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Discontinuous non-linear mappings
on locally convex direct limits

By HELGE GLOCKNER (Darmstadt)

Abstract. We show that the self-map f : C°(R,R) — C>(R,R), f(v) :=
oy —(0) of the space of real-valued test functions on the line is discontinuous,
although its restriction to the space C9(R,R) of functions supported in K is
smooth (and hence continuous), for each compact subset K C R. More gener-
ally, we construct mappings with analogous pathological properties on spaces of
compactly supported smooth sections in vector bundles over non-compact bases.
The results can be used in infinite-dimensional Lie theory to analyze the precise
direct limit properties of test function groups and groups of compactly supported
diffeomorphisms.

Introduction

Let Fh1 C Ey C --- be an ascending sequence of locally convex spaces
which does not become stationary, and such that E,,;; induces the given
topology on FE,, for each n. It is a well-known phenomenon that the
topology on E := |J,cy En making E the direct limit of the spaces E,
in the category of locally convex spaces (and continuous linear maps) can
be properly coarser than the topology making E the direct limit of its
subspaces FE, in the category of topological spaces. For example, this
phenomenon occurs whenever each F,, is an infinite-dimensional FRECHET
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space (cf. [14, Proposition 4.26 (ii)]). In particular, the locally convex
direct limit topology on the space C2°(R) = lim O, (R) of test functions
is properly coarser than the topology of direct limit topological space (cf.
also [3, p. 506]).

So, for abstract reasons, discontinuous mappings on the space of test
functions C¢°(R) are known to exist whose restriction to O (R) is
continuous for each n € N. In this article, we describe such a mapping

explicitly, whose restriction to C?° .(R) is not only continuous but ac-

—n,n
tually smooth (Proposition 2.2).[ M(])re generally, for every o-compact,
non-compact, finite-dimensional smooth manifold M of positive dimen-
sion and locally convex space E # {0}, we construct a discontinuous map
[ CX(M,E) — C*(M,R) whose restriction to CF (M, E) is smooth,
for each compact subset K of M. An analogous result is obtained for the
space C°(M, E) of compactly supported smooth sections in a bundle of
locally convex spaces E — M over M, with non-trivial fibre (Theorem 3.2).

Further developments. The preceding result is useful for the in-
vestigation of direct limit properties of infinite-dimensional Lie groups.
As shown in [11], it entails that there are discontinuous (and hence non-
smooth) mappings on the Lie group Diff (M) = (J, Diff x(M) of com-
pactly supported smooth diffeomorphisms of M (as in [15] or [10]), whose
restriction to Diffx (M) := {¢ € Diff (M) : ¢[ypx = idpp g} is smooth,
for each compact subset K C M. A similar pathology occurs for the Lie
group CX(M,G) = Ui CF¥ (M, G) of compactly supported smooth maps
with values in a non-discrete finite-dimensional Lie group (as in [5]). In
this way, we obtain one half of the following table, which describes whether
Diff (M) = lim Diff (M) and C2(M,G) = lim C¥(M, G) holds in the

categories shown:

category \ group C(M,G) Diff.(M)

Lie groups yes yes
topological groups yes yes
smooth manifolds no no

topological spaces no no
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For the proof, see [11] (cf. also [19] and [13, Proposition 3.1] for related
results).

The present constructions of pathological mappings are complemented
by studies in [8]-[10] (cf. also [7]). In these articles, a mild additional prop-
erty is introduced which ensures that a map f : C°(M,E) — C°(N, F)
between spaces of test functions (or compactly supported sections) satis-
fying this property (an “almost local” map) is indeed smooth if and only
if it is smooth on CF (M, E) for each K. In contrast to these maps, the
pathological examples presented here are extremely non-local.

In the final section, we describe examples of discontinuous bilinear
mappings which are continuous (and hence analytic) on each step of a
directed sequence of subspaces.

1. Preliminaries

In this article, we are working in the setting of infinite-dimensional
differential calculus known as Keller’s C¢°-theory, based on smooth maps
in the sense of Michal-Bastiani (see [4], [12], [15], [17] for further informa-
tion).

Definition 1.1. Let E, I be locally convex spaces and f : U — F
be a mapping, defined on an open subset U of E. We say that f is of
class CV if f is continuous. If f is a continuous map such that the two-
sided directional derivatives

& (r,0) =l = (f + ) — f(x)
exist for all (z,v) € U x E, and the map df : U x E — F so defined is
continuous, then f is said to be of class C'. Recursively, given k € N we
call f a mapping of class C*T1 if it is of class C' and df is of class C*
on the open subset U x E of E x E. We set d**1f := d(d*f) = d*(df) :
U x E?™'=1 _, F in this case. The function f is called smooth (or of class
C™) if it is of class C* for each k € Ny.

Definition 1.2. Let M be a finite-dimensional, o-compact smooth man-
ifold and E be a locally convex topological vector space. We equip the
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vector space C°(M, E) of E-valued smooth mappings v on M with the
topology of uniform convergence of 9%(y o k=) on compact subsets of V/,
for each chart kK : M D U — V C R? of M and multi-index « € Ng (where
d := dim(M)). Given a compact subset K C M, we equip the vector
subspace (M, E) = {y € C®(M,E) : v|png = 0} of C*(M, E)
with the induced topology. We give C°(M,E) = gy CR(M,E) =
h_r)nC}}o(M ,E) the locally convex direct limit topology. We abbreviate
CX(M) := C(M,R), C*(M) := C>*°(M,R) and C¥(M) := C¥(M,R).
Further details can be found, e.g., in [5].

2. Example of a discontinuous mapping on CZ°(R)

We show that the map f : C°(R) — C®(R), v — yov —~7(0) is
discontinuous, although its restriction to C| (R) is smooth, for each
n € N.

The following fact is essential for our constructions. It follows from [14,
Corollary 3.13] and is also a special case of [8, Proposition 11.3]. A direct,
elementary proof can be found in the TU Darmstadt preprint version of
this article, as an appendix.

=

Lemma 2.1. The composition map
[': CFR™,R™) x CF(M,R") — CF(M,R™),  T(y,n) :=~0n

is smooth, for each finite-dimensional, o-compact smooth manifold M and
m,n € Ny.

For the following proof, recall that the sets
oo , 1 1
V(k,e) := {’ye CE(R): (Yn e Z)(Vje{0,...,kn}) (Vx € [n — §,n+ —})
h @) < en
form a basis of open zero-neighbourhoods for the topology on C°(R),

where k = (k) € (No)? and e = (g,) € (RT)Z (cf. [18, §IL.1]; see [5,
Proposition 4.8]).
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Proposition 2.2. The mapping f : C°(R) — C°(R), v — yoy—=(0)
has the following properties:
(a) The restriction of f to a map C® (R) — C(R) is smooth (and

[—n,n}
hence continuous), for each n € N.

(b) f is discontinuous at v = 0.

ProOOF. (a) Fix n € N; we show that f‘C["j (® e m@®) —
C2°(R) is smooth. The image of this map being contained in the closed
vector subspace C°, (R) of C¢°(R), which also is a closed vector sub-
space of C*°(R) (with the same induced topology), it suffices to show that
the map C*°, (R) = C*®°(R), v +— yovy —(0) is smooth (see [9, Propo-
sition 1.9] or [1, Lemma 10.1]). Now ~ +— ~(0) being a continuous linear
(and thus smooth) map, it suffices to show that Cn) (R) — C*(R),
v+ o~y is smooth. This readily follows from Lemma 2.1.

(b) Consider the 0-neighbourhood V' := V((|n|)nez, (1)nez) in C(R).
Let k = (k,) € (Ng)? and e = (g,) € (R*)% be arbitrary. We show that
f(V(k,e)) € V. Since f(0) = 0, this entails that f is discontinuous at
v = 0. It is easy to construct a function h € CZ°(R) such that supp(h) C
-3, 3[ and h(z) = z**! for all z € [, 1]. Then rh € V(k,e) for some
r > 0. For m € N, we define h,,, € C°(R) via

ho(z) 1= #h(mx).

Then supp(hy,) C ]—ﬁ,ﬁ[ and thus h,, € V(k,e) since, for all j =
0,...,ky and z € [—3, 3], we have |h%)(a:)\ = %M(j)(mxﬂ < g9. We
now choose n € N such that n > kg + 2. It is easy to construct a function
P € CP(R) such that ¢(xr) = = —n for = in some neighbourhood of n
in R, and supp(¢)) C Jn — ,n+ 3[. Then ¢ := s -1 € V(k,e) for suitable
s > 0. Choosing s small enough, we may assume that im(¢) C [—1,1]. The
supports of ¢ and h,, being disjoint, we easily deduce from ¢, h,, € V(k,e)
that also v, := ¢ + hy € V(k,e). Then 7,(0) = 0, and since im(¢) C
[—1,1], we have f(7)(2) = (hm o ¢)(z) for all z € W :=]n — 3, n+ 1.
For « € W sufficiently close to n, we have ¢(z) = s (z —n) € [~ 7=, 7]
and thus f(ym)(x) = r-m - skt . (z — n)ko+1 whence f(yy,)*o+ (n) =
r-m - skt (kg + 1)1 Thus f(vmn) ¢ V for all m € N such that r - m -
skotl. (kg +1)! > 1, and so f(V(k,e)) € V. As k and e were arbitrary, (b)

follows.

O
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Note that supp(f (7)) C supp(7) here, for all v € C*(R).

Remark 2.3. Although the map f from Proposition 2.2 is discontinuous
and thus not smooth in the Michal-Bastiani sense, it is easily seen to be
smooth in the sense of convenient differential calculus (as any map f on
a “regular” countable strict direct limit £ = lim F,, of complete locally
convex spaces, all of whose restrictions f|g, are—sinooth).1

3. Discontinuous mappings on C2°(M, E)

In this section, we generalize our discussion of C2°(R) from Section 2
to the spaces C°(M, E) = h_r)n C¥ (M, E) of compactly supported smooth
mappings on a o-compact finite-dimensional smooth manifold M with val-
ues in a locally convex space E. We show:

Proposition 3.1. If E # {0}, the manifold M is non-compact, and
dim(M) > 0, then there exists a mapping f : C°(M,E) — C>*(M,R)
such that

(a) The restriction of f to C3(M, E) is smooth, for each compact subset
K of M.

(b) f is discontinuous at 0.

In particular, the locally convex direct limit topology on C°(M,E) =
lim C3P (M, E) is properly coarser than the topology making C°(M, E)
ge direct limit of the spaces C3°(M,E) in the category of topological
spaces.

Instead of proving this proposition directly, we establish an analogous
result for spaces of sections in bundles of locally convex spaces, which is no
harder to prove. Noting that the function space C2°(M, E) is topologically
isomorphic to the space C2°(M, M x E) of compactly supported smooth
sections in the trivial bundle pr;, : M x B — M, clearly Proposition 3.1
is covered by the ensuing discussions for vector bundles. For background
material concerning bundles of locally convex spaces and the associated
spaces of sections, the reader is referred to [9] (or also [8, Appendix F]).

1Regu1arity means that every bounded subset of F is contained and bounded in some E,,.
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For the present purposes, we recall: if 7 : E — M is a smooth bundle of
locally convex spaces over the finite-dimensional, o-compact smooth man-
ifold M, with typical fibre the locally convex space F', then one considers
on the space C*°(M, E) of all smooth sections the initial topology with
respect to the family of mappings

Oy : C°(M,E) — C*(U,F), 0y(0):=0y:=prrpopo 0'|Z_I(U),
which take a smooth section o to its local representation oy, : U — F with
respect to the local trivialization ¢ : 771(U) — U x F of E. Given a
compact subset K C M, the subspace C¥ (M, E) C C*®(M, E) of sections
vanishing off K is equipped with the induced topology, and C°(M, E) :=
U CR(M,E) = @C?(M ,E) is given the locally convex direct limit
topology.

Theorem 3.2. Let M be a o-compact, non-compact smooth manifold
of finite dimension dim(M) > 0, and w : E — M be a smooth bundle of
locally convex spaces over M, whose typical fibre is a locally convex topo-
logical vector space F' # {0}. Then there exists a discontinuous mapping
[:CX(M,E) — C*(M,R) whose restriction to C3° (M, E) is smooth, for
each compact subset K of M.

ProOOF. Let d := dim(M). The manifold M being non-compact,
we can find a sequence (Up)nen, of mutually disjoint coordinate neigh-
bourhoods U,, € M diffeomorphic to R? such that local trivializations
Yy m Y (U,) — U, x F of E exist, and such that every compact subset
of M meets only finitely many of the sets U,,. We define

04 : C(M, ) = CX(Up, F), 0y, (0) i= oy, = prpoth o oly, .

By definition of the topology on C¢°(M, E), the linear maps 6, are con-
tinuous. For each n € Ny, let ,, : U, — R% be a C*-diffeomorphism;
define x,, := r,(0). We choose a function h € C°(R% R) such that
hli_11¢ = 1; we define hy, € C2°(M,R) via hy(z) = h(kn()) if z € Up,
hn(z) :=01if 2 € M\ U,. Let K, := supp(hy,) C U,. We choose a con-
tinuous linear functional 0 # X € F’, and pick v € F such that A(v) = 1.
Note that A := (J,,cn Ky is closed in M, the sequence (K, )nen of compact
sets being locally finite. Let p : R x F' — F be the scalar multiplication.
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The eventual definition of the mapping f we are looking for will involve
the map & : £ — M x R, defined via

D1,y = (Tlr1@w,ys Ao o ((hn o )| r—11,), Prp o%n)) (1)

forn € N, and ®|g\r-1(4) := (7|g\r-1(4),0). Note that ® is well-defined as
the function in Eqn. (1) coincides with (m,0) on the set (J, oy 71 (Un \ 4).
Also note that & is a fibre-preserving mapping from F into the trivial
bundle M x R. Furthermore, it is readily verified that ® is a smooth. By
[9, Theorem 5.9] (or [8, Remark. F.25 (a)]), the pushforward

Cr(M,®):CE(M,E) - CX(M,M xR), o~ ®oo
is smooth. For later use, we introduce the continuous linear map

A:=90 :CP(M,M x R) — C*°(M,R).

idp xr

Let ¢ : R — RY denote the embedding ¢ — (¢,0,...,0). The mapping f
to be constructed will also involve the map ¥ : C°(M, E) — C*(R,R)

defined via
U= C®(R,\) 0 C®(ry o1, F)oby,,

where the pullback C® (k' o ¢, F) : C®(U,, F) — C®(R,F), v — ~vo
ko' ot and the pushforward C®(R,\) : C®°(R,F) — C®(R,R), v
Ao+ are continuous linear mappings and thus smooth, by [5, Lemma 3.3,
Lemma 3.7]. Being a composition of smooth maps, ¥ is smooth. We now
define the desired map f : C°(M, E) — C°(M,R) via

f=To(¥,AoC(M,P)) — Aoevy, oy,
(co-restricted from C*°(M,R) to C°(M,R)), where
[': CF(R,R) x C*(M,R) — C*(M,R), T(y,n):=v°n

denotes composition, and evy, : C*(Up, F') — F' the evaluation mapping
v — y(xp). Here Aoevy, ofly, is a continuous linear map and thus smooth.
Explicitly, for o € C°(M, E) we have

Fo)(@) =(Ao oy, 0 kgt 01) (A(hn()oy, (2)))



Non-linear mappings on direct limits 9

=0 (kg (hn () - Mo, (2)),0))) = Moy, (o))

if x € U, (n € N), whereas f(o)(z) =0if x € M \ A.

Claim: The restriction of f to C¥ (M, E) is smooth, for each compact
subset K of M.

To see this, note that f(C¥(M,E) C CF(M,R), where CF(M,R) is
a closed vector subspace of C*°(M,R) and C°(M,R). Thus, it suffices
to show that f|oee(ar,) is smooth as a map into C°°(M,R) ([9, Proposi-
tion 1.9], or [1, Lemma 10.1]). But this follows from the Chain Rule, as T’
is smooth by Lemma 2.1 and also the other constituents of f are smooth.

Claim: f is discontinuous at the zero-section o = 0. To see this,
consider the set V of all v € C°(M,R) such that, for all n € N and multi-
indices o € N¢ of order |a| < n, we have [0%(y o x;1)(0)| < 1. It is easily
verified that V' is a symmetric, convex zero-neighbourhood in Cg° (M, R).
Let U be any convex zero-neighbourhood in C2°(M, E); we claim that
f(U) € V. To see this, set L, := r,;([~1,1]¢) for n € Ng. Then

pn: CL (M, E) — C’[Ofl’l]d(]Rd,F), o oy, 0Ky

is a topological isomorphism (compare [9, Lemma 3.9, Lemma 3.10] or also
[8, Lemma F.9, Lemma F.15]) whose inverse gives rise to a topological
embedding j, : O, ,(R% F) — C®(M, E). The linear map ¢ : R — F),

[_lzl]d
t — tv yields a map C[Ole]d(Rd, o) : C’[Ofl,l]d(Rd,R) — C[Ofl’l]d(Rd, F),v—
¢o7y which is continuous and linear. Then W, := (jnoC'E)_oLl]d (R ¢))~L(AD)

is a convex zero-neighbourhood in C[Ole}d(Rd,R). Thus, there exists
k, € No and &, > 0 such that W . C W,, where W}, . is the set
of all v € C’[Ofl,l]d(]Rd,R) such that sup{|0®y(x)| : = € [-1,1]} < g, for
all @ € N¢ such that |a| < k,. We let g € CF_OLW(Rd,R) be a function
such that g(y1,...,yq) = ylfOH for all y = (y1,...,v4) € [—%, %]d. Then
rg € Wiy e, for some r > 0. It is clear from the definition of Wy ., that

then also v, € Wy, ¢, for all m € N, where

r
g(mylay27 cee Jyd)'

’Ym:Rd_)Ra /Ym(yla"'ayd) = mko

Thus 7, := jo(¢ © ) € 3U.
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Let ¢ := ko + 1; we easily find n € Wy, ., such that, for suitable s > 0,
we have n(y) = s-y; for y = (y1,...,y4) in some zero-neighbourhood in R<,
We define 7 := jy(pon) € %U. Then o, := Ty, + 7 € U by convexity of U.
Consider g, := f(om) © /1[1 : RY — R. For y € [~1,1]¢ sufficiently close
to 0, we have 7(y) = sy; and m|n(y)| < 3. Thus

ko+1 . ko+1
1

Im(Y) = Ym(n(y),0,...,0) =7r-m-s Yy

)

entailing that 8;32%(0) =7r-m-skotl. (kg +1)!. Hence f(o,,) ¢ V for
1

each m € N such that r - m - s*%!. (kg + 1)! > 1. We have shown that
f(U) € V for any 0-neighbourhood U in C°(M, E), although f(0) = 0.
Thus f is discontinuous at o = 0. g

4. Further examples

We describe various pathological bilinear mappings.

Proposition 4.1. Let K € {R,C}. The pointwise multiplication map
p: C=(RK) x C(RK) — CXRK), p(r.m) =71

is a hypocontinuous bilinear (and thus sequentially continuous) mapping
on the locally convex direct limit
C*(R,K) x C*(R,K) = lim (C*(R,K) x C'[Ofn’n](R,K)),

whose restriction to C*°(R,K) x Clnm) (R,K) is continuous bilinear and
thus K-analytic, for each n € N. However,  is discontinuous.

ProOOF. Using the Leibniz Rule for the differentiation of products of
functions, it is easily verified that u is separately continuous.? The spaces
C*®(R,K) and C*(R, K) being barrelled, this entails that x is hypocontin-
uous and thus sequentially continuous [20, Theorem 41.2]. The restriction

2Al‘cernatively, we can obtain the assertion as a special case of [9, Corollary 2.7] or [8,
Lemma 4.5 (a) and Proposition 4.19 (d)], combined with the locally convex direct limit

property.
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of uto C*(R,K)x Cr®

[—n,n]
ping on a product of metrizable spaces and therefore continuous. To see

that p is discontinuous, consider the 0-neighbourhood

(R,K) is a sequentially continuous bilinear map-

W= {y e CXR,K): (Vz e R) |y(x)| < 1}

in CP(R,K). If U and V are any 0-neighbourhoods in C*°(R,K) and
C°(R,K), respectively, then there is a compact set K C R such that

(Vy € C*¥([R,K)) vk =0=~€U.

Pick any zp € R\ K. There is a function ¢ € C°(R, K) such that ¢(xo) #
0 and supp(¢) € R\ K. Then r¢ € V for some r > 0, and t¢ € U
for all t € R. Choosing ¢t > W, we have (tp,r¢) € U x V but
l(ré, td)(zo)| = rt|d(xo)|? > 1, entailing that p(U x V) € W. Thus p is

discontinuous at (0,0). O
The next example uses topological algebras (as related ones in [2]).

Ezxzample 4.2. Let E1 C E5 C --- be a strictly ascending sequence of
Banach spaces, such that F,; induces the given topology on FE,. Set
E = hl)nEn and F := E;. For example, we can take E, := L*[—n,n],
in which case £ = Lgcomp(R) and F' = LQIOC(R) = @LQ[—n,n]. Then
A, = Fx E, xKxKis a Fréchet space. The evaluation map E], x E,, — R
being continuous as F, is a Banach space, it is easy to see that A,, becomes
a unital associative topological algebra if we define multiplication via

()\171:17 Zlacl) : ()\271:27 22702)

= (cl)\g 4+ coM1,c1x + coxy, C120 + /\1(1’2) + 21¢2, 6102), (2)

which is best visualized by considering (A, z, z, ¢) € A,, as the 3-by-3 matrix

S O 0

A
c
0

o 8 X

The topological algebras A,, are very well-behaved: they have open groups
of units, and inversion is a K-analytic map. We can also use Formula (2) to
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define a multiplication map p: A X A — A turning the direct limit locally
convex space A := FX ExKxK = lim A, into a unital, associative algebra.

However, although the restriction of u to A, x A, is a continuous bilinear
map for each n € N, p: A x A = lim (A, x A,) — A is discontinuous

(since the evaluation map Ej x E — R is discontinuous, the space E not
being normable). We refer to [6, Section 10] for more details.
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