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Index form equations in biquadratic fields:
the p-adic case

By ISTVAN GAAL (Debrecen) and GABOR NYUL (Debrecen)

Abstract. We give an efficient algorithm for determining elements of index
divisible by fixed primes only in biquadratic number fields. In other words, we
solve the p-adic version of the index form equation in such fields.

1. Introduction

Let m,n be distinct square-free integers, | = ged(m,n), and define
my,n1 by m = lmy,n = In;. In this case the quartic field K = Q(y/m, v/n)
has Galois group Vj (the Klein four group). Several aspects of the very
nice special properties and structure of these fields are described in the
literature (for a summary see I. GAAL [3]).

We recall that if {1, ws, w3, w4} is an integral basis of a biquadratic field
K with ring of integers Zx and discriminant Dy, then the corresponding

index form is given by
I(x2,x3,74)

o L (=) (=)o (=) )

1<i<j<4
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and the elements o € Zg of given index (o) = (Zk : Z[a]) = m are of
the form a = 1 + xows + x3wW3 + 4wy where x1 € Z is arbitrary and
x9,x3,x4 € Z are solutions of the index form equation I(x2,x3,x4) = £m
(cf. [3])-

T. NAKAHARA [10] showed that infinitely many of these fields are
monogene but the minimal index of such fields can be arbitrary large.
I. GAAL, A. PETHO and M. POHST [5] characterized the field index of
biquadratic fields. M. N. GrAs and F. TANOE [7] gave necessary and
sufficient conditions for the monogenity of these fields. In the totally real
case I. GAAL, A. PETHO and M. POHST [6] gave an efficient algorithm
for determining all generators of power integral bases of biquadratic fields.
G. NyuL [11] described all monogene totally complex biquadratic fields
and gave explicitely all generators of power integral bases in them.

The purpose of the present paper is to solve the p-adic analogue of the
index form equation in biquadratic fields. Let pq,...,ps be given distinct
primes. Consider the solutions xg9,x3,z4 € Z, ged(zo,z3,24) = 1, 0 <
t1,...,ts € Z of the equation

I($2,$3,$4) = :l:plil o pgs (1)

By a general result of K. GYORY [8] this equation has only finitely many
solutions and effective upper bounds (far too large for practical applica-
tions) can be given for the solutions.

The solutions give all elements of index divisible by p1,...,ps only.
Note that except from an example solved by N. P. SMART [12] (in a very
simple totally complex cyclic quartic field, using two primes) no p-adic
index form equations have been solved so far.

2. Preliminaries

The integral basis and discriminant of K was described by K. S.
WIiLLIAMS [15] according to the following five cases. We add also the
corresponding index forms:

Casel. m=1 (mod 4),n =1 (mod 4), m; =1 (mod 4), n; =1 (mod 4)
integral basis: {1,(1++/m)/2,(1++/n)/2,(14+/m+/n+/mini)/4},

discriminant: Dy = (Imyny)?
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T4\2 n T4\2 m
I(zg,23,24) = <l <a:2 + 74) — fxi) <l <a:3 + 74) — Tlaﬁ)

X <n1 (a:g + %)2 —my (332 + %)2> .
Case2. m=1 (mod 4),n =1 (mod 4), m; =3 (mod 4), n; =3 (mod 4)
integral basis: {1,(1++v/m)/2,(1++/n)/2,(1 —/m+/n+/mini)/4},

discriminant: Dy = (Imyng)?

X n m
I(zo, x3,24) = <l (282 - ?4 - —1%2;) ( 3 + - fﬁ)

(o r - <x2——>>

Case 3. m=1 (mod 4), n =2 (mod 4)

integral basis: {1, (1 ++/m)/2,v/n, (v/n + /miny )/2}, discriminant:
DK = (4[7711721)2

2
I(zg,23,24) = (lm% - nlxi) <l (a:g + 3;4) _ %xi)

2
X <4n1 (l‘g + %) — mll‘%> .

Case 4. m =2 (mod 4), n =3 (mod 4)

integral basis: {1,/m,/n, (v/m + /miny )/2}, discriminant:
DK = (8[7711721)2

l n
I(x9,23,24) = <§(2x2 + 334)2 — éazi)

X (2[3:3 - 7133421) (2n1x§ - % (2x9 + x4)2> :

Case 5. m =3 (mod 4),n = 3 (mod 4)

integral basis: {1,/m, (v/m + v/n)/2,(1 + /miny)/2}, discriminant:
DK = (4[7711721)2

n T3\2
I(xg,x3,24) = (Z(ng + :L‘3) — n1x4) (l:L‘g mlxi) <le§— m <x2+53> ) )

Note that for integer xo, x3, x4 all factors attain integer values.
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In order to be able to deal with all cases in a unique way introduce
integer parameters ui, us, us, a, b, ¢, d, f, g, t and new variables x, y, 2
according to the following table:

Case|u1|u2|U3|a|b| c |d|f|g|t|x| Y | z
1. m1 | m L lny |4 mi |4 np |41 24| 220+2x4 | 203+ 24
2. mi | N l |ni |4 mq 41 ny |41 |24 | 200— x4 | 223+ 24
3. my | 4dng | L | np |1 mq 41 nyg |11 |xyg X2 2x3+ x4
4. mi | N Il |ni|2 m1/2 1(2n1 | 1|2 | x4 | 200+ 24 T3
5. mi | ny |4l |ng | 1| my 1| ny |4]1]|xg]| 200+ 23 T3

Note that mq is even in Case 4.
Denote by F; = Fj(x2,x3,x4) the absolute value of the i-th factor of
the index form. It is easily seen by direct calculations (see [6]) that

Lemma 1. The following relation holds:

j:ulFl + UQFQ = j:U3F3. (2)

For the quadratic factors Fy, F5, F3 of the index form we have
(az)? — ny* = +abF,
(cx)? — m2® = +cdFy (3)
(f2)? = minyy® = £fgFs.

These equations split into linear factors in the quadratic fields M; =

Q(v/n), My = Q(v/m), M3 = Q(y/miny ), respectively, which are the
three quadratic subfields of K. The linear factors of the left hand sides of
(3) are connected according to the identity

te(ax — /ny) — ta(cx — v/mz) = vVm(fz — \/miniy). (4)

3. Representation

In the following we assume that xo, 23,24 € Z, ged(xg,x3,24) = 1,
0 <ty,...,ts € Z is an arbitrary but fixed solution of equation (1), hence
Fi(zo,x3,24) € Z for i = 1,2,3. Now I(x9,x3,24) = +£F)F3F5 implies
that Iy, Fy, F3 is a solution of the S-unit equation over Z
+ u B £ usFy = fugkj

GLLpis (i=1,2,3),

i (5)
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We are going to find the primitive solutions f1, fo, f3 € N of (5), that is
those with ged(f1, f2, f3) = 1. Then all solutions of (5) are of the form

Fi=fi-pi'-ps (1=1,2,3) (6)
with arbitrary 0 < aq,...,as € Z. Set
fr= gt (1<i<3), 7)
Further, for j =1,...,s let
ai; = ag; + ordy, (u;) (i =1,2,3). (8)

Then twuq f1 + uo fo = tusf3 can be written in the form

at a’ al, al, al, al,
iu,lplu . _psls + uéplm .. 'ps% — iuépl‘“ .. ‘ps3s (9)
where u), ub, ub are relatively prime to py, ..., ps. In this equation we again
simplify with the possible common p,...,ps factors coming from uq, us,

uz and assume that at most one of a};, ay;, az; is positive (1 < j < s).
Having determined a;j we have to multiply with the same factors again to

get the original agj, then by (8) we obtain a;; and (7) gives (fi, f2, f3).

4. Sketch of the algorithm

In this section we briefly sketch the main steps of our procedure to
make it easier to follow the arguments below.

Step I. Solving the S-unit equation (9) over Z. This is done in Sec-
tion 5. The procedure involves application of p-adic linear form estimates
giving an upper bound of magnitude 10'® — 10?® for the exponents in our
examples. We use a reduction procedure to reduce these bounds to about
5-23 in the examples. Then we can calculate the values of agj explicitely
using direct testing.

Step II. The common factor of Fy, Fy, F3 is p{'---p%, cf. (6). In

Section 6 we show that in fact in most of the cases the exponents aq, ..., as
attain only very small values. The exceptional case occurs only when there
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is a prime p; which splits into the product of two distinct prime ideals in
all the three quadratic subfields of K.

Step III. If p; splits into the product of two distinct prime ideals in
all the three quadratic subfields of K, then in order to determine the corre-
sponding a; we have to solve an S-unit equation over K (see Example 2).
This is done in Section 7. This procedure involves p-adic and complex
linear form estimates (giving an upper bound 1032 for the unknown expo-
nents) as well as repeated application of reduction procedures both in the
p-adic and complex cases (which are used to reduce the bound to 28 in
Example 2).

Step IV. From the explicit values of F}, F, F3 we determine the
values of z, y, z in (3) and from those the values of x9, x3, x4 either by
using the procedure of [6] (totally real case) or [11] (totally complex case).

5. Solving the S-unit equation over Z

5.1. P-adic linear form estimates.
Consider equation (9). For any j the exponent a’lj is either zero or

0 < a): =ord,, (+u I aésj: P30
17 = D; 2P Ps U3Pq Ps

u/ 1 I _ql
— ordpj <1 + _/2p‘1121 az1 ,p‘sbs a3 (10)

U3
since the right hand side contains no p; factor.

Using the estimates of K. YU [16] (see also [13]) we obtain
u/
ity = ondy, (106, 22+ (dhy — ) oy, pu-+-++-+ ah, — ) oy, .
3

< CilogH (11)

where H = max a;j. Observe that again the j-th term is missing and only
one of af,,al, can be positive. A similar upper bound can be derived for
a’2j, agj by interchanging their roles for j = 1,...,s, whence H < Clog H,
which implies an upper bound for H.

To simplify the calculations, if vjubuf have only a few prime factors,
then we can extend the set of primes with these primes (see Example 2).
Then by symmetry we have less cases to consider.
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5.2. P-adic reduction.

The reduction procedure is based on B. M. M. DE WEGER’s ideas [14].
A variant of it was formulated by I. GAAL, I. JARAsI and F. Luca [4]
which we can use here, as well. Lemma 4.1 of [4] can be used to (11) to
reduce the bound for H in several steps (see the Examples).

6. GCD calculations

Using a primitive solution fi, fa, f3 of (5) by (6) we can write (3) in
the form
(az)* —ny* = +s, P
(cx)®> —mz? = 45y P (12)
(fz)2 —miniy® = +s3 P

with s1 = abfi, s = cdfs, s3 = fgfs and P = pi*---p%. By our
assumption ged(xg,x3,24) = 1 and by the definition of z, y, z we get
ged(x,y, 2z) = 1 or 2. In the following we assume 2 € {p1,...,ps} (we may
extend the set of primes otherwise).

The two lemmas below play an important role in our calculations.
Their proofs can be given by elementary means, just using divisibility
arguments. For this reason we only detail the proof of one characteristic
case.

Lemma 2. (i) If p ¢ {p1,...,ps} is a prime then p 1 ged(z,y), p 1
ged(z, 2), pf ged(y, 2).

(ii) if p;ie{p1,...,ps} \ {2} then (iii) if p;=2 then

ord,, (ged(z,y)) < ordp,(s1)/2 ordy, (ged(z,y)) < (orda(sq) +3)/2
ord,, (ged(z, 2)) < (ordp,(s2) +1)/2 | ordy,(ged(x, 2)) < (orda(s2) +3)/2
ordy, (ged(y, 2)) < ordy, (s3)/2 ordy, (ged(y, 2)) < (orda(s3) +2)/2

PROOF OF LEMMA 2. As an example we prove the first statement of
(ii). Let o be a positive exponent with p¢ | z,y. By ged(z,y, z) < 2 and
p; # 2 we obtain p; 1 z. Then p?a | s1P follows from the first equation
of (12).
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Indirectly suppose 2« > ordy, (s1). Then p; | P, hence by the second
and third equations of (12) p; | mz? and p; | f222. By p; { z it is easy to
see that p; | m and p; | f. Further, p; | f, p; # 2 implies p; | n1, hence
from ged(mq,n1) = 1 we get p; + my. But p; | m implies p; | | whence
p% | n1l = n. This contradicts to n being square-free. ]

Let x,y,z € Z be an arbitrary but fixed solution of (12). Then for
1 =1,2,3 we set

iloi| B | ®i1 | ©i2 | D1i | Do
1] a vn ax — \/ny ax + /ny 0| 3
2l ¢ | Vm cx —/mz cx + \/mz 1|3

3| f | Vman | fz—miny | fz+many | 0 | 2
We recall that we have M;=Q(y/n ), Ma=Q(y/m ), M3=Q(\/miny ).

There are three possible ways for a rational prime p to split in a quadratic
field. According to these possibilities we have the following statement.

Lemma 3.

(i) Let pj € {p1,...,ps} \{2}. If (p;) is a prime ideal in M; (i = 1,2,3),
then a; < 2max(ordy, (2a;),ord,;(253;)) + D;.

(i) Let p; =2. If (2) is a prime ideal in M; (i =1,2,3), then
a; <2 max(ordQ(Za,-), Ord2(2ﬁi)) + Do;.

(iii) Let pj € {p1,...,ps} \{2}. If (p;) = p* for some prime ideal p in M;,
then a; < max(ordg,(20;),0rd,(26;)) + Di;.

(iv) Let pj = 2. If (2) = p? for some prime ideal p in M;, then
aj < max(ordy,(205),0rd,(26;)) + Da;.

(v) Let p; € {p1,....ps} \ {2}. If (pj) = o -§ for some prime ideal
© in M;, then, assuming @ | (p;1) and §* | (¢i1), we have k <
max (ordy; (2a;), ordy, (26;)) + (ordy,(s;) + D1;)/2 where for any o €
Z; by ordy, (o) we mean min(ord, (o), ordg(o)).

(vi) Let p; = 2. If in M; we have (2) = g - p for some prime ideal p, then
assuming ©" | (pi1) and §F | (ps1) we have k < max(ords(2a;),
ords(20;)) + (orda(s;) + Da;)/2 where for any o € Zy, by orda(o) we
mean min(ord, (o), ordg(0)).
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PROOF OF LEMMA 3. As an example we prove (i). Assume that (p;)
is a prime ideal in M; and set @; = a; + ordy,(s1). The first equation of
(12) implies

py || (az)® = ny® = o1 - p12.

Since 11 and @19 are conjugates over Mp, hence p?j |p11 if and only if
pzj |12 for a non-negative b;. If b; is the greatest possible value with this

property, then a; = 2b;, p?-j | 11 + 12 = 2ax and p?j | 12 — w11 = 2¢/ny
also hold. These imply b; < ordy,(2a) + ordy, (z) and b; < ord,, (2y/n) +
ordy,(y). By Lemma 2 min(ord,,(z),ordy,(y)) < ordy,(s1)/2. Com-
bining these inequalities we obtain b; < max(ord,,(2a),ord, (2y/n)) +
ordy, (s1)/2, which proves the proposition since @; = 2b;. O

Using the above lemma if p; € {p1,...,ps} remains prime or is the
square of a prime ideal in one of the quadratic subfields of K, then we can
derive a small upper bound for a;. If this can be done for all primes on
the right hand side of (1), then there are altogether just a few possibilities
for Fy, F5, F3. In such cases (3) can be solved in the totally real case by
using the method of I. GAAL, A. PETHO and M. POHST [6] by solving
systems of simultaneous Pellian equations (see Example 1), or in the totally
complex case by the help of the method of G. NYUL [11] using that one
of the quadratic factors of the index form is definite.

On the other hand, if there are primes among p1,...,ps which split
into the product of two distinct prime ideals in all quadratic subfields of
K, then we have to proceed by solving an S-unit equation over the quartic
field K.

7. S-unit equation over the quartic field

In this section we apply the identity (4). Using standard arguments
(see e.g. K. GYORY [8]) we derive from (4) an S-unit equation over the
quartic field K. Note that there are effective upper bounds for the solutions
of S-unit equations (see e.g. K. GYORY [9]) but direct calculations utilizing
the properties of our specific S-unit equation give much sharper bounds.
This also prepares the application of the reduction procedure.
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We detail the totally real case only, which is the most interesting
one. In the totally complex case we have to simplify some formulas in a
straightforward way.

7.1. Constructing the S-unit equation.

For our purpose we first factorize ;1 in the corresponding quadratic sub-
field M;. For ¢ = 1,2,3, let I;1, I;2, I;3 be pairwise disjoint subsets of
{1,2,...,s} with {1,2,...,s} = I;; U ;3 U I;3 so that in M;

I. (pj) is prime for j € Ij
IL. (p;) = p?z for j € Lo
L. (pj) = @ji1 - jiz for j € Ii3
with suitable prime ideals pj;, ©ji1, ©ji2 of M;. We have

il - pio = Es; - pit - pd (1=1,2,3).

Note that there are small upper bounds for a; for j € U?:1(Iil U
I;2), hence the corresponding factors can be dealt with as constants. This
reduces the number of variables in the S-unit equation considerably. If the
bound for a; is not very small, then it can be dealt with as a variable in a
straightforward way as well, if the total number of variables in the S-unit
equation does not become too large and this way we can spare to consider a
couple of cases. Sometimes these variables cancel from the S-unit equation
(see the Example 2).

Denote by h; the class number of M; and let ¢; be a fundamental
unit of M; (i = 1,2,3). Set h = lem(hq, ho,hs). For j € I;3 there are
distinct (coprime, conjugated) prime ideals g;;1 and g0 in M; such that
(pj) = @jin - @jie. There are integral elements 7j;; and mj;2 in M; with
O = (mjin), o = (Tjiz).

Let I = I3 N Io3 N I33. To simplify our notation we use the represen-
tation

i1 = 10, - €5 - ijgkﬁ
JeI
where ; is an integer in M;, whose few possible values can be determined
easily, kj; = 1 or 2 and d; = [a;/h]. By calculating the values of d; we can
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determine a; for j € I. Using standard arguments by (4) we have

e] .—e3 7lekjl dj ez _—e3 7rj2kj2 dj _
+p1e7'eq H — + paey’ey H - =1, (13)

jer N3k jer \Tisk;s

where p1 = (tc-01)/(v/m - 83), p2 = (ta-02)/(v/m - 33).
Let E = max(|e1], le2], |es]), F1 = max(|e1],|es|), F2 = max(|ez],|es]),
D = ma}xdj, H = max(F, D), Hy = max(E1,D), and Hy = max(FE2, D).
je
Using the arguments of [9] we deduce now from (13) inequalities in e; and
d; to which p-adic and complex linear form estimates can be applied.

7.2. P-adic upper bounds.

We are going to derive an upper bound for D. Fix j € I. Observe that for
i=1,2,3, k= 1,2 we have ordy, (i) = 0 or h, more exactly, it is h for
k =1 and 0 for k = 2, or conversely. Moreover, these elements 7j;; and
Tji2 can be chosen to be conjugated of each other over M;. This means,
that for any fixed k;; and k;3 in (13) there is a conjugation v — v* (v € K)
of K such that ord,, (ﬂ;lkﬂ) = h and ord,, (7‘(‘;3kj3) = 0. We apply such a
suitable conjugation to equation (13) but omit the (.)* for simplifying the
notation. Remark that the ¢; are pj-adic units as well as the other 7/, for
j" # j. Then the pj-adic value of the first term of (13) is h - d; + ordy, (p1)
which is positive except if d; is very small which case can be considered
separately. We have

0<h- dj + Ordpj(pl)

d.
Mok \ 7 14
= ordy, <i L+ pp eg?es® | | <—j2kﬂ> ) (14)

jer \Tiskis

Appling the estimates of K. YU [16] (see also [13]) we confer h - d; +
ordy, (p1) < C%log Hy with a huge constant C%. By performing the same
arguments for each j € I, this implies

D < (Cy log Hs. (15)

Similarly, we obtain
D < Cs log H;. (16)
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7.3. Upper bounds for the exponents of the units.

Using standard arguments we obtain, that there is a conjugate 7] of 7 =
e{te; “ such that |nf| < exp(—c3 Ey). Similarly, there is a conjugate n75*
of ne = €5%e5 “* such that |1n3*| < exp(—c3 E2). We have

d,
1k
p1 M H < ! Jl) < ¢y exp(—cs Ey) cf, (17)
jel 33]‘313
and similarly,
** dj
k% ok 2k
Py My < i* ’2> < ¢y exp(—c3 Fo) ¢, (18)
Uy
Jel J3k;3

where the constant cs is straightforward to calculate. Let cg = c3/(2log ¢5).
If we choose c5 large enough, we have 0 < ¢g < 1.

Now if ¢gE1 < D then by (16) we have H; < % log H. Similarly, if
ceEo < D, by (15) we obtain Hy < 5—62 log H.

If D < ¢gE1, then Hy = E;. Using equation (13) by (18) we have

j2k]2

log |p5] + e2log |€5| — eslog |e5] + Zd log
jel

73k (19)

< 2cq4 exp (—%3 Hl) .

Applying the lower bounds of BAKER and WUSTHOLZ [2] (see also [13]) to
the linear forms in the logarithms of algebraic numbers in (19) we obtain
an inequality of type H; < % (log(2c4) + C3log H).

Similarly, if D < ¢gE2 then using (18) and

]1]{)]1

log |p1*| + e1log |e7*| — e3log |e5*| + Zd log
jel

33]‘313 (20)

< 2c4 €xp (—%3 Hg)

we get an upper bound of the same type for Ho.
Hence, combining all possible cases, we conclude H < Cylog H which
implies an upper bound for H. Denote this upper bound by Hj.
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7.4. P-adic reduction.
In the present situation we have to perform both reduction concerning
dy,...,ds (p-adic reduction) and the exponents ej, ey, e3 of the units (usu-
ally called complex reduction) to diminish the upper bound Hj obtained
for H.

The p-adic reduction step is based on the equation (14) (where we had
to take a suitable conjugate of the equation). By (14) we have

h - dj + ordy,(p1)

T2k
= o, <logp ;P2 T e2logy,; &2 —ezlogy, e3 + Z djlog,,; (W;Ski > >
Jerl J

Using D < H < Hy we apply Lemma 4.1 of [4] for each j € I. Then we
achieve a reduced bound Dpg for D which is much smaller than Hy (in the
first reduction step it is about the logarithm of Hy).

In the further reduction procedure we also have to consider all possible
cases we considered at deriving the initial upper bound for H. If cgE1 < D
then similarly we obtain that Dg/cg is an upper bound for H;. Similarly,
if cgF2 < D then Dpg/cg is an upper bound for Hs.

7.5. Reduction of the bound for the exponents of units.
Assume D < c¢gE;. We apply Lemma 2.2.2 of [3] to the linear form
inequality (19). Using the bound Hy < Hy we can derive an upper bound
H for Hj.

Similarly, if D < cgFy then using H; < Hy the application of the
lemma to (20) gives a bound H), for Hj.

We put H), = max(H|, Hy, Dr/cg) in place of Hy and repeat the p-
adic reduction step and the reduction for the exponents of units as long as
the reduced bound is less than the original one.

8. Examples

8.1. Example 1. A totally real biquadratic field.
Consider the totally real field K = Q(v/5,v/2). We have m = m; = 5,
n =mny = 2,1 =1 and K belongs to Case 3. Denote by I(x2,xs,1z4)
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the index form corresponding to the integral basis in Case 3, let p1 = 2,
p2 = 3, p3 = 5 in equation (1). Yu’s theorem gives the upper bound 1018
for the exponents in equation (5) which is then reduced by Lemma 4.1 of
[4] according to

step| H< | [|bil > | g |new bound
L 1018 0.2-10 | 125 126

IT. 126 252 17 18

III. | 18, p=2 36 11 12

III. |18, p=3 36 8 8

III. |18, p=5 36 5 5

We obtain 99 primitive solutions f1, fa, fs.
The quadratic subfields of K are M; = Q(v/2), My = Q(v/5) and

M3z = Q(v/10). The ideal (2) is a square in M; and M3 and prime in M.
The ideal (3) is prime in M; and Ms. The ideal (5) is prime in M; and
square in My and Mj3. Hence by applying Lemma 3 we obtain a; < 5,
as = a3z = 0. The 99 - 6 = 594 possible triples Fj, F5, F3 were considered
by the method of I. GAAL, A. PETHO and M. POHST [6]. There are 140
solutions of (1).
To, w3, T4, 2130251) = (1,-1,1,31), (=1, -1,1,31),(1,0,1,3), (—1,0,1,31),
7,-8,5,31),(7,3,5,31), (=7,3,5,31), (-7, —8,5,31), (—1,1,0,3), (1,1,0,3%),
2,1,1,22),(0,—1,1,22),(0,0,1,22), (-2, -2, 1,22), (2, -2, 1,22), (-2, 1, 1, 22),

0,-2,1,2232),(2,0,1,2232), (2, —1,1,2232), (—2,0,1,2232), (-2, —1,1,2232),
0,1,1,2232), (4,2,3,2232), (—4,2,3,2232), (4, 5, 3,2232), (—4, —5, 3, 2232),
2,1,2,2431), (=2, 1,0,2431), (2,1,0,2431), (=2, —3, 2,2431), (=2, 1, 2, 2431),
2,-3,2,2431), (=3, —4,2,223%), (—3,2,2,223%), (3, -4, 2,223%), (3,2, 2, 2233),
1,2,0,2233), (—1,2,0,2233), (-3, —4, 3,3252), (3, 1, 3, 3252), (-3, 1, 3, 3252),
3,-4,3,3252),(3,-1,2,3252), (=3, —1,2,3%52), (1,2, 1, 3252), (1, —3, 1, 3252),

1,2,1,3%5%), (—1,-3,1,3%5%), (41, —47, 29, 3252), (41, 18, 29, 3252),

41,18, 29, 3252), (—41, —47,29, 3252), (0, 1,2, 28), (0, —3, 2, 28), (48, 21, 34, 28),

48, —55,34,28), (—48, 21, 34,2%), (48, —55, 34, 28), (—4, —4, 3,223152),
2 2,1,223152) (—2,-3,1,223152), (-2,2,1,223152), (2, -3, 1, 223152),
4,1,3,223152), (4,—4, 3,223152), (—4, 1,3, 223152), (—4,1,2,273Y), (4,—3,2,2731),
4,1,2,273Y) (—4,-3,2,2731), (6, 3, 4, 245%), (-6, 3,4, 2*5?), (=6, —7, 4, 2452),

)

(
(
(
0,
(
(
(
(
(
(=
(=
(=
(
(
(
(6,-7,4,2452), (-2, —1,2,2%5%), (2, -1, 2,2%5%), (0,2, 1,225%), (0, -3, 1,2%5%),
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—10,4,7,225%), (10,—11,7,225%), (10,4, 7, 225%), (—10,~11, 7, 225%), (4, 3,0, 273?),
—4,3,0,273%),(—4,1,0,2732), (4,1,0,273%), (—12, 13, 8,2732), (12, 5,8, 2732),
12,-13,8,2732), (12,5,8,2732), (5,4, 0,2*3152), (=5, 4,0,2%3152),
—8,-9,6,2832), (-8, 3,6,2832), (8, -9, 6,2832), (8,3, 6,2832), (—4, —1,2,275?),
4,-1,2,275%), (0, —4, 3,22325%), (0, 1, 3,223%5%), (—4, 3,4,273152),
—4,-17,4,27315%), (4,3,4,273152), (4, —7,4,27315?), (6, 5,0,2%3253),
—6,5,0,2%325%), (—14, 5, 10, 2*325%), (—14, —15, 10, 2*325%), (14, 5, 10, 2*3%5%),
14,—15,10,2%325%), (2, 5,0,2%3253), (-2, 5,0,24325%), (8, 3, 4, 283152),
8,—7,4,283'52), (=8, —7,4,283'5%), (-8, 3,4,2%3'52), (0, 3,4, 285%),
0,—7,4,285%),(4,5,0,27315%), (—4,5,0,273'5%), (0, —13,8,2103%) (0, 5,8,2193%),
24, —29,18,293252), (24,11, 18, 293252), (—24, —29, 18,293252),
—24,11,18,293%52), (8, -3, 6,2%325%), (-8, -3, 6,2°3252), (8, 5,0,23153),
—8,5,0,293153), (—28, 15, 20,27335%), (28, —35, 20, 273%5%), (28, 15, 20, 273%5%),
—28,—35,20,27335%), (—16,5,0,211335%), (16, 5,0, 213%5%), (0, —29, 18, 2103%53),
(0,11,18,2193453), (32,25, 0, 213315°), (—32, 25,0, 213315°).

o~ o~~~ o~ o~ o~ o~ o~ o~ o~ o~

8.2. Example 2. An example for solving the S-unit equation
over K.

Consider the field K = Q(\/ﬁ, \/7) This field belongs to Case 5 and we
have m =m; =19, n=n1 =7,1 = 1. Let p1 = 2, po = 3. According
to the remark at the end of Section 5.1 we extended this set of primes
with 7 and 19. Denote by I(x9,x3,24) the index form corresponding to
the integral basis given in Case 5. Yu’s theorem implies an upper bound
10?8 for the exponents in equation (5), which is then reduced according to
the following table.

Step | H< | |b1]> | p |newbound
1. 1028 0.35-10%° | 300 301

II. 301 1043 34 35

II1. 35 122 23 24

V. |24p=2| &4 22 23

V. |24p=3| 84 16 16

We obtain six primitive solutions fi, f2, f3.

In M; = Q(\/7) the class number is 1, 2 is the square of a prime ideal,
3 is the product of two distinct prime ideals. Similarly in My = Q(+/19).
In M3 = Q(v/133) the class number is 1, 2 is prime, 3 is the product of
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two distinct prime ideals. Using Lemma 3 we get a1 < 5 for the exponent
of 2 in (6). Since a; is even, this implies that only a; = 0,2, 4 is possible.
To determine as we have to solve an S-unit equation over the quartic field.
By using the p-adic linear form estimates we get as < 0.65 - 1028 log H7,
as < 0.65 - 10%81log Hy. If ay < 0.807FE;, the linear form estimates for
the exponents of units (application of the estimates of Baker—Wiistholz)
imply H < 10%2. Otherwise, if as > 0.807E; then H < 10%°. Hence we
conclude H < 10%2. Using this bound we applied the p-adic reduction
and reduction for the exponents of units (application of Lemma 2.2.2 of
[3]). The following table summarizes the reduction procedure showing
characteristic values that we mostly had in the several possible cases. In
the table “p-adic p” and “Digits” refers to the accuracy used by the p-adic
reduction and the application of Lemma 2.2.2 of [3], respectively.

Step | H < | p—adic p | complex Digits | new bound

L 1032 400 200 445
II. | 445 32 50 36
III. 36 25 30 28

Finally we got as < 28, ey, ea,e3 € [—28,28] which bounds are valid in
all cases. We also have a; = 0,2,4. We substituted these possible ex-
ponents into the corresponding representation of p;; (i = 1,2,3). We
calculated the corresponding x, y, z, then xo, x3, x4 and checked whether
ged(zo, 23, 24) = 1 and the index of the corresponding element in K is a
product of powers of 2 and 3 only. There are 52 solutions of equation (1)
which are listed below.

xo, w3, 14,213%2) = (1,-1,0,3'),(0,1,0,3), (-1,5,—1,223%), (4, -5, —1,2231),
4,5,—1,223Y), (1, -5, —1,2231), (3, -4, —1,3%), (=1,4, —1,3%), (1, =4, —1,3%),
3,4,—1,3%), (—12,61, —14,3%), (49, =61, —14, 3%), (=49, 61, —14, 3%),

12,61, —14,3%), (0, —1,1,2234%), (—1,1,1,2234), (1, —1,1,223%), (0, 1, 1, 223%),
3,—4,0,2632), (—1,4,0,2632), (0,—4, —1,243%), (—4,4,—1,243%), (4,—4, —1,243%),
0,4,—1,243%), (-13,16,—4,263%), (3, —16, —4,293%), (-3, 16, —4, 263°),
13,—16,—4,263%), (—3,7,—2,310), (4,—7,—2,319), (—4,7,-2,319),(3,-7,—2, 319),
3,—4,4,2737),(—1,4,4,2737), (1,—4, 4, 2737), (=3, 4, 4,2737), (15, —8,—8, 29311),
7,8,—8,2931) (-7,-8,—8,29311) (—15,8, —8,29311) (24, —29, —11,22316),
—5,29, —11,22316) (5,29, —11,22316) (—24,29, —11,22316),

(
(
(
(
(
(
(
(
(
(
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(147, —748,172,27313), (—601, 748, 172, 27313), (601, —748, 172, 27313),
(—147, 748,172, 27313, (—60, 32, —13, 24322), (—28, —32, —13, 24322),
(28,32, —13,24322), (60, —32, —13,24322).

9. Computational experiences

We implemented our algorithm in Maple and executed the routines on
a PC (1GHz CPU) under Linux.

The resolution of the S-unit equations over Z took just a few minutes.
Also, the further computations in Example 1 were fast.

In Example 2 the resolution of the S-unit equation in K took a few
hours. This was mainly because of the tedious calculation of the p-adic
logarithms with high accuracy. Further, the enumeration of the remaining
small values of the exponents, testing all possible values of ~1, ¥2, 73
and checking the prime factors of the candidate elements xows + x3ws +
r4wy took again about couple of hours of CPU time. Note that these
procedures can be made much faster by implementing an efficient routine
for calculating p-adic logarithms of algebraic numbers (this is missing in
Maple) and by using a sieve in testing.
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