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On generalized h-recurrent Finsler
connection with deflection and torsion

By U. P. SINGH (Gorakhpur), R. K. SRIVASTAVA (Gorakhpur)
and B. N. PRASAD (Gorakhpur)

Summary. In 1934 E. CARTAN [1] published his monograph ‘Les espaces de
Finsler’ and fixed his method to determine a notion of connection in the Geometry
of Finsler space. MATSUMOTO [4] determined uniquely the Cartan connection CT' by
the following conditions: (1) The connection is metrical; (2) the deflection tensor field
vanishes; (3) the torsion tensor field T vanishes; (4) the torsion tensor field S vanishes.

HoJjo [3] introduced the connections, which depend on a real parameter p and
(») (»)
ij|| & ij
of CT'. The Cartan connection is really the case when p takes the value two and so the
connection determined by Hojo is a generalization of CT'.

Recently B.N. PRASAD and LALJI SRIVASTAVA ([7]) have investigated the gener-
alized h-recurrent Finsler connection which is deflection and torsion free. In this paper
we investigate a generalized h-recurrent Finsler connection with given deflection- and
torsion-tensor fields.

make the v-covariant derivative ¢ of p;2) (= 9;0,LT) zero just as g;;|, = 0 in case

1. Introduction

A Finsler manifold (F'™, L) of dimension n is a manifold F™ associated
with a fundamental function L(z,y), where x = (2*) denotes the positional
variable of F'™ and y = (y*) denote the components of a tangent vector with
respect to (z°). Throughout the following, L is assumed to be positively
homogeneous of degree one with respect to (y°). The metric tensor of
(F™, L) is given by g;; = %(Z(‘%LQ where 9; = 8/dy".

A Finsler connection of (F™,L) is a triad (F;k, N, ;k) of an h-
connection F;lw a non-linear connection /N ,2 and a vertical connection C’; i
(MATsuMOTO [5]). If a Finsler connection is given, the h- and v-covariant
derivatives of any tensor field VJZ are defined as

(1.1) Vi = deVi + V" Foy — Vo Fy
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(1.2) Vile =0V} +V]"C . — Vi CTr,

where dj, = 0, — N,gném, O = 0/0x".
For any Finsler connection (F,, Nj,, C?;) the hv-curvature tensor Py,
is given by ([6])

2. Generalized h-recurrent Finsler connection

Let p # 1 be a real number. We define ¢® (x, 1) as

(2.1) oV = I (p£0), o0 =gl

We denote 9; #P) and 818] ) as gzﬁgp) and gbg) and so on. Thus

(2.2) o) = L=V o0 = LD (g, 4 (p — 2)0:;).

In the following, we restrict our considerations to a domain, where

the matrix ||¢§f ) | is regular and then its inverse ¢(®)¥ is given by

Wii — r—-2[ij  P—2)
o e O

Differentiating (2.2) by 3*, we have

2.4 o = L# [2@% + (0= 2)L7 {hijly + hjxli
2.4
+ il + (p— 1)%@}} .

To avoid confusion, we denote h- and v-covariant derivatives with respect
to Cartan’s connection by |, and |, while these covariant derivatives with
respect to a generalized h-recurrent Finsler connection will be denoted by
I and || respectively. The quantities corresponding to a generalized h-
recurrent Finsler connection will be denoted by putting p on the top of the
quantity while the quantities corresponding to Cartan’s connection will be

denoted as usual.
Recently PRASAD and L. SRIVASTAVA [7] have introduced a general-

ized h-recurrent Finsler connection {F j(,f)i, Nk(:p )i, C’J(.i)i} which is deter-

mined uniquely by the following axioms:

(C1) The connection is h-recurrent with respect to the vector field
Ak 1.€. Gij||k = QkYij
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(C3) the v-covariant derivative of ¢>(p ) vanishes i.e. gzﬁg ) |l =0
(C3) the deflection tensor field D,(Cp ) vanishes i.e.

D Fpy - N <0
(Cy4) the torsion tensor field Tj(,f ) Vanishes i.e.
(P)i _ p(p)i (p)i _
TR = FP i g
C5) the torsion tensor field S (P)i G anishes i.e.
( jk
(p)i (p)i )i
S = o =0

In this paper we omit conditions (C3), (C4) and investigate a gen-
eralized h-recurrent Finsler connection with given deflection- and torsion-
tensor fields.

3. Generalized h-recurrent Finsler connections
with deflection and torsion

1. First we investigate connections where the nonlinear connection
and the (h)h-torsion are prefixed.

Theorem 3.1. Given in a Finsler space, a nonlinear connection N. ,ip )17

a skew symmetric (1,2) tensor field Tj(lf)i and a covariant vector field ay,

there exists a unique Finsler connection (F j(,f)i, N ,gp ) C’j(.i)i) satisfying ax-

ioms (C1), (C2), (C5) and the new axioms (C3'): the nonlinear connection

is the given N,ip)l; (C4'): the (h) h-torsion tensor field is the given Tj(,f)l.
ProOOF. From (C2) it follows that

&5 I = 815 — O = Gt =

where

Cz(ka — gb(P)C(P)””.
By cyclic permutation of the indices i, 7 and k, we get
Cifn = (/[0 + o = o) = (1/2)6050,
which implies

(3.1) G = (17267 6 = Cl+ o},
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where ag,f)r are given as below by (2.3) and (2.4),

(32) o ={(p—2)/2L}6Tk + S5l + harl”/(p — 1) — L3l L7
From the axioms (C'1) and (C3') we have
Ongis — NP Omgii — gumg B — giij(;f)m = kGij-

Applying the Christoffel process to the above equation and using axiom
(C4), we get

F}(lzj)Z :’szk - (ClzcmNj(p)m + C;mN]gp)m - ghicjkmN}(Lp)m)

(33) 1 - |
( i i (p)i
- E(ajfsk + @k5j —a gjk) + Ajk , Wwhere
) 1 .
(3.4) V;'k = EQZh(akgjh + 0 9kh — Ongjk),
¢ 1 i i i
(33 AR = ST+ T+ T

at = gijaj and T,g})l = ngTkEZ)T.
In view of (3.1), (3.3) and axiom (C3') it is clear that the Finsler connection

(Fj(,f )i, N ,ip )i, CJ(.Z)i) is uniquely determined from the metric function L and

from the given vector fields ay, T p i

2. For the above connection the deflection tensor field D,(cp )i defined
in (C3) is obtained by contracting (3.3) by v’

D" = G + 20}, G™ = Clpy NJ™ = NP

(3.6) 1 i i i (p)i
— §(a05k +ary’ —a'yx) + A, , where
(3.7) L= G =, — 208 G™,
1.
(38) G' = 57(170‘

The Suffix ‘0’ denotes contraction with respect to the element of support
i

Y.
Contracting (3.6) with y*, we get

. . . A )
(3.9) NP =2G" — DP — qyt + 5aZL2 + AP
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Substituting the value of NP in (3.6) and using C’;kyj =0, Cjpry’ =0,
we get
: . . 1
N =G = G (AR)™ = D™ 4 Sa™ L)
1

+ (A = D) = 5

(ao0h + apy’ — a'yy).
Hence we have the following

Theorem 3.2. Given in a Finsler space a (1,1) tensor field D,ip)i, a
covariant vector field aj, and a skew-symmetric (1,2) tensor field Tj(,f)z

there exists a unique Finsler connection (F j(,f)i, N ,ip ) Cj(z)i) satisfying the
axioms (C1), (C2), (C4"), (C5) and the new axiom (C3"): the deflection

tensor field is the given D,(Cp 3

3. The v-connection F' j(,f)i is given by (3.3) in which the nonlinear
connection is given by

(3.10) NP =G - ¢, BP™ + BP" where
i i i 1o i
(3.11) B = A _ pPri _ 5 (@00 + ary’ — a'yy).

The vertical connection is given by (3.1).
As a special case of the above theorem, if we impose the axiom (C3)
instead of (C3"), the B,E:p)l in (3.11) becomes
1

(3.12) BW = g0 _ 5 (@00k + ary’ — a'yy),

and we have the following:

Theorem 3.3. Given in a Finsler space a skew-symmetric (1,2) tensor
field Tj(,f)l and a covariant vector field a; there exists a unique Finsler
connection (Fj(,f)i, N,Ep)i, C;Z)i) satisfying the axioms (C1), (C2), (C3),
(C4') and (C5).

These coefficients are given by (3.3), (3.1) and
N =G = Gl (AD™ = Za™L?) + AY)

(3.13)
1 i i i
- i(aoék + apy' — a'yg).
4. If we assume that B,E;p)i = 0, equation (3.10) reduces to N,ip)i =G,

and we have the following results which gives the Finsler connection with
deflection and torsion:
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Theorem 3.4. Given in a Finsler space a skew-symmetric (1.2) tensor
field T j(,f)l and a covariant vector field ay, there exists a unique Finsler
connection (Fj(,f)i, ngp)i, C’;Z)i) satisfying the axioms (C1), (C2), (C4'),

(C5) and the new axiom (C3"): the nonlinear connection is the one given
by E. CARTAN.

The coefficients Fj(,f)i are given in this case by

(3.14) 1 , ‘ ‘ ()i
- 5(%(5}C + apd; — a'g;) + Ajz
The deflection tensor field D,(f )i expressed as
i i 1oy i i
(3.15) D,gp) = AE)],? - §(a05k + ary' — a'yg).

5. Now we investigate a connection which bears resemblance to the
Wagner connection.

Theorem 3.5. Given in a Finsler space the covariant vector field s;7#0
and the recurrence vector a; # 0, there exists a unique Finsler connection

(Fj(;:)i, Nlip)i, C](-Z)i) satisfying the axioms (Cl), (C2), (C3), (C5) and
(C4"): the (h)h-torsion field is the given Tj(,f)l = 5;'3;C — 5,@53-.

PrOOF. From the axiom (C2) it follows that the vertical connection
O is given by (3.1).

From axiom (C'1) we have

Ongis — NP Omgij — gug FP™ — giij(]I:)m = Yij-

(3

Applying the Christoffel process to the above equation and using axiom
(C4") we get

Fj(l]cg)z ZV;k - (ClimN](p)m + Cji‘mN]ip)m - ghiCjklegp)m)

(3.16) 1 , . , o

— 5(% g+ ard; — a'gix) + giks’ — 6555

Contracting (3.16) with 37, using axiom (C3) and the fact that C;k is the
indicatory tensor, we get

+ yps® — 5,@30.
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Again contracting (3.17) with y*, we get

. . 1 S

. = —a,y + =-L%a + L°s" —y’'s,.
(3.18) NP =5, —agy’ + 5 L%’ + L2 —
Substituting (3.18) in (3.17) and using (3.7), we get

(P)i i ir 1 i

(3.19) N, 7" =G, + B (sr + §ar) + sky’, where
(3.20) BI" = (ypg"" — 0iy" — dpyt — L*C}") and
(3.21) O = Cing™.

Substituting (3.19) in (3.16), we get

) *1 ir 1 )
(3.22) FP" = T3 + Uk (s, + 50r) + 8y, where
1
(3.23) = égm[dkgjh + djgrn — dngjx] and
(3.24) ;Z = gjkg” — 5;62 — C’;Tyk — C,ifyj

+ Oy’ + Clpy” — 6407
+ L*(C]"Cly, + O Cr — CHECT).
From (3.22), (3.19) and (3.1) it is clear that the connection (Fj(,f)i, N,ip)i,

C'](.i)i) is uniquely determined from the metric function L and from the
given vector fields s; and a;.

The connection defined in the above theorem will be called generalized
h-recurrent Wagner connection with respect to the vector field s; and the
recurrence vector a;.

Theorem 3.6. Given the covariant vector field s; and the recurrence
vector a; in a Finsler space, there exists a unique Finsler connection (F ](,f )l,

N,ip)i, C’J(.Z)i) satisfying the axioms (C1), (C2), (C4"), (C5) and (C3"): the

nonlinear connection N. ,gp )" is the one given by CARTAN.

PROOF. Putting ngp)i = G in (3.16) and using (3.23) we get

(3.25) Fj(lf) =15 — §(aj5k + axd; — a'gjx) + gjks' — 0;s;.

Thus C’j(.i)i is determined uniquely from axiom (C2), N. ]gp ) is determined

from axiom (C3”) and F' j(,f)i is determined from axioms (C'1) and (C3").
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6. For simplicity we shall use the following terminology. A generalized
h-recurrent Finsler connection (F' j(,f)z, N ép ) C](.],Z)l) means, if nothing else
is said, such a connection with vanishing deflection and (h)h-torsion tensor
fields. — Omitting of the term “h-recurrent” means that g;;, = 0.

Definition 3.1. A Finsler space is said to be a generalized h-recurrent
Berwald space resp. such a space with torsion if it is possible to introduce
a generalized h-recurrent Finsler connection without torsion (resp. with

torsion) in such a way that the connection coefficient F j(,f)i depends on
position only.

Definition 3.2. A Finsler space is called a generalized h-recurrent
Wagner space if it is possible to introduce a generalized h-recurrent Wag-

ner connection in such a way that the connection coefficient Fj(lf)i depends

on the position alone.
Theorem 3.7. If the generalized h-recurrent Finsler connection (F j(,f )i,

N,gp)i, C’J(.],:)i) with torsion satisfies the condition a'gFj(,f)i = 0 then dpay, = 0.
PRrOOF. From (1.3) it follows that the condition 8'gFj(,f )T = 0 s equiv-
alent to
(p)i )i (P)i p(p)m

Applying the Ricci identity ([6]) for the metric tensor g;; we get

h h
gisllenr — gigirlle = 9isnCR" + gijlln P

h h
+gni P + gz‘hpj(lfz
which in view of g;;ix = argij, gijlle = —gimaj(.zg)m — gmjag)m and (3.26)
gives
(3.27) (Dear)gij + 2C;m PE™ + 2a,Cij0 — 2C;015 = 0.

Contracting this equation with 7?, we get
(3gak)yj + ZCingl(gp)l = 0.
Again contracting with ¢/ and using Cj;ey? = 0, we get

(dpax)L? = 0 which implies that dpay = 0.
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4. Conformal transformations of
generalized h-recurrent Wagner spaces

1. Let L be the metric function of a Berwald space and let us consider
whether this Berwald space may become a generalized h-recurrent Wagner
space by a conformal transformation o:

(4.1) L=¢"L

In the Finsler space with metric L, a generalized h-recurrent Wagner
connection (F;,f)z, ngp)z, C_’J(ﬁ)z) is given by

H(P)i _ i | prir 1 i
(4.2) FP" =T + Uit (s, + 50r) + 8jsi

o (p)i ~i Bir 1 i
(4.3) N = G+ B (s, + 5a0) +y'si
(4.4) oWt =iy + 5"

Since U ;2, Bj" and C’; . are conformally invariant we can express these in
terms of L.

We know that

(4.5) [7 = T3k — Ujior,

(4.6) G- B,

(4.7) C';ﬁk — Cjk

where 0, = 0,0. Also from (3.2) and (4.1), we have
(4.8) o = o),

which shows that aj(i)i is also conformally invariant.

Using equations (4.5), (4.6), (4.7) and (4.8), equations (4.2), (4.3) and
(4.4) become

o(p)i xi ir 1 i
(4.9) Fj(,f) =17, + jk(sr—kiar—ar)—k(sjsk,

o . . 1 .
(4.10) N,gp) =Gy, + By (sr + S~ or) + y'sk,
(4.11) ot =,

If we put s, = 0, — 2a, then (4.9) and (4.10) become
(4.12) FPT =15 + 8y
(4.13) NP = G+ yfsy.
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From these observations we have the following

Theorem 4.1. By any conformal transformation o, a Berwald space
becomes a generalized h-recurrent Wagner space with respect to the vector

(or — 2a,) and the recurrence vector a;(z).

2. In the Finsler space with metric L a generalized h-recurrent Finsler
connection (Fj(lf)l, ]\_f,ip)z, C_’j(.i)z) is obtained from (4.2), (4.3) and (4.4) by
putting s; = 0 in them. Thus

~(p)t *1 1 Frir
(4.14) FiP" =T34 5Ujkar,

o =1~
(4.15) NP =G+ 5Biar,
(4.16) Ot =i+ 5.

Substituting (4.5), (4.6), (4.7) and (4.8) in the above we have for a, = 20,

(4.17) S
(4.18) Vi =G
(4.19) o= o,

Hence we have the following

Theorem 4.2. By any conformal transformation o, a Berwald space
becomes a generalized h-recurrent Berwald space with respect to the re-
currence gradient vector 20,.

3. The proof of the following theorem can be obtained by checking
the axioms (C2) and (C5).

FP
. . ] ’
N,ip)z, C](.Z)l) with torsion be given in a Finsler space (F™,L). If for a

conformal transformation L = e° L we put

Theorem 4.3. Let a generalized h-recurrent Finsler connection (

— (p)i P e 1
(4.20) FJ,(;;) — Fj(;:) + 8ok + 5ak),
491 N(p)i _ N(p)i i 1
(' ) Eo— 4V +y(0k+2ak)a

(4.22) Wt =,
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then the coefficients (F' j(,f)i, N ]gp )i, C'J(.Z)i) define a generalized Finsler con-

nection with torsion in a Finsler space (F™, L).

From the above theorem and theorem (3.7) it follows that if F j(,f)i

depends on the position alone, then F;?i also depends on the position
alone. Thus we have the following

Theorem 4.4. A generalized h-recurrent Berwald space with torsion
with respect to the recurrence vector a; transforms to a generalized Ber-

wald space with torsion by any conformal transformation.
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