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Some conditions implying the continuity
of t-Wright convex functions

By ANDRZEJ OLBRYS, (Katowice)

Abstract. In the present paper we investigate sufficient conditions for the
continuity of t-Wright-convex functions. The main result of this paper says, that
every t-Wright-convex function, such that the restriction to a subset of positive
Lebesgue measure, or to the second category set with the Baire property, is lower
semicontinuous, has to be continuous and convex.

1. Introduction and terminology

In the theory of functional equations and inequalities the problem of
continuity of solutions is very important. We ask what, possibly week,
conditions assure the continuity of arbitrary function satisfying a given
functional equation or inequality. In this paper we give an answer to this
problem for t-Wright-convex functions.

Let X be a real linear space, D be a convex and non-empty subset
of X. A function f : D — R is called Wright-convex if the following
condition

[z + Q1 =t)y)+ f(1-to+ty) < f(e)+ fly); xyeD (1)

is fulfilled for each ¢ € (0,1). If condition (1) is satisfied for a given
t € (0,1) then f is called a ¢t-Wright-convex function.

Mathematics Subject Classification: 26A15, 26A51, 39B62.
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Remark 1. Let X be a real linear space and D C X be a convex set.
If f: D — R is a t-Wright-convex function with ¢ # % then f satisfies the
following conditional inequality

t t—1 t—1 t
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In [7] Gy. MaksA, K. NIKODEM and Zs. PALES have constructed, a
bounded above on the whole real line, t-Wright-convex function which is
not convex in the sense of Jensen. Thus we know that the condition of
upper boundedness on the interval of a t-Wright-convex function does not
imply its continuity (contrary to convex function in the sense of Jensen).
Moreover, in [7] it is proved that if f : D — R is a t-Wright-convex function
then the set

Wy:={s€(0,1): fis s-Wright-convex} (2)

is dense in the interval (0, 1), and also, that every ¢-Wright-convex function
with a rational ¢ is Jensen-convex.

By density of the set Wy in the interval (0,1) we have the following
evident result.

Lemma 1. Let X be a real linear topological space and D C X be
an open and convex set. If f : D — R is a continuous t-Wright-convex
function then it is convex.

We already know some conditions sufficient for the continuity of a t-
Wright-convex functions. In [8] J. MATKOWSKI proved that every lower
semicontinuous t-Wright-convex function f : D — R (where D is an open
and convex subset of a real linear topological space) is Jensen-convex.
Consequently if, moreover X is a Baire space then f is continuous and
convex [5]. For a t-Wright-convex functions defined on an open interval
Z. KOMINEK in [9] proved that the continuity at one point implies the
continuity at each point and in [10] we proved that the measurability also
implies the continuity of such functions.
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In this paper we extend the result of Z. KOMINEK for functions defined
on an open and convex subset of an arbitrary real linear topological space,
and also, we prove some theorems concerning the continuity of restrictions
of t-Wright-convex functions.

2. Preliminary results

Let (X,7) be a topological space, T # () be a subset of X and let
f:T — R be a function. By 7, we denote the family of all open subsets
of X containing x.

We recall that the lower hull of f, i.e. the function my : ' — [—00, 00)
defined by the formula

my(x) := 51612 Zégng(z), zeT. (3)

The upper hull My : T' — (—o0, +00] is defined by the formula

My(x) = inf sup f(z), zeT. (4)
Uete zcUNT

According to (3) and (4) we obtain
my(x) < flx) < My(z), xzeT.

Moreover, if for some U € 7, f is bounded below (above) on T'NU then
myg(x) > —oo (My(x) < 400).

The following Theorem 1 was originally formulated in [5, Theorem 4.4]
for open set T' but its proof in our case runs without any essential changes.

Theorem 1. Let (X, 7) be a topological space, T C X be arbitrary
set, and let f : T — [—oo,+00] (f : T — (—o00,+00)) be a function.
Then the function my given by (3) (M; given by (4)) is lower semicon-
tinuous (upper semicontinuous) in T'. Moreover, the function f is lower
semicontinuous (upper semicontinuous) at a point x € T' if and only if

flx) =myp(z)  (f(x) = My(x)).

We start with the following theorem.
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Theorem 2. Let X be a locally convex, real linear topological space,
D C X be an open and convex set and let f : D — R be a t-Wright-convex
function. If f is locally bounded below at a point x¢ € D, then it is locally
bounded below at every point x € D.

PROOF. By our assumption there exists a neighbourhood Uy, of z,
and a real number « such that

N o< f@) (5)

Z‘EUzO

Since X is locally convex space then without loss of generality we may
assume that Uy, is a convex set. For an arbitrary number n € Ny := NU{0}
we put

e e (2) ]

Note that V,, is a convex neighbourhood of zq, for all n € Ny. By induction
we will prove that

A ARa—@2" =1 f(zo) < f(2)). (6)

n€Ng x€Vy,

If n = 0 the above condition coincides with (5). Assume (6) for a nonneg-
ative integer n.
Fix an arbitrary point y € V1. Then there exists a z € Uy, such

that
3 n+1 3 n+1
y:xg+<§> -z—<§> - Z0-

It follows from the convexity of V,, that

i 3 n+1 3 n+1
W“(é) ‘Z‘(i)

:5504‘ <;>n'(z—l‘o)+l‘o+%- <;>n-(z—xo)] =
3
2

-xo-i- <§>n'(z—xo)+x0+x0+(2)n'(z—fﬁo)

To+ Y

N = N = N

5 e V.
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The function ¢ : R — X given by the formula
e(A) =g+ (1= Ny

is continuous and gp(%) = %l‘o + %y € V,, whence there exists an € > 0
such that

1 1
QO()\)EVTL fOI'aH>\€<§—€,§+E>.

Take an s € (3 — ¢, 5 +¢) N Wy. By virtue of s-Wright-convexity of f we
have
f(szo+ (L= s)y) + f((1 = s)xo + sy) — f(wo) < f(y)

which together with the induction assumption implies that
2" a—=(2"=1)- flzo) +2"-a = (2" = 1) f(zo) — f(x0) < f(y)

Thus
2" — (27T — 1) f(wo) < f(y)

and the proof of (6) is complete. This means that the function f is bounded
below on every sets V,,,n € Ny, and since

o p
n=0

the proof of Theorem 2 is finished. ]

Theorem 3. Let X be a real locally convex linear topological space,
let D C X be an open and convex set and let f : D — R be a t-Wright-
convex function. Then the function my given by (3) is convex in D. If,
moreover, X is a Baire space then my is continuous in D.

ProOOF. By Theorem 2 either my = —oo in D, or my : D — R is a
finite function. In the former case clearly m is convex and continuous. In
the second part of the proof we may assume that ms(x) > —oco,z € D.

First we will show that m; is a t-Wright-convex function. Take arbi-
trary x,y € D and arbitrary € > 0. Put

zi=te+(1—-ty, w:=(1—1t)z+ty.
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By definition of my there exists a convex neighbourhood U of zero such
that

U,=v+UCD, ve{zr,y zw}

and (7)

F) 2 inf f(w) = ms) —2 ve {zy,7 w0}

Moreover, there exist the points r € U, and s € U, such that
Fr) S mp@)+e and  f(s) < my(y) +e. (8)
By convexity of U, we get
tr+(1—-t)setUy, +(1-t)UyCte+(1-t)y+U=24+U=U,
and similarly
I-t)r+tse (1 -t)U, +tU, C (1 -tz +ty+U=w+U=0U,
whence by (7), (8) and t-Wright-convexity of f we have

my(te + (1 —t)y) + mse((1 —t)x +ty) —2e < f(tr+ (1 —t)s)
FA((A=t)r +1ts) < f(r) + fs) < my(x) +my(y) + 2e.

Letting € — 0 we obtain hence the ¢-Wright-convexity of my. By Theo-
rem 1 we infer that the function m; is lower semicontinuous in D. It follows
from Theorem 2 [8] that m; is also Jensen-convex. Consequently, my is
convex in D [5]. If, moreover X is a Baire space then my is continuous
and convex. [5, Theorem 4.2] O

It is an open problem whether every ¢-Wright-convex function locally
bounded above at a point, is locally bounded above at every point. Thus,
up to now, we do not have a full analogue of the Theorem 3 for the upper
hull M. However, the following theorems holds true.

Lemma 2. Let f : (a,b) — R be a locally bounded above, t-Wright-
convex function. Then the function My given by (4) is continuous and
convex.
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Proor. We will show that My is Jensen-convex in (a,b). Take arbi-
trary z,y € (a,b), * # y and put z := xTer Let € > 0 be arbitrary fixed.
By definition of My there exists an ro > 0 such that

A A fw) < Mpw)+e,  we{zy.z)
re(0,ro) ue(w—r,w+r)
We may assume that (w —ro, w+19) C (a,b), for w € {z,y, z}. Moreover,
\/ Mp(2) —e < f(a) and Mg(z) —e < f(B).
o,BE(z—r0,2+T0)

af
It follows from the density of Wy in (0,1) that there exists s € Wy,
c€(xr—rg,x+rp) and d € (y — ro,y + ro) such that
a=sc+(1—-s)d, B=(1-s)c+ sd.
By s-Wright-convexity of f we get
2M¢(z) —2e < f(a) + f(B) = f(sc+ (1 = s)d) + f((1 — s)c + sd)
< fle) + f(d) < My(x) + Ms(y) + 2e.

Letting € — 0 we obtain the Jensen-convexity of M. M; being a Jensen-
convex function,and locally bounded above it is continuous and convex.
(1], [5], [6]. 0

Theorem 4. Let X be a real linear topological space, D C X be an
open and convex set, and let f : D — R be a t-Wright-convex function. If
f is upper semicontinuous in D then it is continuous and convex.

PROOF. By assumption f is locally bounded above at every point
x € D then My is finite. We will show that M/ is Jensen-convex function.
Take an z,y € D, x # y. Since D is open set then

\/ /\ ar+ (1 —a)y e D.

0>0 ae(—6,149)

Let us define a function F : (6,14 §) — R by the formula

F(a):= f(ax+ (1 — a)y).
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It is easy to check, that F' is a t-Wright-convex function. By Lemma 2
we infer that Mg : (—9,1 4+ ) — R is a continuous and convex function.
Moreover,

Mp(a) < Mg(ax + (1 — a)y), a€ (=6,1+9),
whence using also upper semicontinuity of f (Theorem 1) we obtain

o (459) 1 (452) w2 (3) <20 ()

< Mp(0) + Mp(1) < My(z) + My(y).

Since M} is Jensen-convex function and locally bounded above then by the
generalized version theorem of Berenstein-Doetsch [5, Theorem 5.1] My is
continuous and convex, which together with equality (Theorem 1)

f(z) = Mg(z), =ecD

proves that f is also continuous and convex. ]

The following theorem is an immediate consequence of Theorems 1
and 4.

Theorem 5. Let X be a real linear topological space, D C X be an
open and convex set and let f: D — R be a t-Wright-convex function. If
[ is locally bounded above at every point x € D, then the function My
given by (4) is continuous and convex.

Now, for an arbitrary set 7 C X and a number a € R\ {0, 1} we define
a set

H,(T) = {xeX: \/ax—l—(l—a)y, (1—a)x—|—ay€T}
yeT

The idea of investigating such sets has been suggested by R. GER [2] and
Z. KOMINEK [5].
The following two lemmas show an important feature of operation H,.

Lemma 3. If T' C R" is a measurable in the Lebesgue sense and it
has a positive Lebesgue measure then int H,(T') # ®.
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PROOF. Let zg be a density point of T and we put Ty := T — xg.
Note that 0 is a density point of Ty. Let us fix an arbitrary a € (0, 3) and
choose a dy > 0 such that for every 4,0 < § < dg we have

m(To N K (0,6)) > 2a - m(K(0,5)) 9)

(here m-denotes the n-dimensional Lebesgue measure and K (0, d) the open
ball in R™ centered at 0 and with the radius 9).

Put A = %To N lflaTg. Note that 0 is a density point of A. Take a
positive number 61,7 < dp such that

m(ANK(0,61)) > (1 —a)-m(K(0,01)). (10)
There exists a positive r,r < §; such that
x € K(0,7) = m([ANK(0,61)] \[AN K(0,01) — z])
< %a - m(K(0,5,)). (11)
For arbitrary x1,x9 € K(0,r) we have

(1= a) - m(K(0,51)) < m(K(0,61) N A)
2
= m(K(O’(SI) N A\ ﬂ[K(O,(Sl) NA-— .’L‘z]>
1—12
+ m<K(0,51) AAN(IK©0,6)N A - m])
i=1
2
< 050,50 0 41\ [K(0.5) 0 4 - )

i=1

2
+m<K(0,5l) NAN(IE(0,6) N A~ xi])

i=1

< Zm([K(O, 61) NAJ\ [K(0,01) N A — ;])

2
+m<K(0,5l) NAN(IK(0,6) N A~ xi])

i=1
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2
< m<K(o, 01)NAN([E(0,6)NA- m) + a-m(K(0,01)).
=1

We have shown that
2
(1 -2a)-m(K(0,0)) < m<K(O, n)NAN m[K(O,él) NA-— xl]>
i=1

This together with (9) (with 0; instead of §) implies that

2
Ty O [ V(A — ) # 0.
1=1

Take a positive number r; < r such that

1—a a
/\ 7 1_a1:€K(0,7").
€K (0,r1)

For an arbitrary x € K(0,71) we have

Tm(A—l_aa:>m<A— a4 a:);é@
a 1—a

and hence there exists a y such that

ytzo €T, aly+zo)+(l—a)(z+zo) €T, (1—a)(y+zo)+a(z+uo) €T,

so z + xg € Ho(T). We have shown that, for an arbitrary z € K(0,7r1) a
point z+x¢ € Hy(T). This means that xo+ K (0,71) C H,(T) and finishes
the proof of our lemma. ]

Lemma 4. Let X a real linear topological space. If T' C X is a second
category set with the Baire property then int H,(T) # ().

PRrOOF. By our assumption
T=(G\P)US,

where G is a non-empty open set and P and S are of the first category.
Take a g € G. The set

L G-gniG-gn@G-g)

Uz:l—a a
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is a neighbourhood of zero and, moreover,

1

— (T~ )N (T~ y)

a

(T'—g)N
is residual in U. In particular there exists an x such that

re (T —g)N~(T—g)N (T —g)

This means that
z+geT, (1—-a)x+g)+ageT, alz+g)+(1—a)geT
whence g € H,(T). Due to arbitrariness of g € G this means that
G C H,(T)

and the proof of Lemma 4 is finished. ]

3. Main results

The following theorem corresponds to a theorem of Z. KOMINEK [3]

Theorem 6. Let X be a real linear topological space, D C X be an
open and convex set, and let f : D — R be a t-Wright-convex function. If
f is continuous at least at one point then it is continuous and convex.

PrOOF. Let g € D be a continuity point of f, and fix arbitrarily a
point y € D, y # xo. We will show that f is continuous at y.
Given an € > 0, there exists Uy, a neighbourhood of xg such that

A 17@) = Fwo) < 3= (12)

IGUQJO

Since X is linear topological space then the function ¢ : R — X given by
the formula

p(a) = (1 - a)zo + ay
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is continuous, moreover, ¢(0) = g, (1) = y. Since D is open then there
exists a number § > 0 such that

o(a) € D, a€ (=6,1+49). (13)
The function ® : R x X x X — X given by the formula
O(a,z,w) = (1 — o)z + aw
is continuous (as function of three variables) and ®(0,z¢,y) = xo. Then
there exists 1 € (0, min{d, 1}), a neighbourhood V;,, of x¢, V,, C Uy, and
a neighbourhood V,, of y such that

(1= a)Vay +aV, C Uy, € (—61,01). (14)

Let us define a function F : (—=6,1 4 §) — R by the formula

It is easy to check that F' is t-Wright-convex function. Since F' is continu-
ous at 0 then on account of a theorem of Z. KOMINEK [3] F' is continuous
everywhere, whence there exists a d2 € (0, ;) such that

1
/\ If(e() = fly)] < 3¢ No(a) €V, (15)
a€[1—62,1+52]
Pt ) ) ) )
2 _ 22 — _22 o2
y1-—21‘0+<1 2>y, Y2 21:0—|—<1—|—2>y. (16)

Clearly y1,y2 € V,, and by (15) we have

P~ Fw)l <56 i=12. a7)

Let us define the sets C'1, C5 in the following manner

s 2 5
G=g g mtagi =gy Vet oy v
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It is easily seen that C1, Cy are open sets and y € C; N Cy. Therefore the
set C':= C1 N Cy NV, is a neighbourhood of y. We will show that

NIF@) —fyl<e  zeC.

zeC

Fix an arbitrary point z € C. Since z € (1, then

2—0 )
Yy = 5 224—5261, where vy € V.
Put 52—
_ 2 — 02 _
uy = Ez—l— 5 v1.

According to (14), because z € V,, and %2 < 61, we get Uy € Uy,.
Since the set Wy is dense in the interval (0,1) and Uy, is open set then
there exists a number s € W; and the points uy,v1 € Uy, such that

y1 =sz+ (1 —s)vy, wu = (1—s)z+sv;.
By s-Wright-convexity of f we have
fyr) + fur) < f(2) + f(v1).

It follows from (12) that

£(2) = Fn) > flw) — f(zo) + f(wo) — flvn) > —§s

and by (17) we get

2 1
F(2) = fy) = F(2) = fly) + f(y1) = fly) =2 —ge —ge =~ (18)
On the other hand since z € C5, then
o _ 2 _
z = 2+521)2 + 2+52y2, where g € V.
Let us put
2 09

T
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Since y2 € V,, and 0 < jS—%Q < 02 < 01, then by (14) T € Uy,.
It follows from density of the set Wy and the openity of U,, that there
exists ug, vo € Uy, and a number s € Wy such that

ug = svo + (1 —8)y2, 2= (1—5"vy+ sys.
By s’-Wright-convexity of f we have

f(2) = fy2) < flvz) = flua).
Hence, in view of (12) and (17) we get

f(2) = fy) < f(2) = fly2) + fy2) — fy)
< flvz) = fwo) + fwo) = flu2) + f(y2) = Fl)  (19)

S U VU S
36 35 35—5.

This together with (18) implies that

f(z) = fly)l <e,  z€C,

and ends the proof. ]

Theorem 7. Let X be a real linear topological space, D C X be an
open and convex set, and let f : D — R be a t-Wright-convex function.
If there exists a second category set with the Baire property T C D such
that the restriction f|p is continuous, then f is continuous and convex.

Proor. If f is %—Wright—convex then it is, of course, Jensen-convex,
and the above theorem is true [5, Lemma 5.2]. So, we may restrict ourselves
to the case, where t # % By assumption

T=(G\P)US,

where G is non-empty open set and P and S are of the first category. Put
A := G\ P. Note that, A is a second category set with the Baire property,
and the restriction f|4 is continuous. Take an arbitrary point xz € A.
We will show that f is continuous at x. Fix arbitrarily € > 0. Since the
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restriction f|4 is continuous and x € A then there exists U,-neighbourhood

of x such that )

N 1) = f@)] < 3e (20)

zeUzNA

Now we put
Vei=Hi(ANU,)NH + (ANUy,).

2t—1

Since AN U, is a set of second category with the Baire property, then by
Lemma 4 we infer that V, is a neighbourhood of . We will prove that

N\ 1) = f@)] <e. (21)

ZGVz

Take an arbitrary point z € V,. Since z € H; (A NU,) then, there
exists a point y € AN U, such that

tz+ (1 —t)y, (1-t)z+tye ANU,.
By virtue of (1) we obtain

flz+ (1 =t)y) + f(A-t)z+ty) — fly) < f(2),

whence

fz+ A =t)y) = f2)+ f(A-t)z+ty) — f(2) + f(x) = f(y) < f(2) - f(z)

and in view of (20) we get

—e < f(2) - f(a). (22)

On the other hand, since z € H2 £ (ANU,), then there exists a point
t—
u € ANU, such that

t t—1 t—1

¢
ANT,.
1t t 1 ottt 14Nt

On account of Remark 1 we obtain

F2) < f <2tt_ Cu ;t—_112> +f <2tt—_11u+ ztt_ 1z> — f(w)
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whence

1) - 1(0) < 1 (7t 3= ) — f@)

1 (gt greye) — )+ (@) - )

and in view of (20) we have

f(z) = f(z) <e,

which together with (22) implies (21). This means that f is continuous at
the point . The continuity of f in D follows from Theorem 6. g

Using similar a argumentation with Lemma 3 instead of Lemma 4 we
can prove the following theorem.

Theorem 8. Let D C R™ be an open and convex set, let f : D — R
be a t-Wright-convex function, and let T' C D be Lebesgue measurable set
of positive Lebesgue measure. If the restriction f|p is continuous, then f
is continuous and convex.

The following theorem is an immediate consequence of Theorems 7, 8
and Theorems of LuzIN [11].

Theorem 9. Let X be a real linear topological space (X = R"),
D C X be an open and convex set and let f : D — R be a t-Wright-convex
function. If there exists a second category set with the Baire property
(Lebesgue measurable set of positive Lebesgue measure) T C D, such that
f|r is Baire measurable (Lebesgue measurable) then f is continuous.

Theorem 10. Let X be a locally convex real linear topological space
(X =R"), D C X be an open and convex set, and let f : D — R be a
t-Wright-convex function. If there exists a second category Baire set (of
positive Lebesgue measure) T C D such that, the restriction f|p is lower
semicontinuous, then f is continuous and convex.

PROOF. Assume that, the restriction f|p is lower semicontinuous,
where T' C D is a second category Baire set (In the case, when T is a
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set of positive Lebesgue measure, the proof runs in a similar way). There
exist a non-empty open set G and first category sets P and S such that

T=(G\P)US.
It follows from the proof of Theorem 7, and by Theorem 1, that

A Mg (@) = (flr)(@)

z€G\P

and, consequently, m f‘G\ p=1Ff \G\ p- Observe that X is a Baire space since
it contains a second category subset. By Theorem 3 my is continuous and
hence f|c\ p is continuous, too. Now, our Theorem 10 is a consequence of
Theorem 7. g

The following example show, that the set T in Theorems 7-10 has to
be a sufficiently “large”.

Ezample 1. Let H be a Hamel basis of R over Q. Consider a discon-
tinuous additive function a : R — R

0, for he H\ {ho}
a(h) =
1, for h = hg

where hyg € H is fixed. Then the function f : R — [0,400) given by
formula

f(z) :=la(z)], =zeR;

is a discontinuous ¢t-Wright-convex function (for ¢t € (0,1) N Q) such that
flr = 0, where T is the space spaned by the set H \ {hg}.

On the other hand, it is known that, the set T is saturated non-
measurable and second category without the Baire property, hence, in
particular, is dense in R.

Observe that, moreover, from the above example it follows that the
condition of lower boundedness on the interval does not imply the conti-
nuity of a t-Wright-convex function.
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