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On the second moment of S(T') in the theory
of the Riemann zeta function

By TSZ HO CHAN (Cleveland)

Abstract. We obtain better asymptotic formulas for the second moment of
S(T) under the Riemann Hypothesis and a quantitative form of the Twin Prime
Conjecture. It goes beyond the Random Matrix Theory prediction.

1. Introduction

Denote by p = 8+ the nontrivial zeros of the Riemann zeta function
C(s). For T # 7,

S(T) = %arg( <% + ¢T> , (1)

where the argument is obtained by continuous variation along the hori-
zontal line o + T starting with the value zero at oo + 7. For T' = v, we
define

S(T) := liml

lim ~{S(T + ) + S(T — )},

The Riemann Hypothesis (abbreviated as RH) asserts that the real parts
of all nontrivial zeros of ((s) satisfy § = 1/2. In [4], GOLDSTON proved
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Prime Conjecture, pair correlation, random matrix theory.
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that, under RH,

T T T
294
/0 |S(t)|*dt = ) loglogT—i-—2 [/

> — 1\ 1 (2)
2E(% a>—m}

m=2 p

d + Cy

where Cy is Euler’s constant, and

T - i !
B =) — A
F(a,T) = (27r 1ogT> T w(y =7 (3)
0<y, v'<T
is Montgomery’s pair correlation function with w(u) = ﬁ. Note: A

minus sign is missing in GOLDSTON [4].
Here and throughout this paper, >

/

- denotes a sum over pairs of
of nontrivial zeros of ((s). Also, p Will denote a
prime and sums over p are over all primes. We put L := log 50— and we

2me
shall use the following modification of (3):

F(a) = F(a,T) = <€—f) B > <?T€>M(wl) w(y —7').

0<y,y' ST

In [3], the author studied F(«) under RH and the following quan-
titative form of Twin Prime Conjecture (abbreviated as TPC): For any
€ >0,

imaginary parts 7, v

N
> A(m)A(n +d) = &(d)N + O(N'/?+)

n=1

uniformly in |d] < N. Here A(n) is the von Mangoldt lambda function;
and &(d) = 2Hp>2( o 1) >) [Lap>2 5%% when d is even, and &(d) =0
when d is odd.

Combining [2] and [3], the author proved that, under RH and TPC,
a4+ T72L 4+ O(aT™ 1)

. 3loglogT
—(1/2—€)a T —1 _
F(a) = +O0(T L7), ifo0<a<l log T’ (4)
loglog T
a+O(Te 1LY, if - cloeloel

log T
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for any € > 0. Using this and more careful calculations, we have

Theorem 1.1. Assume RH and (4).

T T T F(a
/ ISPt = 55 loglog 5+ 5 2[/ FY) 0+ G4
0 ™

‘2%%15‘%§]J+0<%>

Theorem 1.2. Assume RH and TPC.

T [e’e)
T T T F(a)
t)|?dt = — log log — d
/0 [S®)] on2 8 Og2ﬂ'e+2ﬂ'2[/1 a? o+ Co

SS(L k) ] o (T

pm 27T2L2 L3

where

o — _i[/%e sinvdv+/°° sin (2;76@)610}
3me | Jo v 1 v

1 6 *° sin (2mev
+ 120 Z }52 ) [1 — cos (2me) + 27‘(‘6/ ¥dv}
h=1

1 v?

L1 (D ey 3( )h? 1 / sin (27rev)dv dy
me Jq Y 3/ Jy 02

o0 S(h) sin (2mwev)
(yz Wz 1) / Tdv dy
h>y Y
3 3 [*®Fla)
+1‘§[ ot ¢

These improve Goldston’s result (2) and we shall compare them with
the Random Matrix Theory prediction in the last section.
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2. Preparations

First, let us recall two lemmas from [4].

Lemma 2.1. Assume RH. Fort > 1,t #~, x > 4,

Sty =—2%" A(n) sin (tlogn) , <log n>

1/2
Te=n / logn log

1 - ' ) m du
+ ;;sm((t—’ﬁ log;v)/o u? + ((t—~) loga:)2 sinh u (6)

z1/? 1
+0 (t2log:c> +0 <tlog1:> ’

flu) = gu cot (gu>, (7)

where

and A(n) = logp if n = p™, for p a prime and m > 1, and A(n) = 0
otherwise.

Lemma 2.2. Let
u du |?

T 1 0
R(l‘) = /1 ; Z sin ((t - 7) log x)/(] u2 + ((t _ 7) log x)Q sinh u dt.
il

Then, for x > 4 and T > 2,

1

R(z)=——— Y k((y—7)logz)+ O(log*T), (8)
w4 log x
0<y, v'<T
where )
1 2 1
<2— - % cot (7r2u)> , I |u] < o
k(u) == u T
1 . 1
m, if ‘U| > %,

and k denotes the Fourier transform of k,

k(y) = /_OO k(u)e(—uy)du, e(u) := ™™,
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By straightforward calculations, we have

Lemma 2.3. Let f(a™) := lim> f(z) and f(a™) = lim< f(z).
Then e ’
/ 1 7‘(‘8
— K" (0) =
¥(0) =0 ="

Lemma 2.4.

3

- 1 o0 T
k(y) = Gy /_OO K" (w)e(—uy)du + 27 Cos Y.

PROOF. It is easy to check that k(u) < min(1,1/u?),

E'(u) < min(1,1/u?) and k"(u) < min(1,1/u?) except at u = 1/27.
Integrating by parts twice,

i) = [ " k(u)e(—uy)du
—1

00 1 o ,
= 2m'y/ k(u)de(—uy) = 27m'y/ e(—uy)k (u)du

—00 — 00

-1 e, B ; > e(—u "
- g | decu) = o [ elcupi ()

— m /_Z K" (u)e(—uy) du + <k’(%) — K (;—;» e(5)

A )D
_ ﬁ / W (w)e(—uy)du + %cosy

— 00

by Lemma 2.3 and the fact that k(u) is even.
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Our key improvement is the following

Lemma 2.5. Let z = (%)B For any (3 > 0,

; (v —7)?
Y k(v =) log ) 7
0<y,7/<T =)

C#@TFE) T [* [«
T 6L 32 64riLP /_OO Fla)k <%> da,

where F(a) is given by (3).

Proor. By Lemma 2.4, the above sum is

3

m /
= 52 Z cos((v—y)logx)ﬁ
2(log a:) o Pt 4+ (v=7")
1
K" (u log z)duy———
27r10gx 0<727;<T/ w7 : 44 (v —v")?
_ Z 2! w(y = +)
~ 8(log x)? T
0<y,y'<T
1 /OO / / /!
- e(—u(y —~v)logx)w(y —~") | k' (u)du
o | || 2 0= ogauly =) |
’77’}/ —
3L TL oo
= iF — 27”/ F(2 K" (u)d
8(log )? 8) (4rlogx)? J_ @ruB)k” (u)du
which gives the lemma after substituting a = 2wuf in the integral. O

Using Lemmas 2.2 and 2.5, we have the following improvement of
Lemma 3 in [4]:

Lemma 2.6. Let >0 and x = (—) Then

T o0 « T F
) = Grappe /_oo Flok (%) ot T ﬁ(f)

T > " a 3
- e /_Oo F(a)k <%> do + O(L3).
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PROOF. One simply notes that

Yo k(v =) logx) = k(v =) log z)w(y — ')
0<yY'<T 0<y,y' <T
R _ A2
+ Y k((v—v’)logfc)% =% + 2.
0<,7/ <T it

By Lemma 2.5, we have

CRTER@) T /°°

Yo — _
2T 16L B2 6AniLpR

Fla)k” (%) da. (10)

— 00

Using the definition of &,

¥ = /Oo ku) Y e(—u(y =) log z)w(y —)du

_OO 0<y,y'<T (11)
TL [ TL & o
= — F(2 k(u)du = ——— Fla)k | — | da.
x| Femskn = oo [ Pk (525 do
Putting (10) and (11) into (8), we have the lemma. O

Lemma 2.7. For any 3 > 0,

8 T —2a o e T —2a o
— k”—d:122L2/— k(=—)da.
/0 <27T€> <27Tﬂ> a=16mp o \2me 2B “
PRroOOF. Integrating by parts twice. O

Lemma 2.8. Assume RH and (4). For any ¢ >0 and 0 < 3 < 1,

/OO F(a)k <&> do = 272 3 [1 - 7r_2 + log T4 /00 F(a)da - logﬂ}
1

o 273 8 2 a?
BT\ o 1
2L = @ _
* /0 (%e) k(w) d“()(ﬂ%‘*)

L (2
L0 (Wﬂ_e)ﬁ) L0 (L_> |
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PROOF. Let e = 3%. Since I’ and k are even,

/_OO Fla)k <2w> do
=2(f ) )R ()

=2(0 + o+ I3+ 1y).
By (4),

I :/OB [a—l—%} [?—gcm(%)rda
+ 0 </OﬁaT°‘_1g—zda> +0 (/jﬁ%ﬁda)
e[R e @) e [ G) H()
w0 (%) +o ()

because cot(z) = 1/z + O(x) when 0 < x < 7/2. The first integral can be
evaluated by elementary means. This gives

2 BT\ a 1
L=m282|1-" f1log L/ —
1 ﬂﬁ[ 8+og2 + ; T k 25 da+0O ﬂ2L4

By (4) again, we have,

l—er i
e o202

L
= 123%[log (1 — e7) — log 3] 4+ O <%> +0 <m> ;

/ o (T ()

= —m*f%log (1 — O<ﬁ
plog (1 —er) + /1

T 1da>

€T
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22 §
=—7*B*log(1 —er)+ O <ﬁ> :

Finally,
*F
I4 = 7T2ﬁ2/ ﬂda
1

)
Combining the above results for Iy, I, I3 and I, we have the lemma. [

Lemma 2.9. Assume RH and (4). For any e >0 and 0 < § < 1,

/_Z Fle)k” <%> do = 4n°(3* — 247" + 48713 /100 F10) 44

ot

Iéi T —2a o
92 2L3/ L o
+ 32776 2 k 57 da

1 L
+0(22)+0 (7 )

_ qloglogT
PROOF. Let er = 3710gT

/_: Fla)k" <%> do
—9 </Oﬁ+/ﬁl_q+/liq+/loo> Fla)k” (%) da

=2(J1 + Jo + J3 + Jy).
By (4) and Lemma 2.7,

J _/ﬁ k" i do + 16 QﬁQLS/IB i _gak i d
' 0 “ 2n 3 “ T o \2me 2n 3 “
B B p—(1/2—€)a
+0 </ aT’l_lda> +0 / —da
0 0 L
1/2m B T —2a o
— 4 202 " 1 2 2L3/ - il
] /0 uk” (u)du + 16743 . \me k 7 da

T8-1 1
+0<77>+0<ﬁ>

. Again, since I’ and k are even,
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since k”(z) < 1 when 0 < z < 1/27. Using integration by parts twice and
Lemma 2.3 to compute the first integral, we have

8 —2a
J :27r4(7r2—6)ﬂ2+167r252L3/ (%) k <20‘ﬂ> da+ O <L12>
0

By (4) again, we have

l—ep 4 24
Jo = /,6 [oz + 0T H+0 <T(l/§_€)a>} <24Z4ﬁ > da
1 1 1 L
- | =] + 0 (z) 0 ()
1 a— 424
e o (5] (45)
l—er
()
l—er
54
()

Jy = 247t gt / F(@) 4.
1

_ 4 74 1

= 1273 [7(1—6T)2 }-I-O
_ 4 H4 1

= 1273 [7(1—6T)2 }-I-O

Finally,

ol
Combining the above results for Ji, Js, J3 and Jy, we have the lemma. [
Combining Lemmas 2.6, 2.8 and 2.9, we have

Lemma 2.10. Assume RH and (4). For 0 < < 1 and = = (5=)°

2 e
R(m):i[l—ﬂ——klogg—k/ Fé?)da—logﬂ]—ki
1

212 8 8722

Fla T T
47r2L2/ d‘HO( > O <ﬁ4L4>

Note: This is more precise than Lemma 4 of [4]. Also, we keep some of
the T'/L? terms explicit because one can actually make the O(T/L?) error
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term = C1T/L? + O(T log L/ L?) for some constant C; using Theorem 1.1

of [3]. We defer this discussion to Section 4.
Following [4], we need to compute the mean value of the Dirichlet

series in Lemma 2.1, and the cross term obtained from multiplying S(¢)

with this series. Let

G(T) == /1 '

2 [T A(n)sin (tlogn) , (logn
H(T) 22—/1 S 172 : log n f(log:t:) d

T
n<x

L~ Aln)sin (tlogn) <1ogn>rdt

1/2
[ilewti / logn log x

and

where f is defined as in (7). We need a lemma.

Lemma 2.11. For C' > 2 and k > 1,
L
cr She
n=1
ProOOF. First, we note that u*C~" is decreasing when u > &. So,

>  k k k

n<k/logC n>k/log C

E " o1 o
< —Uu
_<logC> C—1+/ u"C™"du

1 1
—_ 4+ ¢!
<k C + log C

by integration by parts. This gives the lemma. ]
From p. 165-166 of [4], we have, assuming RH,

logn 9
-5 anog 2 (122) + o) (12

logn 2te
- 71'2 Z nlog n <10g$> + O(LU ) (13)
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for any € > 0. Adding (12) and (13), we get

1., (logp 1 log p
E z —ol) _9 § z

P / <log T P / log x
p<x p<zx

GT) + H(T) = 5y

_ mlogp> _1>2 +O(22)
mzzpngx m2 ngpngx m2 ( ( log
) 181 — 25 — 84+ Si] + O+,
S3 = Z_:QZW <Z Z nm>
m=z P n>xl/m
Y o(E ) XS 40 ()
m=2 p m=2 m=2 p

By Taylor’s expansion of tan x, we have f(u) = 1+ O(u?) when 0 < u < 1.
Thus,

TN z““ Sy Yoo

pm<zx IOg z 1= 121<p<21+1

1 m
Z 22 2m 1) log x Z:: g1 < log* =

by applying Lemma 2.11 twice.
We now define

<
log T

Then

T (u) = loglogu + Cp + Z <log (1 - %) + 1) +7(u)

> p

loglogu+C’o—ZZW+ 7(u)

m=2 p
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where 7(u) < logu/y/u under RH. By the Riemann—Stieltjes integral,
logu
2
dr
si= [ (1Y) arw
* 1 * 1
- / g2 (loguy _du +/ 2 (228 dr(u) = I + In.
9 logx ) ulogu 9 log x

Similarly,
A d vl
SQZ/f(Ogu> - +/f<0gu>dr(u):J1+Jg.
9 logz / ulogu 9 log x

S1— 255 = (11 — 2J1) + (12 — 2J2).

Thus,

By integration by parts,

log 2 log 2
2= [ (555) -2 (55
/x [ (logu) (logu) <logu>} du
9 log x log x logz )| ulogx
_ log 2
=r(27) —
)= [(logJ }
2 / log u log u 9 du
log x log x log x U
1
—loglog2 — Cy + +0
oglog2 - Co mz;mp ()
L0 1 /xlogu log u log u 2d_u
logz Jo +u \logz ) \logz) wu

1
—loglog2 — Cy +
0808 0 szp <log4:c>

m=2 p

because f(u) = 1+ O(u?) and f'(u) < u when 0 < u < 1. The integrals
in I and J; can be evaluated by elementary means. Using wcotu =
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1 —u?/3 4 O(u?) and sinu = u — u?/6 + O(u®), one has

2 2 2

7r m 7w (log2) < 1 )

I =loglogx —loglog2 — —+1—-log=—+ ————4+0(— ),
! 808 6708 8 &9 12log? z log*

7w 7w2(log2)? 1
J1 =loglogx —loglog2 —log — + ———— 4+ O :
! 808 808 9 241og? <log4x>

Hence,

T 72 > 1 1
— 2859 = —logl log———+1-— E g e .
Sl Sg og log x + log B) + Co+ mpm+0< )

4
8 oo log™ x

Therefore,

(14)

T
O .
<log4 x)

3. Proof of Theorem 1.1

Suppose © = (%)ﬂ and [ is a fixed positive number less than 1/2.

By Lemma 2.1, (6) holds except on a countable set of points. Hence, on
squaring both sides of (6) and integrating from 1 to T,

/ ' S(t)2dt + H(T) + G(T) = R(x) + O(T"/?'/?),
1

where the error term is obtained by the Cauchy—Schwarz inequality since
R <« T. The lower limit of integration may be replaced by zero since
fol S(t)?dt < 1. Then, Lemma 2.10 and (14) give the theorem.

4. Proof of Theorem 1.2

First, let us recall some definitions in [3]. Let

e(u) == };G(h) et %logu, (15)
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and y B
fy) = / e(u) — 5 du with B := —Cp— log2m. (16)
0

Putting (15) into (16), we have

1 1+ B
ZG (y —h) —§y + ylogy— <T> V. (17)
h<y

If one traces the proof of Theorem 1.1, the only ambiguous 7'/L? term
comes from the error term of I3 in Lemma 2.8. Thus, we need a more
precise formula for F'(«) when 1 — 3log ?%T <a<1. Let 7=T/(2we) and

= 310{50 ?%T From Theorem 1.1 of [3], one has

Fla)=a— dv

_ l—a .
4ro—1 / 2mer sin v

3mel v

ra? [ 6 (h) 1
1- 2 e
5902 L 1 2 }( cos (2mer' ™))

N (18)
2 [ 1 4f(y) 2 [Y
+L/1 [ 2y y? +Z/3/0 flu)d
 f(u) sin (2rer! =) 1
+6y/y - du] omeriay dy + O <LM>

for some large M > 0. Note: It is here that we require the full strength of
TPC. By (17), one can simplify (18) to

4 a—1 oreri—o .
Fla) = a— T / sinv

3mel v

T2 [3X S(h)
2m2e? L h?

] (1 — cos (2mer' ™))

n z/oo Dh<y S(h)h? 1) sin (27Te7'1_ay)d
LJ; y3 3 2reri—ay 4

2 [ S(h) sin (2rer! ™) 1
— -1 dy+ 0| —).
7 /1 <y}§/ h? ) 2rerl—ay v+ LM

(19)
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Hence, the error term of I3 in Lemma 2.8 can be replaced by

B 4(7Tﬁ)2 /1 /27re7—1°‘ SiHUdUTa_l do
3rel Ji_er Jo v a?
(m8)* [<~ &(h) /1 ay T2
1-— 2 d
on2e2], e 12 l—eT( cos (2mer'~%)) o2 e

1) sin (2rer! ™) dy%da
e

LTy o e VT
L 1—ep J1 y3 3 2meri—ay

2(rp)? (1 o S(h) sin (2rer!™y) 1
I /1_/1 02 57 =) T greriey Wzt
h>y
ﬂ2
+O(L—M

Lemma 4.1.

a—1

l—-a

1 2met sinv . T
dv 5 da

1—ep JO v «

02

L v

PROOF. By integration by parts, the left hand side is

l—a .
1t et ginew 1 4
=— dv—dr
L 1—ET 0 v «

1 2me sin v 1
— = d —
| o (s)

% v o?

—er

1 2reriT .
2 L
+ / ot [— / Y 0w + = sin (2%671_'1)} da]
1 0

2me  ¢in (2
B l[/ smvdv+/ sin ( ﬂev)dv—kO(eT) '
0 1
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L[ (7 sinv sin (2mwev)
_Z_/o dv + O(er) —1—/1 1—logv/L) 2 dv]
1 r pr2me _: 2
—— / vadv—l—O (er —I—/ sin (2mev) ———=(1 —I—O(eT))dv}
L1/ v 1
_ l _/2" sinvdv+0 (er +/ sin ( 27rev dv]
L1/ v 1

oo sin (271'61))

which gives the lemma as [, dv < - < e O
Lemma 4.2.

1 7.201—2
/ (1 —cos (27re¢1_a)) 5—da
1 €T @

1
=357 [1 — cos (2me) + 271'6/

1 'U

sin (27rev) dv+ O(er)|.

PROOF. By integration by parts, the left hand side is

1 [t 1—cos (2weTl_a)d72a_2

ﬁ l—er OZ2

1 1
=37 [1—COS(27T€)+O <L6>

N /1 202 [sin (QWETI_Q)QWETI_QL N 2(1 — cos (2%671_‘1))} da}
1 €T

o? o
= % :1 — cos (2me) + 2melL /11€T Singﬁ?i;a}da + O(GT)]
- % :1 — cos (2me) + 2me /1T€T i 10; T3 sin (57”3”) dv + O(GT)]
— % :1 — cos (2me) + 2%6/100 Sin(jigev)dv + O(ET):|
by the same argument as in the proof of Lemma 4.1. O

Recall a theorem in MONTGOMERY and SOUNDARARAJAN [7].
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Lemma 4.3. For any € > 0,

Sy - WS(Mh) = 2y %ylogy - <ﬂ> y+O0®y'?r) (1)

2 2
h<y
where B = —Cjy — log 27.

Lemma 4.4. For any € > 0,

Z S(h) =y + O(y/**e).

h<y

ProoF. Apply Lemma 4.3 with y + Ay instead of y where Ay < y,

S Ay —hE(h) = 5+ Ay)® — Ly + Ay)log (y + Ay)
h<y+Ay (22)
_ <#> (y + Ay) + O(yl/Q-‘re)'

Note that &(h) < h¢. Equations (21) and (22) give

AyZG )+ O(Ay%yS) = y Ay + Aylogy+O(Ay)—|—O( 1/2+6)
h<y

which gives the lemma after setting Ay = y/* and dividing by Ay. (|

Lemma 4.5.

[ ()
- 27rleL/ <2h<y )/y = va S 4 +O<L>

Proor. By Lemma 4.4, the integrand on the left hand side is abso-
lutely convergent. Thus, it is justified to change the order of integration.

sin ( 27Te7' Yy

)dy do

2rerl-ay
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The left hand side is

00 S(h h2 1 : l1—a
1 (Zh<y 3( ) _ 1) 1/ sin (27re7‘_ y)da dy
1 l—er

" 2re Yy 3y a2rl-a

€

1 /OO ZhgyG(h)hQ 1 l/TT 1 sin(27reyv)dvd
~ 2mel J, y3 3y /)i (1—logv/L)? v2 4

1 (3 h<y S(h)R* 1\ 1 [*sin (2meyv) er
= hsy =V 2z 2 \ETCIY) dv d &
27reL/1 ( y3 3 y/l v2 Uy+O<L)

by similar argument as in the proof of Lemma 4.1. The lemma follows
after substituting u = yv. O

Lemma 4.6.

JLAbES )
:27T16L/1 <yhz>: v _1>/y sin (2rev) dvdy+0< ).

PRrROOF. It is similar to Lemma 4.5. O

sin ( 27T€7‘ @

y)
2rerl—ay dy da

PROOF OF THEOREM 1.2: Applying Lemmas 4.1, 4.2, 4.5 and 4.6
to (20) and putting the result to Lemma 2.10, we have the T//L? term
explicitly. Hence, we have Theorem 1.2.

5. Comparison with Random Matrix Theory

It is widely believed that the non-trivial zeros of the Riemann zeta
function (and other L- functions) behave like the eigenvalues of an infinite
complex Hermitian matrix drawn randomly from the Gaussian unitary en-
semble (GUE). Using the GUE model, KEATING and SNAITH conjectured
in [5, equation (98)] that, for even integer k > 2,

%/OT <Imlogg @ + it>>kdt ~ (—i)kj—; [LN(S)b <§>L:0’
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where

. L(j)
= Usgmrg—m

and

- 1\ N T(14+ M(1 =) “n
b(A) = 1;[[(1 - ;,) 2 T+ A— )1 —A—n)@n2? ]

n=0

Here N = log % is the mean density of the zeros of the Riemann zeta

function up to height 7. When k = 2, one has (see [5, equation (63)])

l/T Imlog ¢ Lt 2dlt—llo N+1(C +1)+L+O L
T Jo 5512 % g\0 24N2 NA

which gives, via (1),

T
T T T T T
S(H)2dt = —loglog — + —(14+Co)+ ———+0 [ =) . (23
/0 S gz loslog s 4o 5 (1+Co)+ o+ <L4> (23)

Both (5) and (23) have the same leading order term % log log 5. How-
ever, one begins to see some differences in the next term 7. MONTGOMERY
[6] conjectured that

F(a) =1+0(1) wuniformly for 1 <a < M, (24)

for any fixed M. This implies
[e.9]
F
/ () 4o =1+ o(1).
1

a2

Thus, the coefficient of the T' term in (23) differs from that of (5) by a sum
over primes. This is not surprising because the GUE model only gives the
universal statistics while the sum over primes comes from non-universal
part (see also the discussion in [1]).

Next, both (5) and (23) seems to have no Z term and their % terms
have different coefficients (C; ~ 0.006953 by Mathematica while 1/12 =

0.08333...). However, the problem is that we still do not know anything

precise about
(0.@)
F
/ (g) da.
1 o
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Even (24) above only gives o(T') as error term in (5). In order to get better
error term, one may need to understand F'(a,T") for longer range of «, say
1 < a<logT. This would be a great challenge.
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