by conditions (iii) and (iv), we get

I+ k) < (x+y) ) + kls(ly),

Z < (=i + vi

1> Iy (p* (k) xmig}) + Wilpi (kz:) + ;(p] (k)
> Iy (p~ (kx)xangigy) + Vi(py (kzi)) + O (p; (k)

= Iy(p~ (kx)xwjy) + ¥5(p) (kzj)) > 1,
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a contradiction, whence either N = AP*(kx) or N = A7 (kx). Assume that
N = AP®(kz). Then ly; < kz; for any ¢ € N and since z,y € S(Ig), so
I < k. By (ili) we get 6(kx) < 1. Suppose that there exists iy € N such
that ly;, < kx;,. By condition (iii), we have

Ly (p* (k)X o)) + Wi (00 (kxip)) < 1. (7)

Without loss of generality we can assume that ly; = kx; for any natural ¢ #
ip, because condition (7) holds for any i € N, not only for fixed ig. More-
over pijr)(lyio) = pi_o(kxio) and p’ (ly;) < p', (kz;) for any i # ig. Then, by
(7), we get Iy(pt(ly)) < 1. Moreover, ly < kz, whence 0(ly) <6(kz) < 1.
Therefore, it follows from Theorem 1.5(ii)(b) that Grad(y) = 0, which
contradicts Hahn-Banach Theorem. Therefore ly;, = kx;,. It implies that
ly = kz, and since z,y € S(l3), so k = [ and finally z = y.
If A7%(kx) = N, then we proceed in the same way as above, using
condition (iv) instead of condition (iii).
In a similar way we can prove the following
Theorem 2.4. A point x € S(Lg) is an SU-point if and only if the
following conditions hold:
(i) K(x) = {k} for some 0 < k < o0,
(i) p(Aj(kx)) = p(Aj(kx)) = 0,
(iii) if p(ApP*(kx)) > 0, then O(kx) < 1 and
Iy (p* (kx)xm\g) + Tw(p~ (kx)xr) < 1 for any E C A}*(kx) such that
u(E) >0,
(iv) if u(Ap*(kx)) > 0, then 0(kx) < 1 and
Iy (p~ (kz)xm\g) + Tv(p* (kx)xg) > 1 for any E C A}*(kx) such that
w(E) > 0.
Theorem 2.5. If ® is a Musielak-Orlicz function such that ® > 0
and ®;(1) =1 for any i € N, then the following conditions are equivalent:
(i) ls € (CLUR),
(ii) (a) @ € 02
(b) ¥ € &y or ®; is strictly convex on [0, ®; ! (1)] for every i € N.
PRrROOF. (i)= (ii)(a) The implication follows from the facts that X €

(CLUR) = X € (H) for any Banach space X and ® ¢ dy = lo ¢ (H),
because Banach function lattices with property H are order continuous.
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(i)= (ii)(b) Assume that condition (ii)(b) does not hold, that is, ¥ ¢ o
and there is j € N and an interval [u,v] U [0, <I>j_1(1)] such that ®; is affine
on [u,v]. We may assume without loss of generality that j = 1 and u > 0.
Denote w = (u+v)/2 and take x € S(lp) with Is(x) =1 and (1) = v. Let
(In)2yinNand (uf!) inR (n € Nyi € {I,_1+1,...,I,}) be sequences from
Lemma 1.2. Denote a = ®;(v) — ®1(w). Let k € N be the smallest number
that satisfies + < a. Since ®;(u?’) < L foranyi € {I,_1+1,...,I,},n €N
being arbitrary, there exists mj € {Ix_1 + 1,..., I} such that

mi mi1+1
Z ®;(u¥) <a and Z ®;(uf) > a.
i=Ip_1+1 =1 _1+1

Continuing this procedure we can find a sequence (m, )52 with Iy, o+
1 <my < Ixip—1 for any n € N such that

Mn mn+1
g ®;(ul 1) <a and g ®;(ul ) > a.
1=l q4n_2+1 1=l q4n_o+1

Let e; = x(4} be the basis vector for the space ¢y and define

Ik+n72 Mn,
Ty, = wep + Z z(i)e; + Z uftnle;.
i=2 i=Ippp_o+1
Since ®;(ul) < % for any ¢, € N, we have
1 =
([ k+n—1
a—m< Z (I)l(uz )Sa
i=Ipyn_ot+l
Consequently
1
1—-— <1 <1
k+n—1 @(@n) <
and so )
- < <1
< oalle <

for any n € N. Moreover

T+ w4v Tegn 2
12 (T5) — o (M) 4 3 eiel)
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o uk+n—1 1 1 Trin 2
+ | Z o, [ = 5 > §q>1(w) + §<I>1(v) + ' ®; (2(i))
l:Ik+n—2+1 =2

1 _ 1 mn+1 1
k4+n—1 k4+n—1
Z ktn—1 d. (1) S
T ( 2. T = 1)

i=Igyn_otl

1
k+n—1
) -
T < 1(v) = @1 (w) k+n—1>
Iyyn_2 1
= o o -
> (el = g gy (Ba0) — Bifw)
1 - k+1 1
n- I =1
htn—1 @
Consequently H%H o — 1 asn — oo. Moreover
Mn
Ip(@m —2n) > Y Oy(uft )
i:Ik+n72+1
mp+1 1
= D BT = B (0T > B (v) — By (w) —
, k+mp,
Z:Ik+n72+]-

for all m,n € N. Consequently

To(am — 27) > %{@1(0) 3y (w)}

for m,n € N large enough, which yields
) 1
|€m — nl||l@ > min | 1, §{<I>1 —®¢(a)} ) >0

for m,n € N large enough. This means that sequence (z,,) has no Cauchy
subsequences, that is, lp ¢ (CLUR).

(ii) = (i) If @ € 02 and ¥ € 02, then the proof proceeds in the same way
as the proof of the analogous fact in the case of the Orlicz spaces (see [3]),
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so we omit it. Now assume that ® € &, ||z]le = [|znlle = [[E52]le = 1
and ®; is strictly convex on [0, ®;(1)] for any i € N. The last condition
implies that card(A;(z)) = 0. We define the sets

Ao ={neN:|z,(i)] < |z(i)| and |z(i) — zn(2)| > €},
for any € > 0 and any ¢ € N. First we will show that
card(A;c) < oo foranye >0 andieN. (8)

Otherwise, there exists g > 0 and ip € N such that card(4;, .,) = oo, that
is, there exists a subsequence (x, ) of (z,,) which satisfies the conditions:
|zp, (10)] < |x(io)| and |xy, (i0) — z(ig)| > €o. Since A;(x) = 0, there exists
0 > 0 such that

o (20 ) < 120 o o) + i o )]

for any k € A;, ., By Lemma 2.1 we have Iy(z) = Ip(z1) = 1. Moreover,
Ip(¥5t2) — 1 as n — oo. Then we get

0 i:; [q)i(xnk (i));— O;(x(i) 5, (:cnk (i) + x(i))]

2
o Pio(@ny (i0)) + Pip(2(i0) o <fﬁnk (i) + fL‘(io)>
= B i0 9

s ln o) + ulelio) , g, <:c o)~ x(z'o>> - o, ().

a contradiction, which shows that (8) is true. We will show now that
T, — x coordinatewise. Suppose the opposite. Then there exist eg > 0,
ip € N and a subsequence (z, ) of (z,) satisfying

|zn, (i0) — z(ig)| > o for any k € N. (9)

By the previous part of the proof we have card(A;, c,) < co. By condition
(9) and the definition of the set A;, ., we conclude that there exists kg € N
such that |z, (ip)| > |x(ig)| for all k& > ko, whence we conclude from
(9) the existence of €1 > 0 such that ®;,(zp, (i0)) — Piy(x(ig)) > €1 for
any k > ko. Since Ig(x) < 0o, so there exists a natural number i; > i
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such that »,_; ®;(x(i)) < 5. Moreover, we can assume, without loss
of generality, that x,(i) — (i) for any ¢ < 41,7 # ip. Hence for any
i <1, # dg, there exists l; € N such that |®;(zn (1)) — @(x(i))] < 5~ for
any n > l;. Therefore, in the worst case we have

1= Ip(zp,) > iy(|zn, (i0)]) + Z D;(|zn, (2)

i<iq

i#£i0
i, (J2(io)]) + 21+ Y ®i(lz(D)]) + D [@il|zn, ()]) — i (D))
i<iq <1
i#£i0 i#£ig
>14 — — P, ] >1l4+4—=———==14—
+° +§ (e @) = @@ > 1+ 5 - 3 =1+3
z;ézz]
for any k > max{ko,1,l2,...,l;; }. This contradiction proves that x,, —
coordinatewise. Using Lemma 2.2 we can finish the proof. 0

Remark 2.3. Let B = {i € N: b(®;) < oo} and Is(b(®)xp)) < 1.
Then lg ¢ (CLUR).

PROOF. Assume first additionally that card(B) = co. Then we may
assume, without loss of generality, that b(®;) < oo for any ¢ € N. Define

x—Zb i)€is :cn_Zb

It is clear that ||z|l¢ = ||znlle = 1 for any n € N. For m,n € N with
n >m, we get X, — Ty, = Z?:mﬂ b(®;)e;, so ||z — Tm||le = 1. Moreover

n
=1

Therefore Lp(ﬂ%) < Ip(zr) < 1 and consequently, using the triangle
inequality, we get || 522 || = 1. This shows that lp ¢ (CLUR).

Now let card(B) < oo, x = Y ;cgb(®;)e; and a = 1 — Ip(z) > 0.
Define z,, = x for n € B and

i=n+1

x(i), for i € B;
l(a’)a t=mn;

0, otherwise
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for n ¢ B. Therefore Ip(x,) = Is(x) < 1 for n € B and Ig(x,) =
Ip(x) +a =1 for n ¢ B. Hence ||z,|ls = 1 for any n € N. Moreover,

%:xforneB, and
x (i), for i € B;
9 - §@nl(a)a L="n;
0, otherwise

for n ¢ B. Since Ip(x) < 1 and Ip(x,) < 1 for any n € N, by convexity
of Iy, we get Ip(%2r2) < 1 and consequently [|£%2 s < 1 for any n € N.
Moreover, Ip(A22t2) > I (Az) = oo for any A > 1, whence || £22 |5 > 1.
This proves that ||2422||¢ = 1 for any n € N. We also have for n > m and

n,m ¢ B:

—®, 1(a), fori=m;
(i) —xm (i) = @, 1(a), fori=n;
0, otherwise.

Therefore, Ip(x, — ) = 2a for myn ¢ B, m # n, so ||z, — zplle >
min{1,2a} > 0 for m,n ¢ B, m # n . This shows that I is not CLUR. O

Theorem 2.6. Let ® be a Musielak—Orlicz function such that ® < oo
and lim,_.g ‘InT(u) = 0 for any i € N. Then lg has property CLUR if and

only if ® € 05 and ¥ € 6.

ProoF. Sufficiency. By Theorem 1.3, I € (H). By lim,_ @15“) =0

for any i € N, we get ¥ < oco. Moreover, condition ¥ € §, is equivalent
to ly € (H) (see [8]). Since our assumptions imply reflexivity of {g, so by
Theorem 1.4 we get Ig, € (CLUR).

Necessity. Since property CLUR implies property H and property H
implies order continuity (see [7]), we have ® € J,. Now suppose ¥ ¢ 0s.

Then (see [8]) there exists a sequence (u,) C R, u, > 0, and sequence of
sets (E,): E, €2V, E,NE,, = () for m # n such that:

(2) g < Liep, Yilun(i) < g7,

(b) (1 + o )un(d)) > 271, (uy (i) for any i € E,.
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Define the sequence (z,) in ly by

_ {un(i), if i € By
Zn(z): 0

otherwise.
Then -
Ta(z) = 3 WalenlD) = 3 Wilenl) < 5
=1 i€FBn
Hence ||zp|lo < 1. If A = %, then
Iy (%") -3 ((1 n 2%) un(i)> > 37 27 (uy (i) > 1.

icEn icEn

Therefore 23—11 < ||zn|lw < 1. Since 2z, € hy and (hy)* = g, so for any
n € N there exists z,, € S(lg) such that

n

< Nznlle = (2, zn) = Z T (4)un (2). (10)

2 +1 i€ By

Let x € S(l3) and & > 0. Since ® € 07, so (I)" = ly and there exists
y € S(ly) such that (z,y) = >,y ziyi = ||z||g. Define

n

Yn = 5o q (UnXEL +YXNB,)-
Then
To(n) < o (Ta(y) + Tu(20)) < o (142 ) =1 (11)
z — | =1
Vi) = o W T e E)) = 9 on
Moreover
(Tr,Yn) = mlezb; Ty (1) 20 (1) = 2n_’_1<xnazn> > <2n_|_1> - (12)

By the definition of y,, and the fact that z > 0 and z,, > 0, we get

(@) = 5 LEZEnxu)un(i) 3 (i)




On some global and local geometric properties. . . 63

= ot [ St + 3 et - 3 w09

i€EN i€En i€En
> |0~ 2 vl (13
Moreover, the Young inequality yields
> x(i)y(i) < Ie(zxs,) + Tv(yxe,) — 0. (14)
i€En

By (12), (13), (14) and by the definition of the Orlicz norm, we have

2> |z + 20l > (T + Ty Yn)

> (;j 1>2 + ani - [1 -> x(i)y(i)] — 2.

i€En,

Hence ||z,, + z||$ — 2. On the other hand, since supports of the elements
T, are separated, we get ||z, — z,[|§ > [|zally = 1 for any m,n € N,

m # n. This contradicts the CLUR-property for . O
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