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Conformal changes of special Finsler spaces
with a generalized Cartan connection

By BYUNG-DOO KIM (Kyungsan)

Abstract. The purpose of the present paper is to investigate conformal
changes of special Finsler spaces and to treat the Finsler spaces which are con-
formal to each other. Moreover we prove that a recurrent Finsler space (resp.
a Ch-recurrent Finsler space) is closed by any conformal change.

1. Introduction

In the paper [4], M. HASHIGUCHI and Y. ICHIJYO treated the confor-
mal theory of generalized Berwald spaces and obtained the result:
A generalized Berwald space (esp. a Wagner space) remains to be a gen-
eralized Berwald space (esp. a Wagner space) by any conformal change.
Therefore, we can say that the set of a generalized Berwald space is closed
by any conformal change. So the notion of closed Finsler space by any con-
formal change causes the following problem: Are there any other Finsler
spaces which are conformal to each other? In Section 4, new classes of
Finsler spaces are given, which are also closed by any conformal change.
Especially S. BAcsé [3] studied a special geodesic mapping Landsberg
space into a P*-Finsler space.
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An interesting example of a Finsler space which is characterized by
some simple conditions imposed upon the curvature and torsion has been in
the theory of Finsler geometry. These conditions are expressed by ([1], [2])

Rpljr=0,P =0, VNG, =0 (1.1)

In the present paper, we consider special Finsler spaces (namely a
recurrent space, C’-recurrent space) having weaker condition than the
above (1.1). A recurrent Finsler space was first introduced by A. MoOR
[8] as a generalized conception of Riemannian cases. On the other hand,
M. MATSUMOTO [6] has studied a C"-recurrent Finsler space in relation
to a h-isotropic Finsler space. According to these papers, two dimensional
Finsler space is always of recurrent curvature, and of C-recurrent.

2. Generalized Cartan connection
and conformal change

Let F™ = (M™, L) be an n-dimensional Finsler space with the Finsler
connection FT' = (F}’%, N, V). Let L(z,y) be a Finsler metric func-
tion, whose Finsler metric tensor g is given by g;; = 818] (L?/2). Then
the h-covariant and v-covariant derivative of any tensor field X*(x,y) are
defined as respectively

h) y-i i T
VX =6,X + X"F;,
(2.1)
V;’)Xz — 8sz _i_XrVrzj’
where 8, = O, — N",0y, 0; = 0/9x" and 8, = /9y’ .

Definition 2.1 ([2]). Suppose that a skew-symmetric tensor field szk
is given in F™. A Finsler connection is uniquely determined in F™ which
satisfies the following five axioms:

(C1) h-metrical: Vh)g =0,
(C2) (h)h-torsion T}%y = F}'y — Fi';,
(C3) deflection D =0,
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(C4) wv-metrical: VVg =0,
(C5)  v-symmetric: St = 0.

This connection is called a generalized Cartan connection (with respect
to T') and denoted by CT(T) = (F}k, Nk, Cj'%).

If the (h)h-torsion T is to vanish identically, then CT(T) is just the
Cartan connection CT' = (Fj*ik, G;, Cjik). The v-connection C'jik is com-
mon to CT(T') and CT. Here we suppose that T is (0)p-homogenous as
usual. A Finsler space with a skew-symmetric tensor T of (1,2)-type is
called a generalized Berwald space (with respect to T'), if the connection
coefficients Fj’; of CT'(T) are functions of position alone.

In the following, the symbol (j/k) denotes the interchange of indices
j and k in the previous terms. The h-curvature tensor R? and the hv-
curvature tensor P? of F" with CT(T) are given by

Ry'ik = Ki' i, + Ch'v R jy,
o (22)
Py = OpFy'j + Vj)chzk — Cp' v P s
where Rijk = 5kNZj - (SjNik, Pijk = 8kNlj - Fkij and
Ki'je = 0uFn'5 + B/ jF 'k — (G k).

For later use, we introduce the following Proposition.

Proposition 2.1 ([4], [5]). Let CT(T)=(F;", N';,C;";) be given in a
space with a Finsler metric L. If for a conformal change a.: L— L=e*®) [,
we put o . ‘

F‘jzk = szkz + 5;-Ozk,
Nik = Nik—kyiak, (23)
Ci'e = Cj',
the coefficients ( 7jik, Ny, C'jik) define a generalized Cartan connection in
the space with the metric L, where ay, = Opv.

Throughout the following we shall denote quantities of F™ by putting
bar. Moreover, we assume that ai # 0, because if o = 0 the conformal
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change (2.3) is trivial. For a given CT'(T"), we can see that a changed con-
nection by any conformal change is also a generalized Cartan connection,
which is denoted by CT(T).

It is well known that the C-tensor C’jik is conformally invariant. For
F™ and its generalized Cartan connection CT(T'), from (2.1) and (2.3) we
have

vgq)éjik = Smc_’jik - C_(TikFWij + erkFrim - C_’jirFkTm
= VN — amy"8,Ci'y — amCy',

where 6, = O — N"mOr. Using the homogeneity of C, from the above we
get
VR Ch = Vi (2.4)

According to the paper [5], the h-curvature tensor R? and the hv-
curvature tensor P2 are invariant by any conformal change c, that is,

R*=R?, P?*=P% (2.5)
Summarizing the above, we have

Proposition 2.2. By any conformal change a, the h-curvature tensor
R?, the hv-curvature tensor P? and V:%) Cjik are all invariant.

3. Conformal changes of symmetric Finsler spaces

We consider a Finsler space F™ with a generalized Cartan connection
CT(T). In [7] R. B. MisrA discussed a symmetric Finsler space and
the existence of projective motion of the space. First we state following
definition.

Definition 3.1. A Finsler space F" is called a symmetric space, if its
h-curvature tensor R? satisfies the relation

where V") denotes the h-covariant derivative with respect to CT(T).
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It is obvious that the class of symmetric Finsler spaces contain all
Finsler spaces satisfying R? = 0. Now let us consider two different Finsler
spaces F" = (M",L) and F" = (M", L) with the same underlying mani-
fold M™. And we suppose that a conformal change o : L — L = e*®) [ is
given. First we shall prove

Theorem 3.1. If a symmetric space F" remains to be a symmetric
space F™ by any conformal change (co;(x) # 0), then the h-curvature tensor
R? vanishes.

PROOF. Let us assume that two Finsler metric L and L are given
by any conformal change «. From (2.1), (2.3), and Proposition 2.2, the
h-covariant derivative of R? in F™ is given by

vZa)Rhijk = 5mRhijk: - Rriijhrm + RthkFrim
— RhirkF}Tm - RhierkTm (32)
= VMR ik — amy 0 Ry ji — 20m Ry .
Using Proposition 2.2 and yTérRhijk =0, from (3.2) we get
nghijk = VZ%Rhijk — ZamRhijk. (3.3)

Assuming that a symmetric space F™ remains to be a symmetric space
F™ by any conformal change a, from (3.3) we obtain Rhijk = 0 because
am # 0. This completes the proof. O

Definition 3.2. A Finsler space F™ is called a P-symmetric space, if
its hv-curvature tensor P2 satisfies the relation

VP = 0. (3.4)

In general every Finsler space with a vanishing hv-curvature tensor
is a P-symmetric space, but the converse is not true. On a P-symmetric
Finsler space, we will prove the following theorem.

Theorem 3.2. If a P-symmetric space F™ remains to be a P-symmet-
ric space F™ by any conformal change (o;(x) # 0), then the hv-curvature
tensor P? vanishes.
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PROOF. From (2.1), (2.3) and Proposition 2.2, we have directly
?@Phijk = V@Phijk - Oszhijk. (35)

If a P-symmetric space F™ remains to be a P-symmetric space F” by any
conformal change «, from (3.5) we obtain P}'j; = 0 because a;, # 0. This
completes the proof. ]

From (2.4) we easily obtain the following theorem.

Theorem 3.3. Let F"(C') be a Finsler space satisfying V@Cjik =0.

Then the space F™(C') is closed by any conformal change «.

4. Conformal changes of recurrent Finsler spaces

In this section we shall deal with a recurrent Finsler space, which was
first introduced by A. MoOOR [8]. By this paper F? is always of recur-
rent curvature, and F3 is also of recurrent one if there exists an absolute
parallelism of the line elements.

Definition 4.1. A Finsler space F™ is called recurrent, if the h-curvature
tensor R? satisfies the relation

Vf%)Rhijk = By ik,
where ¢, = ¢, (x,y) is a covariant vector field.

Now if we assume that F™ is recurrent with a recurrence vector ¢,
where F™ is arbitrary, that is, vZQRhijk = ¢mRpjk. From (2.5) and (3.3)
we have

V,@hajk = (¢m + 20ém)Rhljk. (4.1)

From this equation, we obtain V@Rhijk = gmehijk by putting
Om = ém + 20,

which means that the set of the recurrent Finsler space is closed by any
conformal change. Thus we have
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Theorem 4.1. A recurrent Finsler space with a recurrent vector ¢,
remains to be a recurrent Finsler space with a recurrent vector ¢.,, — 2au,
by any conformal change .

Definition 4.2. A Finsler space F" is called P"-recurrent, if the hv-
curvature tensor P? satisfies the relation

VI Pylik = dmPaljn,
where ¢, = ¢, (x,y) is a covariant vector field.

Next, we are concerned with a conformal change «, where F™ is an
arbitrary but F™ is a P-recurrent Finsler space, that is, ?Z%Phijk =
quPhijk, From (3.5) we obtain

VI B ik = (G + am) Pl i, (4.2)

which easily leads to Vﬁq) Phijk = ngmPhijk by putting

Om = (Em + o
Consequently we have

Theorem 4.2. A P"-recurrent Finsler space with a recurrent vector
¢m remains to be a P-recurrent Finsler space with a recurrent vector
¢m — oy, by any conformal change a.

Definition 4.3. A Finsler space F™ is called C"-it recurrent, if the
C-tensor satisfies the relation

ViCi'k = 6mCi'r,
where ¢, = ¢ (x,y) is a covariant vector field.

In the previous paper [6] M. MATSUMOTO treated a C"-recurrent
Finsler space. According to this paper, the C"-recurrent space is reason-
able only, because if a Finsler space F™ is C?-recurrent (or C°-recurrent),
then F™ is essentially Riemannian. The author gave two notes. One is
that any essentially Riemannian F™ is CP-recurrent, other is that F? is
also C"-recurrent.
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Now we assume that F™ is C"-recurrent with a recurrent vector ¢,
by any conformal change «, where F™ is arbitrary. Since C-tensor is
conformally invariant, from (2.4) we have

VA C = omCy'h,

so that we get V@Cjik = ngmC'jik by putting ¢,, = ¢,,. Thus we have

Theorem 4.3. A Ch-recurrent Finsler space remains to be a C"-
recurrent Finsler space by any conformal change c.

References

[1] P. L. ANTONELLI, R. INGARDEN and M. MATSUMOTO, The theory of sprays and
Finsler spaces with applications in physics and biology, Kluwer Acad. Publ., The
Netherlands, 1993.

[2] S. BAcsO, M. HasHIGUCHI and M. MATSUMOTO, Generalized Berwald spaces and
Wagner spaces, Analele Stiintfice Ale Univerzitatis “AL. I. CUZA” Iagi Tomul XLIII,
s.I.a, Matemetica 12 (1997), 307-321.

[3] S. BAcso, F. ILosvAy and B. Kis, Landsberg spaces with common geodesics, Publ.
Math. Debrecen 42 (1993), 139-144.

[4] M. HasHIGUCHI and Y. ICHIJYO, On conformal transformations of Wagner spaces,
Rep. Fac. Sci. Kagoshima Univ. (Math. Phys. Chem.) 10 (1977), 19-25.

[6] M. HasHiGucHI and Y. IcHIJYO, On generalized Berwald spaces, Rep. Fac. Sci.
Kagoshima Univ. (Math. Phys. Chem.) 15 (1982), 19-32.

[6] M. MATSumMOTO, On h-isotropic and C"-recurrent Finsler spaces, J. Math. Kyoto
Univ. 11-1 (1971), 1-9.

[7] R. B. MisrA, A symmetric Finsler space, Tensor, N. S. 24 (1972), 346-350.

[8] A. MoOOR, Untersuchungen {iber Finslerrdume von rekurrenter Kriitmmung, Tensor,
N. S. 13 (1963), 1-18.

BYUNG-DOO KIM

DEPARTMENT OF MATHEMATICS
KYUNGIL UNIVERSITY
KYUNGSAN, 712-701

S. KOREA

E-mail: bdkim@kiu.ac.kr

(Received April 1, 2004; revised July 14, 2004)



