Publ. Math. Debrecen
67/3-4 (2005), 265-284

Minimizers of nonsmooth functionals on manifolds
and nonlinear eigenvalue problems with constraints

By SOPHIA TH. KYRITSI (Athens)
and NIKOLAOS S. PAPAGEORGIOU (Athens)

Abstract. In this paper first we prove a theorem on the relation between
CY(Z) and W, (Z) local minimizers of a locally Lipschitz functional on a smooth
submanifold of codimension one. Our result extends the semilinear, smooth works
of BREZIS-NIRENBERG (CRAS, t.317 (1993), no constraints) and TEHRANI (Non.
Anal. 26 (1996), on manifolds). Then using this result and nonsmooth critical
point theory, we prove a three critical points theorem for locally Lipschitz func-
tionals on manifolds. Finally the results are used to establish three nontrivial
solutions for eigenvalue problems with nonsmooth potential and constraints.

1. Introduction

BREZIS-NIRENBERG [2]| proved an interesting result on the compari-
son of the H{ versus the C} local minimizers of a C'-functional. The result
proved to be a useful tool in establishing multiplicity results for semilin-
ear elliptic problems. Soon thereafter TEHRANI [26] extended the result
of Brezis-Nirenberg to C'-functionals defined on suitable submanifolds of
HZ(Z). Tehrani used his extension to prove multiplicity results for certain
semilinear eigenvalue problems. Recently the result of Brezis—Niremberg
was extended by KOUROGENIS-PAPAGEORGIOU [15] to nonsmooth locally
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Lipschitz functionals defined on VVO1 P(Z) (p > 2). Kourogenis—Papage-
orgiou used their result to study quasilinear elliptic problems driven by
p-Laplacian differential operator with a nonsmooth potential. Such prob-
lems are known as “hemivariational inequalities” and are a new type of
variational expressions which arise in Mechanics and Engineering, when
one wants to consider more realistic laws of nonmonotone multivalued na-
ture, which correspond to nonsmooth nonconvex energy functionals. For
concrete applications, we refer to the book of NANIEWICZ—PANAGIOTO-
POULOS [13].

In this paper we extend the work of Tehrani to nonsmooth locally
Lipschitz functionals constrained on a smooth submanifold of ng P(Z)
(2 < p < o). The result is then used to prove a multiplicity result (a
three solutions theorem) for quasilinear eigenvalue problem for hemivaria-
tional inequalities with constraints. Semilinear hemivariational inequalities
with constraints were examined using different methods by BOCEA—PA-
NAGIOTOPOULOS—RADULESCU [5], MOTREANU-PANAGIOTOPOULOS [21],
RADULESCU-PANAGIOTOPOULOS [24]. Also multiplicity results for eigen-
value problems were obtained by GASINSKI-PAPAGEORGIOU [9], GOELE-
VEN-MOTREANU—-PANAGIOTOPOULOS [11], RADULESCU [23] (semilinear
problems) and GASINSKI-PAPAGEORGIOU [10] (quasilinear problems).

Our approach uses the nonsmooth critical point theory as this was
developed initially by CHANG [4] and extended recently by KOUROGENIS—
PAPAGEORGIOU [14] and KYRITSI-PAPAGEORGIOU [16]. For another ap-
proach with applications to problems with an area-type term, we refer to
the paper of DEGIOVANNI-MARZOCCHI-RADULESCU [7] and the references
therein.

2. Mathematical preliminaries

In this section for the convenience of the reader, we recall some basic
definitions and facts from the critical point theory for nonmooth locally
Lipschitz functionals. This theory is based on the subdifferential theory of
CLARKE [6].

Let X be a Banach space and X* its dual. By (.,.) we denote the
duality brackets for the pair (X, X*). A map ¢ : X — R is said to be
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locally Lipschitz if for every x € X there exists a neighborhood U of x and
a constant ky > 0 such that |p(z) — p(y)| < kyllz — y|| for all z,y € U.
It is a well-known fact of convex analysis that a proper, convex and lower
semicontinuous function 1 : X — R = RU{+o0}, is locally Lipschitz in the
interior of its effective domain domvy) = {z € X : ¢)(x) < +o00}. In analogy
to the directional derivative of a convex function, for a locally Lipschitz
function ¢ : X — R we define the generalized directional derivative at
x € X in the direction h € X, by

p(a’ + Ah) — o()
: :

(3 h) = limsup
e
AL0
It is easy to check that the function h — °(x;h) is sublinear contin-
uous and so by the Hahn—Banach theorem, it is the support function of a
nonempty, convex and w*-compact set

dp(x) = {z* € X*: (z*,h) < @°(x;h) for all h € X}.

The set dp(x) is called the generalized (or Clarke) subdifferential of
patax e X. If p,v : X — R are two locally Lipschitz functions, then
for all z € X and all A € R, we have 9(¢ + ¢)(z) C dp(z) + 0¢(z) and
I(Ap)(z) = Adp(z). Moreover, if p : X — R is also convex, then the
generalized subdifferential of ¢ coincides with the subdifferential in the
sense of convex analysis defined by dp(x) = {z* € X* : (2*,y —z) <
o(y) — ¢(z) for all y € X}. Also if ¢ € C1(X), then dp(x) = {¢'(z)}.

Let C' C X be a nonempty set. We know that the distance from C
function de(y) = inf[||ly — z|| : « € C], is Lipschitz. Moreover, if C is
convex, then so is the function x — dgo(x). Given x € C, let Te(z) =
{h € X :d%(z;h) = 0}. Clearly the set Tx() is a closed, convex cone and
is known as the tangent cone to C' at € C. By definition, the normal
cone to C' at € C is the set No(x) = {z* € X* : (2*,h) < 0 for all
h € Te(x)}. So Ne(z) = Ta(z) = the polar cone associated to T (z). If C
is convex, then N¢(z) coincides with the normal cone of convex analysis,
ie. No(z) = {a* € X* : (z*,2 —y) > 0 for all y € C}. If C is a C'-
manifold, then the tangent cone coincides with usual tangent space and
the normal cone with the normal space. *It is an easy consequence of this

definition, that No(7) = Uy50 Addx(x) . IfintC # 0 and x € int C, then
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To(xz) = X and Ne(z) = {0}. Suppose that ¢ : X — R is locally Lipschitz
and attains a local minimum on C' at x € C. Then 0 € d¢(x) + Nc(z).
It is well-known that the smooth critical point theory uses a compact-
ness-type condition known as the Palais—Smale condition (PS-condition for
short). In the present nonsmooth setting this condition takes the following
form:
“Let ¢ € X be nonempty and ¢ : X — R locally Lipschitz.
We say that ¢ satisfies the nonsmooth Palais—Smale condition at
the level ¢ € R on C (nonsmooth PS.-condition on C), if ev-
ery sequence {zn}n>1 C C such that p(z,) — ¢ and m(z,) =
min[||z*|| : z* € d(p|c)(x,)] — 0 has a strongly convergent subse-
quence.”

3. WP versus C! minimizers on manifolds

Let Z C RY be a bounded domain with a C1* boundary I (0 < a < 1).
Let f: Z x R — R be a Caratheodory function (i.e. f is measurable in
z € Z and continuous in z € R). We know that such a function is jointly
measurable (see for example HU-PAPAGEORGIOU [12], p. 142). We assume
that f(z,z) satisfies the following growth condition. For almost all z € Z
and all x € R, we have

1f(z,2)] < a2) +c|lz|P™!  with a € L®(Z), ¢ > 0.

We set F(z, ) fo (z,7)dr (the potentlal function correspondlng to
f). We know that the functional z — [, F(z,z(2))dz from WO P(Z) into
R is C! and its derivative at x is Ny¢(z) is Nf(a:) = the Nemitsky operator
corresponding to f, i.e. Ne(x)(.) = f(.,z(.)).

Also let j : ZxR — R be a function such that for allz € R z — j(z,x)
is measurable, for almost all z € Z © — j(z,x) is locally Lipschitz and for
all z € Z and all x € R, we have

l7(z,2)| < a1(z) + er|z|P with oy € L®(Z), ¢1 > 0.

Let J : Wol’p(Z) — R be the integral function defined by J(x) =
[, i(z,x(2))dz, for all 2 € Wy*(Z). We know that J is locally Lipschitz
(see HU-PAPAGEORGIOU [13], p. 313).
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Let v : Wol’p(Z) — R be the C'-functional defined by
1
vla) = S IDall~ [ Fat)a:

and let C' = {z € WyP(Z) : ¢(z) = ¢}. Evidently C' is a C'-manifold in
VVO1 P(Z) of codimension 1, provided that c¢ is not a critical value of .
In what follows F : W,P(Z) — W=b4(Z) = WyP(Z)* is the dual-
ity map for the Sobolev space Wy (Z). Since Wy*(Z) and W~14(Z)
are uniformly convex, F is a homeomorphism and F~! is the duality
map of W~14(Z) (see HU-PAPAGEORGIOU [12], p. 313 or ZEIDLER [28],
p. 861). In what follows by (-,-) we denote the duality brackets for the
pair (WyP(2), W=19(Z)).

Theorem 1. If z € C’é’ﬁ(Z), B € (0,1) is a local minimizer of J|c for
the C§(Z)-topology and for all z* € 8.J(zo) we have (z*, F~1(¢/(z1))) <0,
then xq is a local minimizer of J|¢ for the I/VO1 P(Z)-topology.

PROOF. Suppose that the result is not true. For ¢ > 0, let B.(xg) =
{z € WyP(Z) : ||z — x0| < &} (on WyP(Z) we consider the norm ||| =
|Dx||p, by Poincaré’s inequality). Then for every n > 1 we can find
0<e, <2anda, €0CnNB:, (o) such that

J(zn) =inf [J(z) : z € CNB., (20)] < J(xo), n>1.
Let ¢ € C’l(WOl’p(Z)) be defined by J(x) = %HDI‘H%. We have
€n
J(xyn) =inf |J(z): () = ¢, Hax—mzp) < ik

Invoking Theorem 1 and Proposition 13 of CLARKE [5], we can find
x} € 0J(xy), pn € R and &, < 0 such that
), = it (zn) + &9 (20), n > 1.

Let A : Wol’p(Z) — W~44(Z) be the continuous monotone (hence
maximal monotone, see HU-PAPAGEORGIOU [12], p. 309) operator de-
fined by

(A(z),y) = /Z |Dz||P~2(Dz, Dy)gndz  for all z,y € Wol’p(Z).
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We have ¢ (x,,) = A(x,, — 2p). So we can write that
zy, = it (2n) + & A(Tr — 20). (1)

First suppose that |£,| < M; for some M; > 0 and all n > 1. Then
from (1), for all v € W, (Z) we have that

(@, 0) = pn (¥ (n),v) + &n (A(zn — 20), ) - (2)
Use as test function v = F~1(¢/(x9)). We have

(@5 FH W (20))) = pn (W (), F (' (20)))

+ gn <A(xn - xO)a f_l(¢/(x0))> . (3)

Since z}, € 0J(xy,) and {zp}n>1 € C N OB, (xg) C Wol’p(Z), hence
bounded, because the Clarke subdifferential is a multifunction mapping
bounded sets to bounded sets, it follows that {x}},>1 C W~14(2) is
bounded. So by passing to a subsequence if necessary, we may assume
that z¥ % 2* in W—19(Z). For every n > 1 and for every v € Wol’p(Z),
we have that

(T, v) < Jo(xmv)'

Because z,, — x¢ in Wol’p(Z) and (z,v) — J9(z;v) is upper semicon-
tinuous (see CLARKE [6], p. 25), we obtain

(z*,0) < J2(xg;v) for all v € WyP(2)
= z*e 8J($0)

If we pass to the limit in (3) and recalling that we have assumed
that |€,| < M for all n > 1, because z¥ = z*, ¢/(2,) — 1'(x0) (since
W € CHW,yP(Z))) and A(z, — ) — 0, we obtain

0> (2%, F (¢ (20))) = (lim pn) (¢’ (o), F~H (¥ (x0)))
= (tim g | F (% (o)) 1.

Here we have used the fact that ! is the duality map of W~14(Z).
From (4) it follows that lim pu,, < 0 and so we can find ng > 1 such that
for all n > ng, we have u, < 0.

(4)
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Next suppose that |£,| — oo as n — oo.

We shall show that there exist eg > 0 and ng > 1 such that for all
n > ng, we have |u,| > €9. Suppose that this is not true. Then by
passing to a subsequence if necessary, we may assume that p, — 0. Let
Yn = ﬁ, n > 1. We may assume that y, — ¥ in Wol’p(Z). In (2) we
use as test function v = y,,. We have

<«T;, yn> = Hn <¢'($n), yn> + gn <A($n - xﬂ)a yn>

5)
= tin (V' (@), Yn) + &nll Dy — Dao|[p~1. (5)

Because {(¢/(z1), yn) }n>1 C R is bounded and by hypothesis p, — 0,
it follows that p, (¢'(zyn),yn) — 0. Also since z}, € dJ(x,) C LI(Z)
(see CHANG [4] or CLARKE [6], p. 47), we have that {z}},>1 C LI(Z) is
bounded and so we may assume that =% = z* in L¢(Z) and z* € 9.J(zq)
(recall that the graph of 0.J is sequentially closed in LP(Z) x L1(Z),,, see
CLARKE [6], p. 29). Also from the compact embedding of W,*(Z) into
LP(Z), we have that y, — y in LP(Z) and so (x},,yn) = (2}, Yn)pg —
(x*,y)pg = («*,y) (by (.,)pq We denote the duality brackets for the pair
(LP(Z),L4(Z))). Hence from (5) in the limit as n — oo, we obtain

(x*,y) = hmanDl’n - Dﬂ?ng_l~ (6)
From the mean value theorem, we have

0=1v(xy) —Y(xg) = <¢’(a:0 + tn(xn — x0)), Ty — x> with ¢, € (0,1)
= 0= <1j)’(x0 + tn (2, — xg)),yn> for all n > 1.

Because x, — z in VVO1 P(Z), it follows that t,, — 0 and since
Y e CYW,P(Z)), we have

0= lim <@Z/(x0 + tn(x, — xg)),yn> = <@Z/(x0),y> )

n—0o0

From Lusternik’s theorem (see for example ZEIDLER [29], p. 276), we
know that

To(xo) = {h € Wy P(Z) : (¢ (x0), h) = 0}.

Therefore y € Te(xo).
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Since xg is a local minimizer of J ‘ o in C}(Z), the latter space is dense
in Wy?(Z) and h — JO(x; h) is continuous on Wy*(Z), we infer that

0 < J%zo;h) for all h € To(xo).

Because T (xg) is a linear subspace of VVO1 P(Z) of codimension 1, we
have
0 < J%wzo;—h) for all h € To(zo).

We know that J9(zo; —h) = (—J)%(z0; h) (see CLARKE [6]). Remark
that z is a local maximizer in C}(Z) of (—J)‘C. So as above, we deduce
that

(=J)°(zo;h) <0 for all h € To(xg),
= J%zo;h) <0 for all h € Te(xo)
= J%zg;h) =0 for all h € Te(xg).

Moreover, from the nonsmooth Lagrange multiplier rule (see CLARKE
[5], [6]), we can find Z* € 9.J(xg) such that

(@*,h) = J%xo;h) for all h € To(xo).
Recall that z* € 0J(xp). So we have
(%, h) = (", h)
= (" —2a" h) >0 forall heTc(xg)
= I ="
Since y € To(xp) it follows that
(@"y) =0
= lim & Da, — Dao|[p~" = 0.
We return to (2) and use v = F~1(¢/(z¢)) € Wol’p(Z). We obtain

(a3, F (W (20))) = pin (¥ (zn), F (¢ (20)))
+ & (Amn — x0), FH (W (20)))
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= 0> (2", F (¢ (20))) = (lim ) [ (o)
+lim &, (A(zn — 20), F (¥ (20)))

= (lim g1 [[¢ (o] |* = 0,

a contradiction (note that |&, (A(zy — 20), F 1 (¢ (20))) | < [&l||[Dzn —
Da:gHg_l||.7-"_1(1//(a:0))||p). So indeed we can find g9 > 0 and ng > 1 such
that for all n > ng we have |u,| > .

Moreover, from (3) we have that

(@ FH (W (20))) = &n (Aln — 0), F (¥ (20)))
= pin (V' (), 1 (¥ (20))) ,

=l g (3 (), F W (0))) = (0% F W (00) <0 (see (6)),

= (lim ) (Y (o), F (¢ (20))) = ( lim i) (0)||* < 0,

= up <0 forall n > nyg.

Once again we return to (2) and as above we employ the test function
v=F"1(¢/(xg)). We obtain

(5, FHW (20))) = pn (¥ (), F (Y (20)))
+&n <A(xn — To), f_l(¢/(x0))> :

Divide by &, (recall that we are assuming that |£,| — +00). So we
have

gin (o P70 (@) = 2 (0 (). 0 (0)
+ (Alwn — 20), (¢ (20))) -

Remark that é (xp, F~1 (¢ (20))) — 0 while from the previous argu-
ments we have that (A(z, —z0), F~'(¥/(z0))) — 0. So in the limit as
n — o0, we obtain

Jim 22/ wo) | = 0
y (7)
= lim =" =0.

n—oo gn



274 Sophia Th. Kyritsi and Nikolaos S. Papageorgiou

Since xf = pp (xn) + EnA(xy, — 29) (see (1)) and ¢/ (x,) = A(xy,) —
N¢(xy,) we have
1 &n
A(zy) = ’u—x; + Ny¢(zp) — —A(xy — 0)

Hn

=  (Axy,),9) = <Iuina:2 + Ny(xn) — i—n (n — a:o),79>

n
for all ¥ € C§°(Z).

From the representation theorem for the elements of W~14(Z) =
Wol’p(Z)* (see ADAMS [1], p. 51) we have —div (||Dx,|P~2Dx,) and
div (| D(z, — 20)||P"2D(z, — 20)) € W14(Z). So after integration by
parts and since C3°(Z) is dense in I/VO1 P(Z), we obtain

—div (|| Dz (2)[P* Dy (2)) — i—” div (| D (s — 20)(2)[P2D (2 — 20)(2))

n

= ia:;(z) + f(z,zn(2)) a.e. on Z.

Hn
From the previous considerations we have that either pu,, < 0 forn > 1

large or (7) is valid, hence ﬁ—z — 400 as n — o0.

Also because by hypothesis xg is a local minimizer of J ‘C, for some
A < 0, we have

~div (| Do (=) P> Do()) — £(z,70(2)) = yu(2) ae. on Z

with ug € LY(Z), uo(z) € 9j(z,z0(z)) a.e. on Z. So we have
—div (HDanp_ZDxn + i—nHD(xn — x0)|[P"*(Dx,, — Do)
+ 50 D72 Dy ) ()
Hn
= ia:*(z) + f(z,zn(2)) — §—nf(z xo(2)) — —=—wup(z) a.e.on”Z
L, n y4n Lin » L0 A [in 0 .€. .
Let n(z) = Dzo(2). Then n € C(Z). We consider the vector field

An(2,) = [ICIP2¢ + %nc @I — (=) + %IIH(Z)HP‘QU(Z)-
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Evidently A4,(z,0) = 0 and (A4,(z,(),¢) > ||C|[P. Moreover, if s—z €
[0, 1], straightforward calculations can verify that

14n (2, Ol < B + BallCIP~,
(An(za C) - An(za C/)7C - C/)RN > /63HC - C’HP’
14n(2,¢) = An(2', O)Il < Ballz = 2" (1 + ICIP~H),

(DcAn(z, )9, 9) g = Fs (IICIIJ"_2 + E—ZIIH(Z) - CHp_2> 19117,

(D¢ An(2,€)9,9) pn < Bs <||C||1"_2 + i—”lln(Z) - C!Ip_2> 191

n

with By >0k =1,...,6 independent of ﬁ—: € [0,1]. Also

1z én p2 &n p—2>
(142 ) e+ )

< (||<||P—2+ 2y - cuH) < 5 ((1+ j—) IClP2+ %Iln(Z)H”‘2>

with 87 > 1 depending only on p > 2.
Then we have that

—div A, (2, Dzn(2)) = Mix*(z) + f(z,zn(2)) — i—nf(z,xg(z))
%% o(z) a.e. on Z

First invoking Theorem 7.1, p. 286 of LADYZHENSKAYA—URALTSEVA
[18], we obtain M; >0

|Xnlloo < My for all n > 1.

Then the properties of the vector field A,(z,(), permit the use of
Theorem 1 of LIEBERMAN [20] (see also D1 BENEDETTO [8], Chapter IX)
and obtain My > 0, « € (0,1), such that

HanClva(Z) < My foralln > 1.
0

Now if S—z > 1. Then if w,, = x, — g, we have

— div (||Dwn||p_2Dwn + i—nHD(wn + @) P72 D (wy + x0)
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- S| Dol D) )

= gin:c:( )+ iz (z,wn(2) + mo(2)) + ég—:f(Z’fL‘O(Z))
1 &,
4 XEuo( z) a.e.on Z.

Introduce the vector field
An(2,0) = [ICIIP%¢ + IIC +n(2) P3¢+ n(2) - %IIW(Z)HP_QTI(Z)-

This satisfies the same properties as A, (z, () and

&n

—div Ay (2, Dwn(2)) = —a(2) + M—f(z Wi (2) + 20(2))

& "

+ %f(z,xo(z)) + %%uo(z) a.e.

So we are back in the previous situation and again

Hx””c&*”‘(Z) < M, foralln > 1.

Since the embedding of C “(Z) into Co( 7) is compact (see KUFNER—
JonN-FUCIK [16], p. 38) and z,, — xo in WP (Z), it follows that =, — g
in C3(Z). Recall that

J(xn) < J(xg) and Y(z,)=c foralln>1.

This contradicts the hypothesis that xo is a local C}(Z)-minimizer
of Jon C. n

4. Eigenvalue problems with constraints

In this section, we prove a three solutions theorem for the following
constrained eigenvalue problem with nonsmooth potential (hemivariational
inequality):

{ —div (|| Dz(2)||P~2Dz(z) € A\dj(z,2(z)) a.e on Z }

zlp =0, |Dz|p, =1, 2<p<oo, AeR. (8)
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Our hypotheses on the nonsmooth nonlinearity j(z,x), are the follow-
ing:
H(j) =j: Z x R — R is a function such that [, j(z,0)dz =0 and
(i) for all x € R, z — j(z,z) is measurable;
(ii) for almost all z € Z, x — j(z,z) is locally Lipschitz;
(iii) for almost all z € Z, all z € R and all u € 9j(z,x), we have
lu| < a1(z) + er]z|P~L, with ag € L®(Z), ¢ > 0;
(iv) for almost all z € Z, all x € R and all u € 9j(z,x), we have
uz >0 and 0 € 0j(z,z) a.e. on Z if and only if z = 0;
(v) limg_o mp%gx = 0 uniformly for almost all z € Z and all u €
0j(z,x).
In what follows S} = {z € ng’p(Z) : || Dz, = 1}, the constraint set.
We start with a general result which is actually of independent interest.

Proposition 2. If X is a reflexive Banach space, S C X is a C'-
manifold of codimension 1, ¢ : X — R is a locally Lipschitz function,
y1,y2 € S are two distinct local minimizers of ¢ on S and ¢ satisfies the
nonsmooth PSg-condition on S for every 3 > max{¢(y1),¢(y2)}, then ¢
has a third critical point on S.

Proor. Without any loss of generality, we assume that ¢(y1) < ¢(y2).
We also assume that ys is an isolated local minimizer of ¢ on .S, or other-
wise there is nothing to prove. So let r € (0, ||y1 — y2]|) such that

o(y1) < p(y2) < & =inf[p(y) : y € 0B (y2) N S].

Let g be a continuous curve on S with g(0) = y; and g(1) = y2. We
introduce the sets

E =0B,(y2)NS and F = g([0,1)).

It is clear that E and OF = {yi,y2} link in S (see STRUWE [25],
p. 116). We define

I'={ye€C(S,8):v|lgr = identity} and [ = inf sup @(y(u)).
Y€l yeF

Evidently ¢(y1) < ¢(y2) < £ < 5. We shall show that [ is a critical
value of ¢ on S. To this end let Kg = {z € S : ¢(x) = f and 0 €
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O(pls)(z)}. If B is not a critical value of ¢ on S, then Kg = (). Let
g0 = & —(y2) > 0 and U = 0 and apply the deformation theorem of
CHANG [4] (see Remark 3 in the paper) with 0 < ¢ < 9. We obtain a
continuous one-parameter family of homeomorphisms 7 : [0,1] x S — S
with the properties postulated by the result of Chang. From the choice of
go > 0, we see that for all t € [0,1], n(t,.)|sr = identity. Also we choose
v € T such that p(y(u)) < 8+ ¢ for all u € F (recall the definition of 3).
Set v1 = n(1,.) ov. From the deformation theorem, we have that 7, € T
and also sup[e(v1(u)) : uw € F] < 8 — ¢, which contradicts the definition
of 8. This proves that K3 # () and so we have a critical point y3 € S of ¢
on S such that 5 < ¢(y3). This means that ys is distinct from y;,yo. O

Now we return to the analysis of problem (8) and consider the integral
functional .J : Wy ?(Z) — R defined by

We know that J is locally Lipschitz (see HU-PAPAGEORGIOU [13],
p. 313).

Proposition 3. If hypotheses H(j) hold, then J satisfies the non-
smooth PS.-condition on Sy for every ¢ # 0.

PrROOF. Let {z,}n>1 C S7 be a sequence such that
J(xp) = c#0 and my(x,) — 0.

By virtue of the Poincaré inequality {x,},>1 C VVO1 P(Z) is bounded
and so we may assume that z, — z in ng’p(Z) and z, — x in LP(Z)
(from the compact embedding of ng’p(Z) into LP(Z)). Hence J(z,) —
J(x) = ¢ # 0. By virtue of hypothesis H(j)(iv) and the Lebourg mean
value theorem (see LEBOURG [9] or CLARKE [6], p. 41), we see that for
almost all z € Z and all u # 0, we have j(z,u) > 0 and so J(z) # 0 implies
x # 0. Because the norm in a Banach space is weakly lower semicontinuous
and since the set 9(J|g,)(z,) € W~14(Z) is weakly compact, we can find
xy € 0J(xy,) such that

mi(zy) = ||z), — (z),, xn) F(zy)|| for all n > 1.
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From CLARKE [6], p. 47 (see also CHANG [4], Theorem 2.2), we have
that {x}(-)}n>1 € L9(Z) and because z}(z) € 0j(z,2,(2)) a.e. on Z,
from hypothesis H(j)(iii) it follows that {z}},>1 C L9(Z) is bounded.
So we may assume that z* — z* in L9(Z), hence z — z* in W~14(Z2)
(from the compact embedding of LI(Z) into W~14(Z)). Exploiting the
lower semicontinuity of J°(-;+) and since (%, h) < J°(zy,; k) for almost all
h e Wol’p(Z) and all n > 1, in the limit we have (z*, h) < J%z;h) for all
h e Wol’p(Z) and so x* € 0J(x) C LY(Z) and z*(z) € 0j(z,2(z)) a.e. on Z
(see CLARKE [6], p. 76). Therefore, since x # 0, from hypothesis H(j)(iv)
we have that 2* # 0. Also we have (z},zy,) = (2}, Zn)pg — (5, 2)pg =
(x*,z). Moreover, since by the choice of the sequence {z,},>1 C Si, we
have |z} — (z¥, z,) F(x,)|| — 0 and z¥ — 2* in W=54(Z), we infer that

(xh, x0) Flzy) — x*  in WH(2Z).
Remark that {F(z,,)}n>1 € W14(Z) is bounded. So we may assume

that F(x,) — win W~59(Z). Hence (z*,z) w = z* # 0 and so (z*, x) # 0.

Therefore F(x,) — ”j—@ in W~14(Z) and since F is a homeomorphism,

(z
we conclude z,, — % in I/VO1 P(Z), which completes the proof. O

Now we are ready for the “three solutions theorem” for problem

Theorem 4. If hypotheses H(j) hold, then problem (8) has at least
three distinct nontrivial solutions (Ag,xr) € R x Wol’p(Z), k=1,2,3.

PrOOF. Let 74 : R — R be the truncation map defined by
(z) xz if x>0,
Ti(x) =
i 0 ifx<0.

Set jy(z,2) = j(z,7+(z)). From CLARKE [6], p. 42, we know that for
almost all z € Z, j(z,.) is locally Lipschitz and

0j(z,xz) ifx >0,

Oi+(zm) = {{o} if 2 < 0.

Let Jy : VVO1 P(Z) — R be the integral functional defined by

Ji (@) = - /Z Ji (2 2(2))dz.



280 Sophia Th. Kyritsi and Nikolaos S. Papageorgiou

Also let 9 : Wol’p(Z) — R be defined by ¢ (z) = ||z||P = ||Dz|5 (by
Poincaré’s inequality, on I/VO1 P(Z) we consider the norm ||z|| = || Dz||p).
Evidently ¢ € CY (W ?(Z)) and S; = {z € Wy?(Z) : 1(z) = 1}. Hence
S1 is a manifold of codimension 1. We consider the following optimization
problem:

&y =inf[J4(z) : x € Sy (9)

Ifz e Wol’p(Z), x(z) > 0 a.e. on Z, then from the Lebourg mean value
theorem we know that we can find u; € 0J4 (tx) with ¢ € (0, 1) such that

J(x) = J1(0) = (ut, T)pq-

But by hypothesis J;(0) = 0 and so

Tola) = (g = [ w(a(e)ds

with —u(z) € 9j4(z,2(2)) C 9j(z,x(2)) a.e. on Z. Then by hypothesis
H(j)(iv) we have that

/ ut(2)z(2)dz <0 forall x € Wol’p(Z), z(z) > 0a.e. on Z, x#0,
z
= Ji(z)<0 forall ze Wol’p(Z), x(z) > 0a.e.on Z, x #0.

It follows that {4 < 0. Let {zy}n,>1 € S1 be a minimizing sequence
for the optimization problem (9), i.e. Jy(z,) | £&+. As before, we may
assume that z, — z in Wol’p(Z) and z, — = in LP(Z). So Jy(z,) —
Ji(xz) = &4 <0, hence x > 0, z # 0. We claim that ||Dz|[, = 1 (ie.
x € S1). From the weak lower semicontinuity of the norm in a Banach
space, we have ||Dzll, < 1. If |Dz|l, < 1, then we can find J > 1
such that |[D(9z)|, = 1. Consider the map k : (0,400) — R defined
by k(&) = — [, j+(2,x(2))dz. Evidently k is locally Lipschitz and so
it is differentiable almost everywhere. Moreover, from the chain rule of
CLARKE [6], p. 42, for almost all £ > 0, we have that

K (€)= —/x(z)u(z)dz with ue LYZ), u(z) € 0jy(z,€x(z)) a.e. on Z,
Z
= k'(¢) <0 (by hypothesis H(j)(iv)).
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So the function k is strictly decreasing on (0, 4+00). Note that k(1) =
Ji(x). Therefore Jy(Jz) = k(9) < k(1) = J,(z) = &, a contradiction
to the definition of £, since Jx € S). This means that || D[], = 1, hence
x € 51 and Jy(x) = &;. From the Lagrange multiplier rule of CLARKE
[5], we can find A; > 0 such that A(z) + A10J4(x) 3 0. As in the proof of
Theorem 1, we obtain that

—div (| Dz(2)|P2Dx(2)) € Ay 854 (z,2(2)) a.e. on Z. (10)

From LADYZHENSKAYA-URALTSEVA [18], p. 286, we have that = €
L*>*(Z) and so the regularity result of LIEBERMAN [19], implies that x €
C1(Z), for some 0 < o < 1. Moreover, from hypotheses H(j)(iii) and
(v), it follows that for almost all z € Z, all x € R and all v € 9j1(z,x),
we have

lu| < ag(2)|z[P™! with ag € L®(2).

Therefore we can apply Theorem 5 of VAZQUEZ [27] and infer that

0
2(z) >0forall z€ Z and %(Z)<Ofor all zeT.

Here n denotes the outward unit normal on the boundary I' of Z.
From this it follows that if € > 0 is small, for all y € {y € C3(2) : y € 51,
||:L‘—y||C&(Z) < ¢}, we have that Jy () < Jy(y), in other words z is a local
C(Z)-minimizer of J; on S;. Recall that by definition 1 (x) = || Dx|fb.
So if ¢y : Wol’p(Z) — LP(Z,RYN) is given by () = Dz and v :
LP(Z,RN) — R is given by 1o(v) = L|v|h, then v = 15 09 and

T
from the chain rule we have that ¢/(z) = ||D:L‘H£_1ﬁ)(x|ﬁ) o P1(x) =

||D:L‘H§_2.7:p(D:L‘) o 91(x) with F, being the duality map of the Banach

space LP(Z,RY). It is well known (see for example HU-PAPAGEORGIOU
—2

[12], p. 317), that F,(v) = OEZP0 g6 for all 9 € C5°(2), (W (x),9) =

llp™
[ IDz(2)||P~2(Dx(2), DY(z))g~dz, hence ¢/ (z) = A(x) with A : W,P(2)
— W~14(Z) being the strongly monotone, demicontinuous, coercive op-
erator (thus surjective, see HU-PAPAGEORGIOU [12], p. 322) introduced
earlier. Recall that if F is the duality map of Wol P(Z), F~1 is the dual-
ity map of W~14(Z) = Wol’p(Z)* and for all u* € W~b4(Z2), F~1(u*) =
ID(A"2H)||27PA~ Y (u*). So if z* € dJ,(x), we have z* € L(Z) and
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—2*(z) € 0j4+(z,2(2)) = 9j(z,2(2)) a.e. on Z (since z(z) > 0 for all
z € Z) and it follows that

(", F 71 (W' (2))) = [|D|[;77 (2", x) = | Da|[;7F (2*,2)pq
= ||D1:Hf,_p/zx*(z)x(z)dz < 0 (see hypothesis H(j)(iv)).

So we have satisfied the hypotheses of Theorem 1 and we infer that
x is a local Wol’p(Z)-minimizer of J on S; (recall that J = J on the
nonnegative elements of I/VO1 P(Z)). Moreover, from (10) we see that (\q,
x1 =2x) € (R4 \ {0}) x WOLP(Z)J,_ is a solution of problem (8).

Next let 7— : R — R_ be the truncation function defined by 7_(x) =

0 ifz>0

z ifx<0
y € CYZ), y(z) < 0 for all z € Z which is a local minimizer of J on S
and solves (8) with Ay < 0. Hence (Mg, 25 = y) € (R_\ {0}) x Wol’p(Z)_
is a solution of problem (8).

Let D = {x € Sy : J(z) < 0}. Evidently 1,22 € D. First assume
that D is path-connected. Then we can find g € C([0,1],S1) such that
g(0) = z1, g(1) = z9 and ¢(t) € D for all ¢t € [0,1]. Then with this
choice of g, if E, F' and 3 are as in the proof of Proposition 2, we have
that 8 < 0. By virtue of Proposition 3, J satisfies the nonsmooth PSg-
condition on S;. From Proposition 2 (check the proof), we deduce that
J|s, has another critical point z3 distinct from 1 and 2 such that g <
J(xz3). Hence x3 # 0. As before we can find A3 € R\ {0} such that
(A3, 23) € (R\{0}) x WyP(Z) is a third nontrivial solution of problem (8).

If D is not path-connected and x1,z2 belong to different path-con-
nected components, we can find g € C([0,1],51) such that g(t) € G =
{x € Sy :J(x) >0} for all t € (¢1,t2) with ¢1,t5 € (0,1), t; < to. Again
with this g, let E, F and § be as in the proof of Proposition 2. Then
B > 0 and so from Proposition 3, J satisfies the PSg-condition on Sj.
From Proposition 2, we obtain a third critical point x3 of J on Sy, with
B < J(x3), hence 3 # 0. Again there exists \3 € R\ {0} such that
(A3, 23) € (R\ {0}) x Wol’p(Z) is a nontrivial solution of problem (8). O

and set j_(z,z) = j(z,7—(x)). Arguing as above, we obtain
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