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Some properties of generalized higher-order convexity

By SZYMON WASOWICZ (Bielsko-Biata)

Abstract. The generalized divided differences are introduced. They are ap-
plied to investigate some properties characterizing generalized higher-order con-
vexity. Among others some support-type property is proved.

1. Introduction

Let I C R be an interval and let wq,...,w, : I — R be continuous
functions. For n distinct points z;,,...,x;, € I we define
w1 (xll) ce w1 (xln)
wp(zy) oo wel(xg,)
A system w = (w1, ...,wy,) is called a Chebyshev system on I if V,,(x1,. ..,
Zp) # 0 for any x1,...,x, € I such that 1 < -+ < x,.
Example 1. The systems w = (1,z,...,2" 1), w = (eM%, ... eW?)
(for any distinct ay,...,a, € R) are Chebyshev systems on any interval.

Remark 1. By the Cramer Rule a linear span of a Chebyshev system
w = (wi,...,wy) is an n-parameter family on I, i.e. for any n distinct
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points x1,...,x, € I and for any y1,...,y, € R there exists exactly one
function w = cjw1 + - -+ + cpwy, (where c1,...,¢, € R are the constants)
such that w(z;) = y;, ¢ = 1,...,n. Such families were considered by

TORNHEIM [11] (see also BECKENBACH [1], BECKENBACH and BING [2]).

If w = (wi,...,wy) is a Chebyshev system on I then by continuity
of wi,...,w, the determinant V,,(z1,...,x,) does not change the sign in
a connected set {(xl, conxp) €l <o < :cn} Then a Chebyshev sys-
tem w is called positive (negative) if Vi, (x1,...,2,) >0 (Vi (21,...,2,) <0)
for all z1,...,x, € I such that 1 < --- < x,,. Notice that the Chebyshev
systems of Example 1 are positive.

Remark 2. Throughout the paper we will often assume that w =
(wi,...,wy) is such a Chebyshev system on [ that (wi,...,wy—_1) is also
a Chebyshev system on I. This assumption is not too restrictive. Many
Chebyshev systems have this property, e.g. the systems mentioned in Ex-
ample 1. However (cos z,sinz) is a Chebyshev system on (0, 7) but (cos x)
is not a Chebyshev system on (0, ).

We will also assume that w = (w1, ...,wy,) is a positive Chebyshev sys-
tem on [ such that (wy,...,w,—1) is also a positive Chebyshev system on I.
The systems of Example 1 satisfy this assumption as well. But there are
Chebyshev systems which do not have this property. Notice that (—1, —z)
is a positive Chebyshev system on any interval but (—1) is a negative one.

For a function f : I — R and for n+ 1 distinct points x1,...,xp41 € 1
we define

wi(z) ... wi(Tps1)
Dy(x1,... xps1i f) =] h : : (2)

wr(x1) .. wp(Tps1)

fl@) .. flans)
Let w = (w1,...,w,) be a Chebyshev system on I. A function f: I — R
is called w-n-convex if for any n distinct points z1,...,x, € I such that
x1 < -+ < x, the (uniquely determined) function w = cwy + -+ + cpwn

such that w(x;) = f(x;), i = 1,...,n, fulfils the conditions

(—1)" (f(x)
(1) (f(a)

(:E)) >0 forx<ux,

—w
—w(x))zo forz; <z <wmjy1,i=1,...,n—1,
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fx) —w(x) >0 forx>xz,

(see [4], [11]; for w-n-convexity with respect to w = (1,z,...,2"" 1)

also [6], [10]).

Observe that for n = 2 and w = (1, ) w-2-convexity reduces to con-
vexity in the usual sense. Indeed, f is w-2-convex if and only if for any
x1,x2 € I such that x1 < x5 there exists an affine function w(z) = ¢; + oz,
x € I, such that w(x;) = f(x;),i=1,2 and f < w on [x1,z9] (and w < f
on I\ [z1,x2]). This statement is evidently equivalent to convexity of f.

For w = (1,x,...,2" 1) w-n-convex functions are convex functions of
higher orders (see [6], [8], [9], [10], [11]).

BESSENYEI and PALES obtained the following result ([4, Theorem 2
(i) & (iii)]).

Theorem A. Let w = (w1,...,wy) be a positive Chebyshev system
on I. A function f: I — R is w-n-convex if and only if

Dy (z1,...,xpy15f) >0
for all x1,...,2n+1 € I such that v1 < -+ < Tpy1.

NORLUND [7] considered the divided differences given by the following
recurrence: [z1, f] = f(z1) and

[3727---751771—;};]0]:[xla”'axn;f] (3)
n+1 I

[T1,. .., Zny1; [l =

(cf. also [6], [9], [10]). Now we are going to generalize this notion.

Let w = (w1,...,w,) be a Chebyshev system on I such that (ws,...,
wn—1) is also a Chebyshev system on I. For n distinct points z1,...,x, € I
we introduce the generalized divided differences by the formula

Dn—l(xla ... 7~Tn7f)
Valxy, .o zn) (4)

[xla"'axn;f]w =
For w = (1,,...,2" 1) the generalized divided difference [x1,...,Zn; flw
is equal to [z1,...,xy; f] given by (3) (see [6], [9]).

Remark 3. The generalized divided differences are symmetric. Namely,
if (xiy,...,x;,) is a permutation of (x1,...,z,) then

(21, @ flo = [@iy, -+, @i flw- (5)
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This is a simple consequence of the properties of determinants. To get
[y, %4, ; [lw we need to make the same inversions both in the numer-
ator and in the denominator of [x1,...,Z; flu.

In this paper we prove in Theorem 1 an analogue of (3) for general-
ized divided differences, which seems to be very convenient to investigate
the properties of w-n-convexity. Using Theorem 1 we prove in Theorem 2
that a function f is w-n-convex if and only if its generalized divided dif-
ferences are nondecreasing. Another characterization of w-n-convexity is
some support-type property proved in Theorem 3. The classical support
theorems state that for a real function f and for some element zq of its
domain under suitable assumptions there exists a function g (the sup-
porting function) such that g(xg) = f(x¢) and g < f. Our Theorem 3
is not the classical support theorem. The graph of obtained “supporting
function” meets the graph of the “supported function” f at n — 1 points
r] < --- < x,_1 and passing through x1,...,z,_o it changes successively
the side of the graph of f being the classical supporting function in the
subinterval (z,_2,4+00)NI. It is worth mentioning that this result extends
the recent result of BESSENYEI and PALES ([3, Theorem 4 (i) <> (iii)]) con-
cerning w-2-convexity.

2. Some property of generalized divided differences

We start with the generalization of (3). This is an equation (6) below
which seems to be very convenient to investigate the properties of w-n-
convexity. It is easy to observe that for w = (1,z,...,2" 1) (6) reduces
to (3).

Theorem 1. Let n > 2, let w = (wy,...,w,) be a Chebyshev system
on I such that (w1,...,w,—1) is also a Chebyshev system on I and let
f:I—R. Then

[.’L’Q,---,l’n+1;f]w— [xla"'axn;f]w
_ Dalor i Voo m)
Vi(xa, ..y xpt1) Vo (21, ..oy 2n)

for any n + 1 distinct points z1,...,Tpt1 € 1.
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PROOF. Since (wy,...,w,—1) is a Chebyshev system then by Remark 1

we can choose the constants cq,...,c,_1 such that for w = cqw1 + --- +
Cp—1wn—1 we have w(xg) = f(zr), k = 2,...,n. Then for f* = f —w we
obtain

fa) == f(xn) =0. (7)
By the elementary properties of determinants we get [xa, ..., Zp41;wW]w = 0
and .

w=[T2, Ty w + o

= [an <oy Tpt; f*]w

Similarly [x1,...,2n; flo = [®1,...,2n; [*lw and Dy(z1,..., 20415 f) =

D, (z1,...,2n41; f*). Then replacing in (6) f by w + f* and using the
previous three equations we can see that it is enough to prove (6) only
for f*.

Expanding D, (1, ..., %415 f*) by its last row and using (7) we obtain

Dn([L'l, s axn+1;f*)
= (=1)"f" (@) Va(@2, ... s Tng1) + [F(@np1)Valzr, .. zn). (8)

By (4) we have

[x27"'7$n+l;f*]w_[xla"'axn;f*]w
_ Dn—1($27---7xn+1;f*) N Dn—l(xla---amn;f*)
Vn(x27"'7$n+l) Vn(xla"'axn) '

Expanding the numerators by the last rows and using (7) we get

[1‘2, ey Tptl; f*]w - [xla <oy T f*]w
_ S @) Vai (22, an) (=)L f*(21) Vo1 (22, ..., 20)
Vi(xa, ..o Zpt1) Vi(x1, ..., xp)

Then by (8) we obtain (6) for f* which finishes the proof. O
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3. Some characterizations of w-n-convexity

Corollary 1. Letn > 2, let w = (w1, ...,wy) be a positive Chebyshev
system on I such that (w1,...,w,_1) is also a positive Chebyshev system
on I. A function f: I — R is w-n-convex if and only if

[‘,1:27' .. 737n+1§f]w Z [:1:17"' 7xn;f]w
for all x1,...,2n41 € I such that v1 < -+ < Tpy1.

PROOF. Since w and (w1, ...,wy—1) are positive Chebyshev systems
then the determinants V,,(x1,...,zy), Va(xo, ..., 2n41) and Vi1 (2o, . ..,
xn) are positive for all x1,...,2,41 € I such that 1 < -+ < zp,41. Then
Corollary 1 follows immediately by (6) and by Theorem A. O

Remark 4. Corollary 1 generalizes the equivalence (i) < (ii) of Theo-
rem 4 of [3]. We obtain it using Corollary 1 for n = 2.

Next we state that a function f is w-n-convex if and only if its gener-
alized divided differences are nondecreasing. For n =2 and w = (1,z) we
obtain the very well known characterization of the usual convexity: a func-
tion f is convex if and only if its difference quotients are nondecreasing.
By I° we denote the interior of I.

Theorem 2. Let n > 2, let w = (w1, ...,wy,) be a positive Chebyshev
system on I such that (wi,...,wn—1) is also a positive Chebyshev system
onI. A function f : I — R isw-n-convex if and only if for all z1,...,T,_1 €
I° such that 1 < --- < x,_1 the function x + [r1,...,Ty_1,7; flw is
nondecreasing on the set I\ {x1,...,z,_1}.

Proor. Take x1,...,xz,_1 € 19 such that z; < -+ < x,_1 and T,y €
I'\{x1,...,2y_1} such that z < y. The points z1,...,x,—1 divide the set
I\ {x1,...,2y,—1} into n subintervals I} = (—oo,x1) NI, Iy = (zs_1,xs),
s=2,...,n—1 (if n>3) and I, = (xp_1,+00) N I. Let = € I, y € I.
Since x < y then j < k. There are j — 1 inversions of x needed to trans-
form the ordered system of n points (x1,...,2,...,2,—1) to the system
(x,21,...,2n—1). Then

Vilz,z1,... 20 1) = (=17 Wolzy,... 2z, ..., 20 1), (9)
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We need n — k inversions of y to transform the ordered system of n points
(1,...,Y, ..., Tp—1) to the system (z1,...,2,-1,y). Then

Vil@ts oy, y) = (1) Vo (1, Yy Tt (10)
Observe that starting from the ordered system of n+1 points (x1,...,z,...,
Yy...,Tn—1) after j — 1 inversions of z and n — k inversions of y we get the
system (x,z1,...,Zp—1,y). Then

Dn(‘raxla o Tn—1,Y; f)
= (—1)j_1+"_an(x1, ey Ty Yy 1 f). (11)

By (9), (10), (11), Remark 3 and Theorem 1 we obtain
[xla"'axn—lay;f]w_[xla"'amn—lax;f]w
= [xla"'axn—lay;f]w_[x7x17"'7xn—l;f]w

Dn(x,fL'l, sy Tp—1, Y5 f)VTL—l(xla s axn—l)

Vn(xla cee 7xn—1ay)vn(xax17 cee 7xn—1)
— Dn(xlﬂ A 71:7 ctt 7y7 R axn—l)Vn—l(ZB17 R 7xn—1)
V@i, oo sy 1) Va1, oo 2y X))
Observe that the determinants V,,_1(x1,...,2n-1), Va(z1, ... ¥y .., Tp_1)
and V,(z1,...,2,...,2,_1) are positive since w and (wq,...,w,—1) are
positive Chebyshev systems and the systems of points involved are ordered.
Then Theorem 2 follows immediately by Theorem A. (|

4. Support-type property of w-n-convexity

In this section we are going to prove some kind of support theorem.
In the classical approach the graph of the supporting function lies below
(precisely not above) the graph of the supported function and it meets
this graph (at least) at one point. For a discussion of our approach see
the Introduction. The “support” property proved in Theorem 3 character-
izes w-n-convexity. Let us mention that GER [5, Corollary 2] proved the
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classical support theorem for convex functions of an odd order n. Here
the supporting function is the polynomial of an order at most n. The
classical polynomial support property is no longer valid for convex func-
tions of an even order (see [5, Remark 1]). Our Theorem 3 (applied for
w = (1,z,...,2" 1)) characterizes the convexity of both odd and even
order. We start with the following technical result.

Lemma 1. Let n > 2, let w = (w1,...,w,) be a Chebyshev system
on I such that (w1,...,w,—1) is also a Chebyshev system on I, let ¢, € R
and let f : I — R. Then for any n — 1 distinct points x1,...,2,_1 € I°

there exist the constants ci,...,c,—1 € R such that for w = ciw; + -+ +
Cn—1Wn—1 + cpwy we have w(xg) = f(zk), k=1,...,n—1 and
Dy 1(z1,...,¢n_1,2; f) — &,V yeee s Tp—1,
f(x)—w(:c): n 1( 1 n—1,T f) Cn n(xl Tn 1%)
Vie1(w1, .o 2no1)

for allz € I\ {x1,...,zp_1}.

Proor. Fix ¢, € R. Since (w1, ...,w,—1) is a Chebyshev system, the
constants cy,...,c,—1 are (uniquely) determined by the system of linear
equations

cwi(zg) + -+ epm1wn—1(ak) = f(ar) — cpwn(zr), k=1,...,n—1.

Then for w = cijwi; + -+ + ¢ 1Wn_1 + Chw, We have
w(zk) = f(zx), k=1,...,n—1. (12)

Let z € I\{x1,...,2n—1}. Expanding the determinant D,,_1(z1,...,Tp_1,
x; f — w) by the last row and using (12) we get

Dyct(21, o a1, f = w) = (F() = 0(@) Vi (@1, oy oncr). (13)
Since Dy,—1(x1, ..., Zp—1,2;wE) =0, k =1,...,n — 1, then

Dy_1(x1,...,Zp-1,T;w)

n—1
= g ckDn—1(x1, ..., Tpn—1,T;0k) + cnDp—1(x1, .., Tp—1,T;wy)
k=1
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=, Vp(z1, ... Tp_1, ). (14)

Then using (13) and (14) we obtain

Dy_1(x1,...,xp-1,2; f — w)
z) —w(x) =
f( ) ( ) Vn—l(xla---,xn—l)
_ Dn—l(l'la . ,l‘n_l,l’;f) - Dn—l(xla <. 7xn—17x;w)

Vn_l(l‘l, RN ,."L‘n_l)
_ Do, @1, 25 f) — eaVa(zn, o @01, 1)
Vn_l(l‘l,...,l‘n_l) ’

which was to be proved. ]

Next we prove the support-type result mentioned at the beginning of
this section.

Theorem 3. Let n > 2, let w = (w1,...,wy) be a positive Cheby-
shev system on I such that (wi,...,w,—1) Is also a positive Chebyshev
system on I. A function f : I — R is w-n-convex if and only if for all
T1y...,Tp_1 € 1Y such that ©; < --- < x,_; there exist the constants
Cl,...,¢n € R such that for w = cwy + - - - + cpw, we have w(zy) = f(x),
k=1,...,n—1 and

for x € I such that x < 1, (15)

—
D
=

0
<0 forexp1<x<axp, k=2,...,n—1, (
0 for x € I such that x > x,_1 (17)

(for n = 2 there are no inequalities (16)).

PROOF. Assume that f is w-n-convex and fix z1,...,z,—1 € I° such
that 1 < -+ < zp_1. By Theorem 2 the function x — [z1,..., Zn_1,7; flw
is nondecreasing on the set I \ {x1,...,2,-1}. Then we define

cp= lim [z1,...,29-1,%; flo. (18)

IE—?:ETL* 1

By Lemma 1 there exist the constants ci,...,c,—1 € R such that for
w=cwi+- -+ Cp_1wWn-1+ cpwy we have w(zy) = fag), k=1,...,n—1.
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Then to prove the necessity we have to check the inequalities (15), (16)
and (17). We start with (17). Fix « € I such that > z,_;. Theorem 2
and (18) yield ¢, < [z1,...,Zn—1,7; flw. Then by (4) we have

Dn—l(l'la ce ;xn—lax;f)

Cn

- Vulzr, ... mp_1,1)
Since z1 < -+ < Tp—1 < z, then V,(x1,...,25-1,2) > 0, whence
Dn—l(xla vy Tp—1, 5 f) - Cnvn(xla ce 7$n—lax) > 0.

Dividing both sides of this inequality by V,,—i(z1,...,2p—1) > 0 and using
Lemma 1 we obtain f(z) —w(z) > 0.

Let us now check (15) and (16). Similarly as in the proof of Theorem 2
denote I} = (—oo,x1) N[ and (if n > 3) Iy = (vg—1,2%), k=2,...,n — 1.
Let x € Ij for some k € {1,...,n — 1}. Fix y € I such that y > z,_1.

By Theorem 2 we get [z1,...,2Zn—1,%; flo < [%1,. -+, Zn-1,Y; flw. Tending
with y to z,}_| and using (18) we obtain [x1,...,2Zn_1,%; flw < cn, whence
by (4)

Dn—l(xla o 7xn—1ax;f)
Vi(x1,. . xpn—1,)

< ¢n. (19)

We need n — k inversions of x to transform the ordered system of n points
(1,...,2,...,Zp—1) to the system (z1,...,2p_1,2). Then

0< Vp(zy,eo sy Zpo) = (—1)"_kVn(a:1, ey Tp_1,T).

Hence multiplying both sides of an inequality (19) by (—=1)""*V,,(21,...,
Tp—1,%) We get

(—1)"_k(Dn_1(x1, ces 1,5 ) — enVi(aq, . .. ,:L‘n_l,x)) <0

and dividing both sides of this inequality by V,,—1(z1,...,2p—1) > 0 we
obtain (15) (for k =1) and (16) (for k =2,...,n —1if n > 3).

Now we prove the sufficiency. Fix x1,...,2,41 € [ such that z; <
To < - < Ty < Tpy1. By Theorem A it is enough to check that
D, (z1,...,2n41;f) > 0. By the assumption there exist the constants
1,...,Cn € Rsuch that for w = cjwy + - - - + cpwy, we have w(zy) = f(zy),
k=2,...,nand

f(@nt1) = w(@na) 20, (20)
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(—1)"(f(21) —w(x1)) > 0. (21)
Finally we expand the determinant D, (z1,...,Zn+1; f — w) by the last
row. By the definition of w its elements f(zy) —w(xg) (kK =2,...,n) are

equal to zero. Since w is a positive Chebyshev system, the determinants
Vi(xa, ..., xnt1), Vo(x1,...,x,) are positive. Since Dy, (z1,...,Tpi1;w) =
0 then by (20), (21) we infer

Dyp(z1,.. . @ny1; f) = Dn(21, .- 2pg1; f —w)
= (—1)"+2(f(:c1 21))Vo(2a,. .., Tny1)
+ (f(an) — w(xn+1))Vn(x1, sy y) >0,
which finishes the proof. O

Using Theorem 3 for n = 2 we obtain immediately the following result
(see [3, Theorem 4 (i) < (iii)]).

Corollary 2. Let w = (w1,ws2) be a positive Chebyshev system on [
such that wy; > 0. A function f : I — R isw-2-convex if and only if for any
x1 € I° there exist the constants c¢;,cy € R such that for w = ciwi + caws
we have w(x1) = f(x1) and w < f on I.

Remark 5. By Corollary 2 Theorem 3 reduces for n = 2 to the classical
support theorem. For n > 3 it is not the case. The function w supports f
in the interval (,,—2,+00) N I. Passing through the points (z;, f(z;)),
i=1,...,n — 2 the graph of w successively changes the side of the graph
of f. Let us illustrate this situation by the following example.

Ezample 2. Let n = 3 and w = (1,x,2%). Obviously w and (1,z) are
positive Chebyshev systems on any interval. By Theorem A it is easy to
see that f(x) = 23 is w-3-convex (Ds3(x1, 2, 23, x4; f) is the Vandermonde
determinant). Observe that the function w(z) = 222 — z fulfils the in-
equalities (15), (16) and (17) of Theorem 3 for z; = 0, z3 = 1. Namely,

w(0) = f(0), w(1) = f(1) and

flx) —w(x) <0 forx <0,
flz) —w(x) >0 for0<z <1,
flx) —w(x) >0 forxz>1.
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