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An estimate for the length of an arithmetic progression
the product of whose terms is almost square

By SHANTA LAISHRAM (Mumbai)

Abstract. Erdos conjectured that
nn+d)...(n+ (k—1)d) = y* (1)

in positive integers n, k > 3, d > 1, y with ged(n,d) = 1, implies that k is
bounded by an absolute constant. SHOREY and TIJDEMAN [16] showed that (1)
implies that k is bounded by an effectively computable number depending only
on w(d), the number of distinct prime divisors of d. In this paper, an explicit
bound for & in terms of w(d) is presented.

1. Introduction

For an integer = > 1, we denote by P(z) and w(z) the greatest prime
factor of = and the number of distinct prime divisors of x, respectively.
Further we put P(1) = 1 and w(1) = 0. Let n, d, k, b, y be positive integers
such that b is square free, d > 1, k > 3, P(b) < k and ged(n,d) = 1. We
consider the equation

nn+d)...(n+ (k—1d) =by?> inn,dk by with P(b)<k. (2
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For a survey of results on (2), see [16], [4], [14] and [15]. Equation (2) with
d = 1 has been solved completely in [3] with P(b) < k and in [11] with
P(b) = k. Therefore we assume from now onwards that d > 1. MARSZzA-
LEK [7] proved that (2) implies & is bounded by an effectively computable
number kg depending only on d. In fact the above assertion holds with kg
depending only on w(d). This is due to SHOREY and TIIDEMAN [16], who
proved that 2¢(@) > c@ where ¢ is an effectively computable absolute
constant. However the bound kg is very large. Further (2) with w(d) =1
and k ¢ {3,5} has been solved completely in [12] and [8]. Therefore we
shall always assume that w(d) > 2. In this paper, we give an explicit
bound for k in terms of w(d) whenever (2) holds.

For 2 < w(d) < 11, we define kg = ko(w(d)) as in the table below.

w(d) ko(d even) ko(d odd) w(d) ko(d even)  ko(d odd)
2 500 800 7 2643 x10° 1.376 x 10°
3 700 3400 8 1.172x10° 6.061 x 10°
4 2900 15300 9 5151 x 105 2.649 x 107
5 13100 69000 10 2.247 x 107 1.149 x 108
6 59000 3.096 x 10° 11 9.73 x 107 4.95 x 108

For w(d) > 12, we define kg = ko(w(d)) as

(w(d)) 2.25w(d)4“@ if d is even,
Rolw =
’ Hw(d)4“@  if d is odd.

We prove
Theorem 1. Equation (2) implies that
k < Ko. (3)
Theorem 1 is a direct consequence of the following two propositions.

Proposition 2. Let k > kg. Then (2) implies that

d < 4ei(k —1)% (4)
n<ec(k—1)>3 (5)
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and hence
n+ (k—1)d < 5¢i(k — 1) (6)
where -
6 if d is odd,
1 .
=93 if ordy(d) =1,
1 .
1 if ordy(d) > 2.

Proposition 3. Let k > kg. Then (2) implies that
59 .3
n+(k—1)d>2 1—6k: (7)

where

0 = min{ords(d), 3}.

2. Notation and preliminaries
From (2), we have
n+id = A; X? (8)
for 0 <i <k with P(4;) <k and (X;,[],<,p) = 1. Also we have
n+id = a;2? 9)
for 0 <i < k with a; squarefree. Since ged(n,d) = 1, we see that
(Ai,d) = (a;,d) = (X;,d) = (z;,d) =1 for 0 <i<k. (10)
Let
T={i|0<i<k X;=1}, Ti={i|0<i<k X;#1}.
Note that X; > k for ¢ € T}. For 0 <i < k, let

v(4;) = [{j €T, Aj = A}l (11)
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We always suppose that there exist ig > i1 > -+ > 4,(4,)—1 such that

Aijg =4, == Aiv(An—l' Similarly we define
R={a;|0<i<k}
and
V(ai):‘{j|0§j<k, ai:aj}’. (12)
Define
R A <13>

The letter p always denotes a prime number and p; the i-th prime number.
Let P| < P, < ... be odd prime divisors of d. Let r := r(d) > 0 be the
unique integer such that

P\Py... Py < (4c1)3(k —1)3 but PiPy... Py > (de1)3(k —1)3. (14)

If r = 0, we understand that the product P; ... P. = 1.
Let d' | d and d” = & be such that ged(d',d"”) = 1. We write

1 if ordy(d”)
1/

d// = dldg, ng(dl,dg) = S 1’
2 if orde(d”) > 2

and we always suppose that d; is odd if ordy(d”) = 1. We call such pairs
(dy,ds) as partitions of d”.
We observe that the number of partitions of d” is 2¢(@) =01 where

1 if ordy(d”) =1,2,

0 otherwise

91 = «91((1//) = {

and we write 6 for 61(d). In particular, by taking d = 1 and d” = d, the
number of partitions of d is 2¢(4)~?,
Suppose that A; = A;, ¢ > j. Then from (8) and (10), we have

(i—j)d = Ai(X7 — X7) = A4(Xi — X;)(Xi + X)) (15)
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such that ged(d, X; — X, X; +X;) = 1 if d is odd and 2 if d is even. Hence
for any divisor d” of d, we have a partition (d;, ds) of d” corresponding to
A; = Aj such that d; | (X; — Xj) and da | (X; + Xj) and it is the unique
partition of d” corresponding to the pair (i,7). Similarly, we have unique
partition of d” corresponding to every pair (i, j) whenever a; = a;.

As in SHOREY and T1IJDEMAN [16], the proof depends on comparing an
upper bound and a lower bound for n+ (k — 1)d. The upper bound of n +
(k—1)d given by Proposition 2 is a consequence of Lemmas 5, 8, 11, 12, 13
which are refinements of results in [16], [1] and [12]. It is proved by counting
the number of distinct a;’s and looking at the number of partitions of d.
The proof of Proposition 3 is by counting the number of X;’s greater than k
and calculating the maximal value of A;. Proposition 3 is a consequence of
Lemmas 4, 6, 7, 9, 10, 14. The new features of the paper are the refinement
of the upper bound of the multiplicities of A; with respect to partitions
of d, counting the number of A;’s with multiplicity greater than 1 and the
use of r to improve the lower bounds of the maximum of A4;’s.

We shall follow the notation of this section throughout the paper. We
use MATHEMATICA for the computations in the paper. This is a part of
my Master’s thesis [6].

3. Lemmas

We begin with some estimates from Prime number theory.

Lemma 1. We have

() 7)<~ <1+ 1‘5>fom>1,

log v log v
v

0.5
ii > 1 fa >
(i) w(v) > oz v < + logz/> or v > 59,

(iii) p; >ilogi fori > 2,

(iv) > logp < 1.000081v for v > 0,
p<v

k—p log(k—1)
p—1 log p

(v) ordy(k!) > for p < k.
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PROOF. The estimates (i), (ii) and (iii) are due to ROSSER and SCHOEN-
FELD [10]. For estimate (iv), see [13, p. 360] and [2, Prop. 1.7]. For a proof
of (v), see [5, Lemma 2(i)]. O

The next result is Stirling’s formula, see [9)].

Lemma 2. For a positive integer v, we have
1
2ry e Vet < vl < V2w e VY e,
Lemma 3. Let m4(k) < w(k) — 1. Then

(k—1)log (k—1)

T >k — -
I log (n+ (k —1)d) — log2

(k). (16)

PRrOOF. We use [12, Lemma 3] with t =k, — log Hp|dp_ ordp ((k=1)1) > ()
and m4(k) < 7(k) — w(d) + 2. Let n > (k — 1)d. Then logn > log(n +
(k — 1)d) —log2. This with [12, (4.2)] and Lemma 1 (i) gives (16). For
n < (k —1)d, we have log(k — 1) +logd > log(n + (k — 1)d) — log 2. This
with [12, (4.1)] and Lemma 1 (i) gives (16). O

Lemma 4. Let d = d'd" with ged(d',d”) = 1. Let iy € T be such
that A;, > d'. Then

V(A < 20@)=0u(d"), (17)

PRrROOF. For simplicity, we write ¢; = 60;(d”). Assume that v(A4;,) >
2¢(@)=01 Then there exists a sequence of indices ig > i; > --- > low(d)—6,
such that A4;;=A4;, =... =4 For each pair (ig,i.), r=1,2,...,
guw(d")—61

i2w(d”)791 M
, we have a unique partition corresponding to the pair. But
there are at most 2¢(¢")=%1 partitions of d”. Since (to —ip)d = Ay (Xiy —
X, )(Xi, + X;,) and A;, > d’, we have

k>iq—i _AiO Xl _Xir Xio—'_Xir
0= = Ty d ds

S Xiy — Xi, Xi, + Xi,
= dl d2 )

where (dy,ds) is the partition of d” corresponding to pair (ig,é,). This
shows that we cannot have the partition (2‘17/;,291) corresponding to any
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pair. Hence there can be at most 2¢(@")=01 _1 partitions of d” with respect
to 2w(d”) =01 pairs of (ig,i,), 7 =1,... ,2“’(‘1”)_91. Hence by Box Principle,
there exist pairs (ig, i, ), (ig,%s) with 1 <7 < s < 2¢(¢")=01 and a partition
(dy,d2) of d” corresponding to these pairs. Thus

di | (Xiy — Xi,), da | (Xip + Xi,) and dy | (Xi, — Xi,), do | (X5 + Xi,)
so that lem(d1, d2) | (X;, — X, ). Since A;, = A;, = A;, and ged(dy, d2) < 2,
we have

Cd (X - X)) (X 4 X)) (Xe + Xi) 2k
k, . — s r s r s = k,’
> (i =i )Ai0 lem(dy, do) ged(dr,da) 5 .

a contradiction. O

By taking d’ = 1 and d” = d, the following result is immediate from
Lemma 4 since 61 (d) = 6.

Corollary 1. For iy € T1, we have v(A4;,) < ouw(d)—0
Lemma 5. Let k > 17. Supposen > c1(k — 1)3 or d > 4ci(k — 1)2.
Then for 0 < ig < k, we have

v(ag,) < 290, (18)

PROOF. Suppose that v(a;,) > 2¥(Y~0 We note that both z; + x;
and z; — x; are even when d is even. Continuing as in the proof of (17)
with d’ = d, we see that there exists 7, with ¢ > j and

ajo(x; + )

k
T2

where 4 | (z; — x0) if d is even and d | (2; — o) if d is odd. We have

1 1
x; > xj+ % so that k > %aio(azi +z;) > (aja:]z) 2 4 % >nz + % and hence

(e)2(k—1)3+1 ifn>e(k—1)7°

which is not true for £ > 17. ]

k>{1—|—cl(k—1)2 if d > dey (k — 1)2,
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Lemma 6. Equation (2) implies that either
d> ey (k —1)?
or

- [20

PrROOF. If r + 1 < [29]  then w(d) > 3(r + 1) giving d > 4ey (k — 1)2
by (14). O

d
3
Lemma 7. Let S C {A4; | 0 <i < k} and ming,cs Ap, > U. Lett > 1.

Assume that
P -1 P -1
s> 0 (B2 (B2) »

where (Q; > 1 is an integer. Then

max A, > 2°Q.P, ... P, + U. (20)
ApeS

PROOF. For an odd p | d, we have

(5)-(%55)-()

p p p

where (-) is Legendre symbol, so that Aj, belongs to at most p%l distinct
residue classes modulo p for each 0 < h < k. If d is even, then Aj also
belongs to a unique residue class modulo 2° for each 0 < h < k. Hence
by Chinese remainder theorem, Aj; belongs to at most (%) . (#)

distinct residue classes modulo 29P; ... P; for each j, 1 < j <t. Assume
that (20) does not hold. Then

max A, — (U —1) < 2°Q,P; ... P,.

ApesS
Therefore
|S|<25QtP1...Pt P -1 P -1
- 2P ...P 2 2 ’

contradicting (19). O
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Corollary 2. Let S and U be as in Lemma 7. Let |S| > s >
(—P12_1) e (Ptgl), then

3
Ay > 2205 4 UL 21
i e 2

ProoF. Let (f — 1)(250) ... (B27) < s — Qu(B52) ... (B <
f(%)(%) where @Q; > 1land 1 < f < @ is an integer. To
see this, Writes:Q(%) (Pt 1)+Q(P1 1) .(@)—FRwhere
0<Q < % and 0 < R < (P12 1)(%) If R > 0, then take
Qi =Q, f—1=0@Q; if R=0and Q > 0, then take Q; = Q, f =
Q'; and if R = Q" = 0, then take Q; = Q — 1 and f = %. We
arrange the elements of S in increasing order and let S” C S be the first
(f — 1)(%) . (%) + 1 elements and S” consist of the remaining
set. Then we see from Lemma 7 with t =¢ — 1 and @y = f — 1 that

max A, > 2°(f —1)PPy...P,_1 +U =U".
Apes’

Now we apply Lemma 7 with U = U’ in S” to derive

max Ay > PQiPIPy... P, +2°(f —1)P\Py...P,_1 4+ U.
nES

Hence to derive (21), it is enough to prove
QiPr.. P+ (f-1)P... P
> HQUA =1 (R= 1) + 2/ (P = 1) (Pea — 1)}
By observing that
QuPL—1)...(P,—1) < QiP1... P, — QiP, ... Py,
2f(PL —1)...(Proy — 1) < 2fP,... Py — 2fPi ... Pr_s,

it suffices to show that

3(Qi—1)— (2f+1)  6f
2 T, 20

Q¢ +

which is true since Q; > 1 and 1 < f < %. O
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Lemma 8. Let s; denote the i-th squarefree positive integer. Then
s; > 1.6: for ¢ >78 (22)

and

l
[Isi=@6) 1 for 1> 286 (23)
=1

Further let t; be i-th odd squarefree positive integer. Then
t; > 247 for i>51 (24)

and

l
[t= @ for 1> 200 (25)
=1

PROOF. The proof is similar to that of [12, (6.9)]. For (22) and (24),
we check that s; > 1.67 for 78 < ¢ < 286 and t; > 2.4¢ for 51 < ¢ < 132,
respectively. Further we observe that in a given set of 144 consecutive
integers, there are at most 90 squarefree integers and at most 60 odd
squarefree integers by deleting multiples of 4,9,25,49,121 and 2,9, 25, 49,
respectively. Then we continue as in the proof of [12, (6.9)] to get (22) and
(24). Further we check that (23) holds at I = 286 and (25) holds at [ = 200.

Then we use (22) and (24) to obtain (23) and (25), respectively. O

Lemma 9. Let X > 1 be a positive integer. Then

X-1
> 240 < (X)X log X (26)
i=1
where
1 if X =1,
X-1 ;
X —1 ow(i)
n:=n(X)= Lzt 270 1< X < 248, (27)

Xlog X
0.75 if X > 248.



Almost squares in arithmetic progression 461

PROOF. We check that (26) holds for 1 < X < 11500. Thus we
may assume X > 11500. Let s; be the largest squarefree integer < X.
Then by Lemma 8, we have 1.6j < s; < X so that j < [1X—6] We have
2¢() = > _eji l(€)]. Therefore

X-1 ' X-1
BEED IO
i=1

i=1 eli

< ¥ [P uerse-n ¥ Moy 5L

e
1<e<X 1<e<X i=1

We check that there are 6990 squarefree integers upto 11500. By using
(22), we have

X1 6990 6990 (5]
S o) < x EE I e R e
. — 5 1.6 < 1.6
=1 i=1 =
6990 6990
1 1 1 1 X
<X SN (14l 2
= {Zs 1.6Zi+16<+0g16>}
i=1 i=1
3 41.1658 4 1
<2XlogX = il
=008 {SIOgX 31.6}’
implying (26). O

Lemma 10. Let ¢ > 0 be such that ¢2*(9=3 > 1, 1, > 2 and

¢, = {Ai v(Ai)=p, A > 3522%}.
Then
¢=Y u(u2— 1) <,
p=2 (28)
< gn(c2w<d>—3)2W<d> (2990 — 1)(log c24(D3).
Proor. Let i1 > i3 > --- > i, be such that A;; = 4;, =--- = Aiu'

These give rise to £ ( D pairs of (7,7), i > j with A; = A;. Therefore the
total number of pairs (z J) with i > j and A; = A; is €.
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We know that there is a unique partition of d corresponding to each
pair (4,7), ¢ > j such that A; = A;. Hence by Box Principle, there exists
at least W pairs of (4,7), ¢ > j with A; = A; and a partition (d,ds)
of d corresponding to these pairs. For every such pair (i,j), we write
X; — Xj = diryj, Xi + Xj = dos;j. Then ged(X; — X, X; + X;) = 2 and
24 | (X2 — XJQ) Let ri;, s;; be such that r{; | ri;, s}, | sij, ged(ry;, 87;) =1

130 21 ¥
and 7;s;; = %rgjs;j. Then
2 2 .
7*,8/:'0_267‘8:'0_26M:p_261_] <p_26£<c2w(d)_3
U4 YT 24 d 24 A, 24 A;
since A4; > %. There are at most Zfii(d)_:i_l 2¢(1) possible pairs of

(ng,sgj), and hence an equal number of possible pairs of (745,si;). By
Lemma 9, we estimate

c2w(d—=3_1
Z 2w(z) < n(c2w(d)—3)c2w(d)—3(10g C2w(d)—3)'
i=1

Thus if we have

¢

@0 > (22 D=3 20D =3 (1gg o (D=3,

then there exist distinct pairs (i,7) # (g,h), i > j, g > h with A; = A;,
Ay = Ay such that r;; = rgp, 8ij = sgp giving

X; — Xj = dﬂ“,‘j = Xg — X, and X;+ Xj = dQSz‘j = Xg + X,

Thus X; = X, X; = X}, implying (¢, j) = (g, h), a contradiction. Hence

W = 77(02‘d(d)_3)02‘”(‘0_3(log cZ“’(d)_g)’ s

implying (28). O
The following lemma is a refinement of [16, Lemma 2].

Lemma 11. Let ¢ > j,g > h,0 <14,7,9,h < k be such that

a; =aj, ag=a (29)
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and
T;— T = d17“1, l‘i—Fl‘j = dQTg, Tg—Th = d181, Lg +xp = dQSQ (30)

where (dy, ds) is a partition of d; 11 = s1 (mod 2), ro = sy (mod 2) when d
is even; and either 1 = s1 (mod 2) and a; = ag (mod 4) or 2 | ged(r1, 51)
when d is odd. Then we have either

a; =ag, 1 =51 OI G =ag, T2 = 52 (31)

or (4) and (5) hold.

PrOOF. We follow the proof of [16, Lemma 2]. Suppose that (31) does
not hold. Then

aﬂ'f — ags% #0, aﬂ'g — agsg #0. (32)

We proceed as in [16, Lemma 2] to conclude from d | (a;z7 — agz?) that

1
didy = d | 3{(air} — ags})d? + (air} — ags3)d3

(33)
+ 2d(a;rirg — (195152)}.
Thus we have
(airf — ags%)d% = a;(@; — xj)Z —ag(zg — zn)? #0
and
(air3 — ags%)d% = a;(z; + xj)z — ag(rg + zp)? # 0.
Since
n < aj:l:? < amiv; < ax? <n+ (k—1)d
and
n < apry < agreTh < agxg <n+ (k-1)d,
we have
|aiziz; — agrgan| < (k—1)d. (34)
Also

|la;z? — aga:§| =li—gld<(k-1)d (35)
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|ajzF — apay| = |j — hld < (k—1)d (36)
and
.1 9 1 9
n < min Zai(xi + ;)7 Zag(xg +xp)’ ¢ (37)

Hence we derive from (34), (35) and (37) that

’(a,-r% - agsg)dg‘ <4(k—-1)d (38)
1
n‘(air% - ags%)d%‘ < Z(k —1)%d? (39)

and further considering the cases {a;r} > az83,a;r3 > ays3}, {a;r? >

2 .2 2 2 2 o2 2 2 2 .2
agsy, airy < agss}, {airi < agsy,a;rs > agss}t and {a;ri < agsy,airy <
ags3}, we derive

G(i,g) = ‘air% — agsﬂd% + ’aﬂ'% — agsg‘dg < 4(k - 1)d. (40)

Let d = dids be odd, ged(dy,ds) = 1. We have either r1, s1 are even
and hence ry, 72, s1, s2 are even, or a; = ay (mod 4) and r; = 51 (mod 2)
and hence ry = s3( (mod 2). Then reading modulo d; and ds separately
in (33), we have

dy ‘ %(aﬂg — agsg) and ds ’ %(air% — ags%). (41)
Therefore
4ddy = 4dyd5 < |a;rs — a,s5|d3 (42)
and
4ddy = Adidy < |a;r? — a,s3|d3. (43)

From (40), we have
4d(dy + dp) < G(i,g) <4(k—1)d

so that

di +do\?  (k—1)2
d:d1d2§<1;2><( 4).
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This gives (4). Again from (43) and (39), we see that 4ndd; < 3(k—1)2d?,
i.e., n < {6(k—1)%dy. From (42) and (38), we have 4ddy < 4(k — 1)d, i.e.,
dy < (k—1). Thus (5) is also valid.

Let d = dids be even with ords(d) = 1 and dy odd. Then the x;’s are
odd and therefore both 71 and s; is even. We see from (33) that

4d,y ’ (a;r3 — ags3)d5 and  4ds ‘ (air? — ays3)ds. (44)

Since 1 = s1 (mod 2), ro = s9 (mod 2), ged(dy,ds) = 1 and dy odd, we

derive that

2d; ‘ (airg — agsg)a 4do ’ (air% - ags%).

Therefore
2ddy = 2d1d3 < |a;ir — ags3|d3,  4ddy = 4didy < |air} — aysi|ds.

Now we argue as above to conclude (4) and (5).

Let d = dydy be even with ords(d) > 2, ged(dy,d2) = 2. Then we
see from (33) that (44) holds. Since ged(di,d2) = 2, r1 = s1 (mod 2) and
r9 = s (mod 2), we derive that

2dy | (a;irh — agsd), 2da | (a;r? — ags?).
Therefore
2ddy = 2dyd3 < |a;rs — ays3|d3,  2ddy = 2didy < |a;r} — ays3|ds.
Now we argue as above to conclude (4) and (5). O

Lemma 12. For a prime p < k, let

vp = ord, ( H ai>, v, = 1+ ord,((k = 1)).

a;€ER

Let m > 1 by any real number. Then

—k
’ 2 _2
H p'Yp_'Vp < k1.57r(m) <Zl H pp2p1> <22 H pp21> (45)
2<p<m 2<p<m

2<p<m

where (21, z2) = (2%,2§) if d is odd and (z1,22) = (4,2) if d is even.
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PROOF. The proof is the refinement of inequality [12, (6.4)]. Let p" <
k —1 < p"*! where h is a positive integer. Then

[ e [ w

p p

Let p{d. Then we see that g, is the number of terms in {n,n+d,...,n+
(k —1)d} divisible by p to an odd power. After removing a term to which
p appears to a maximal power, the number of terms in the remaining set
divisible by p to an odd power is at most

) )
+ e ([ + )

where € = 1 or 0 according as h is even or odd, respectively. We note
that the above expression is always positive. Combining this with (46)
and [%] >ﬂ—1+#:§—1,wehave

> 5
vp—'yz’,g—z{[’fp—zl} N [p’z_—linJrh—zlJre
3—2{§+...+ph_]‘1+6_h—;+6}+h—;+e
:_p2(1Qﬁ ]%) <1_ph—11+€> +1.5(h —1+e).
Since p" > % and h < iﬁiﬁa we get

> 2k N 1.5logk 2p*>—€
T p2—1 log p p2—1
< 2k n 1.5log k 2p

- p2-1 log p p2—1

+1.5e -1.5

When d is even, we have v — 5 = —1 —orda(k — 1) < —k + % + 2 by

Lemma 1 (v). Now (45) follows immediately. O
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Lemma 13. Suppose that n > ¢, (k —1)% or d > 4c¢,(k — 1)? or both.
Let 1 < o < 299 be the greatest integer such that R, = {a; | v(a;) =
o} # ¢. For k > kg, we have

40(2¢d) — 1) ifd is odd,

v=|{(4J) |a; =aj, i > 7 = =
{05 | j» 8>} 2 9(0) {QQ(Qw(d)—e_l) if d is even.

PrROOF. We have
0 0
k= Zuru and |R|= Zru
pn=1

pu=1

where 7, = |R,, = {a; | v(a;) = p}|. Each R, gives rise to “(”2_1) Ty pairs

of 4,7 with ¢ > j such that a; = a;. Then

tzzu(uz— DTuZ’f—\RIJrZ (u—l)z(u—2)m
p=1 p=1

Suppose that the assertion of the Lemma 13 does not hold. Then g(p) >
— R[4+ >0 M ru. We have

= wr# < (o) - 2= o o).

2
pn=1

We see that go(p) is an increasing function of p. Since o < 29D~ we find
that

— |R| < go(2°D70) = (29070 — 1) (252970 + 1) .= gy

where z3 = % if d is odd and % if d is even. Thus |R| > k — g;. Since the

a;’s are squarefree, we have by Lemma 8 that

Haz>z4 (k—q1)!

a;€ER

where z4 = 1.6 if d is odd and 2.4 if d is even. Also, we have

[ a| -1 (Hp> [T

a;€ER p<k 2<p<m
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where 7,7, and m are as in Lemma 12. This with (45) and Lemma 1 (iv)
gives

—k
[1 ai < ko ( Il » _1> (2.72305 I pp%) |

a;,€ER 2<p<m 2<p<m

Comparing the lower and upper bounds, we have

-1 k

g1
x>k p2— 47
(& —g1)! o 1 7 N | )

2<p<m 2<p<m

By Lemma 2, we have

1

1

k >k_91+2 eT2k
1

k— g1

e TZ=g)+1

91 k"
(k—q1)!

Since k > kg, we find that g < % for w(d) > 12 where z5 = 37,18 for d
odd and d even, respectively. Thus

_ 91 k+3
(Z4(k 91)> ( k > it w(d) < 11,
2] k! e k— g1
<

(k= gn)! < 2 >k+% <M>gl if w(d) > 12,

z5 — 1 z5e

< z'e IS <

Hence we derive from (47) that

2
klog (7585 Tacyemp™ 7 ) + (k+ ) log(1 — $)

>
g log(k —g1) — 1+ log 24
2 (48)
P
(1.5m(m) — 1) log k + log (zl H2<pgmpp2_1)
- log(k —g1) — 1+ log z
for w(d) <11 and
2,
klog(zigl 59505 11 ppz"’_l)_(m,r(m)_ 1) log k— 1og(¢ iy 11 pp?fl)
2<p<m 2<p<m 49)
91> log k—1+1log z4(z5—1)—log z5 (

for w(d) > 12.
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Let w(d) < 11. Taking m = min(1000, \/kg ) in (48), we observe that
the right hand side of (48) is an increasing function of k& and the inequality
does not hold at k = ko. Hence (48) is not valid for all ¥ > k¢. For instance,
when w(d) = 4, d odd, we have kg = 15700 and ¢g; = 855. With these
values, we see that the right hand side of (48) exceeds 855 at k = 15300,
a contradiction. Hence (48) is not valid for all k£ > 15300.

Let w(d) > 12. Taking m = 1000 in (49), we derive that

0.63104L if d is odd,
log k

g1 > 2
1.183 —— if d is even.
log k
For d odd, we see that
k K0
0.63104 > 0.63104
log k log kg

0.63104 x 11w(d)4*@ 7 o)
= > 49 > g,
w(d)logd +1log1l +logw(d) =~ 2

a contradiction. Similarly, we get a contradiction for d even. O

Lemma 14. Let k > ko = ro(w(d)). Assume that d < 4c;(k — 1)2.
Let Ty = {0 < i < k| X; > 1} defined in Section 2 be such that

ko k 8
S O — it w(d) =2
02+48+ 5+ 3 if w(d) =2,
T >C LRLANYS 2e( if w(d)=3,4,5
|Ty| > Cy = FQ‘FE‘F 3+ 3 if w(d) =3,4,5,
ko k ok
AL it w(d) > 6
o, T2 ot if w(d) 26,

where Cy < 9k3 and C3 = 39,42,195,806 for w(d) = 2,3,4,5, respectively.
Then
1 if w(d) =2,

max A; > 2Co- where Cy = Co(w(d)) = (50)
1€T Cg
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PROOF. We see that for w(d) > 6,

1

> (4der(k — 1)) 5@ > PG

(52)

20 - 2w(d)
where ¢; is given by Proposition 2. Hence there exists a partition d = dyds
of d with
k ith di)>1 d do) <w(d)—1
d1<m with w(dy) >1 and w(dy) <w(d)— 1.
Therefore
v(4;) < 2¢02) < 90—l for 4, > _k
v - "7 202900
by Lemma 4.
Let
= fiem | 4> 208 Ty =T — T
p=<i€T| i>m ) 3 =41 — 19,

where ¢ = 16 if w(d) = 2, ¢ = 4 if w(d) = 3,4,5 and ¢ = 2 if w(d) > 6.

Further let

SQZ{Ai|’i€TQ}, SgZ{Ai|’i€T3}

(53)

and |S3| = s. Then considering residue classes modulo 29, we derive that

2°pk 5
P S o> _
30_2w(d)—£§§{3‘4’—2p(8 1)+1

— k 1
so that |Sg|—8§m—;

(51), (52) and (53) that

k k k 2
< 0 _owld _ 2 ) gw(d)-1
75| < 20 - 2W(d)2 * <6 cow(d) 20 . 2w(d) + 3) 2
k k. k 2 k k k
< — 4 (-2 )otp i@l o 2y & <
_20+<6 20> T3 TR TR

k
9

+1< 362—]2(@ + 2. We see from Corollary 1,
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if w(d) > 6 and

k 2 k 8

g Z)ow@ = 2 ; —

<48,2w(d)+3>2 48+3 if w(d) = 2,
|T3| < k 2 k 2w(d)+1

v 42 ow@ — i —

<12'2w(d) +3>2 12+ 3 if w(d) = 3,4,5.
Therefore
k

ot 0 ifw(d) =2,3,45,
2
|T2| >Cl—|T3‘ 204 = i i

— 4+ —  if w(d) > 6.

o + 1 ] w(d) > 6
Let €, €, be as in Lemma 10 with ¢ = 16 if w(d) = 2, c = 4 if w(d) = 3,4,5
and ¢ = 2 if w(d) > 6. Then Cy < [To] = [Sa| + > 5o (1 — 1)[€,[. Now we
apply Lemma 10 and use k > ro > (2@ ~2)(log 2¢(@)=2)2w(d) (gw(d)=0 _1)
for w(d) > 6 to get

|Sg‘—|—03 if2§w(d)§5,
Sl 4 70 i w(d) > 6.

Thus i

Let w(d) = 2. Then considering the A;’s modulo 2°, we see that

k 2k k
A > 20 | = > 90
A5, = [Cg]+48><4_ Cs

which gives (50). Now we take w(d) > 3. Since d < 4c;(k — 1)2, we have

2
r> [@] by Lemma 6. By (14), we have C% >k > Lo (k- 1)2))§ >
| (%) We now apply Corollary 2 with s = [C% +1jand U =1 to
get
3 k 3_[w@ k
A > Do | B | S 3y
pas Az ] 2 L

which yields (50). O
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4. Proof of Proposition 2

We assume that either n > ci(k — 1)® or d > 4ej(k — 1)2. Then
viai,) < 2w(d)=0 for (0 < ip < k by Lemma 5. Let g be as defined in
the statement of Lemma 13. Then v(a;,) < o. By Lemma 13, there are
at least zo(2¢@ — 1) distinct pairs (i,4) with i > j and a; = a;, where
z=4if d is odd and 2 if d is even. Since there can be at most 2¢(9~¢ — 1
possible partitions of d, by Box principle, there exists a partition (d;,d2)
of d and at least zo pairs of (i, j) with a; = a;, i > j corresponding to this
partition. We write

Let d be odd. Suppose there are at least o distinct pairs (i1, 1), ...,
(ig,Jp)s - - with the corresponding r;(i,j) even. Then |{i,..., iy, j1,...,
Jo}| > 0. Hence we can find 1 <1,m < p with (i1, j;) # (im,Jm), @i, = a;j,,
m = @, and a; # a;,. Now the result follows by Lemma 11. Thus
we may assume that there are at most ¢ — 1 pairs (¢, 5) with r1(4,j) even.
Then there are at least 3p + 1 distinct pairs (4, j) with (7, j) odd. Since
a; = 1,2,3 (mod 4), we can find at least ¢ pairs with a; = a4 (mod 4)
for any two such pairs (i,7), (g,h). Then there exist two distinct pairs
(i,7), (g9,h) with a; = aj, ag = ap, and a; # a4 from these pairs. Also
r1(i,7) = r1(g,h) (mod 2). This gives (4) and (5) by Lemma 11 which is
a contradiction.

Let d be even. We observe that 8 | (mf—x?) and ged(z;—xj, zi+x;) = 2.
We claim that there are at least ¢ pairs with r1(i,j) = r1(g,h) (mod 2)
and r5(i,7) = r2(g,h) (mod 2) for any two such distinct pairs (¢,7) and
(g,h). If the claim is true, then there are two pairs (i,5) # (g,h) with
i>j,9>ha = aj, ag = ap and a; # a4 since v(a;) < o. This implies
(4) and (5) by Lemma 11, contradicting our assumption. Let ords(d) = 1.
Then d; is odd, implying that r1(7,j) is even. We can choose at least o
pairs whose ro’s are of the same parity. Thus the claim is true in this case.
Let orda(d) > 3. Then we have either orda(d;) = 1 implying that all the
r1’s are odd, or orda(de) = 1 implying that all the r9’s are odd. Thus
the claim follows. Finally, let ords(d) = 2. Then 2 || d; and 2 || d2 so
that 1 and ro are of the opposite parity for any pair and hence the claim
holds. (|

7
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5. Proof of Proposition 3

In this section, we assume that k& > kg = kg(w(d)). In view of Propo-
sition 2, we may assume that d < 4c;(k — 1)2. We may also assume that
X, is a prime for each 7 € T} in the proof of Proposition 3. Otherwise
n+ (k—1)d > (k + 1)*, which implies the assertion.

Since d < 4e1(k — 1)2, d has at least one prime divisor < k otherwise
d > k¥ > k2 giving a contradiction. Thus m4(k) < m(k) — 1. Let
n+ (k—1)d > L for some L > 0. By Lemma 3 and Lemma 1 (i), we have

(k—1)log(k —1) k 1.5
T k— — 1 . 4
T3l > log L — log 2 log k +logk (54)

We see from [5] that n(n +d)...(n + (k — 1)d) is divisible by at least
w(2k) — mq(k) > w(2k) — (k) + 1 primes exceeding k. Hence we have
n+ (k—1)d > 4k%. Thus by taking L = 4k? in (54), we get
(k—1)log(k —1) k 1.5
T k— — 1 .
ITil > log(2k?) log k + log k

The right hand side of the above inequality is an increasing function of k

and

ko k 8

Sy - if =2
Ftg T Ot g if w(d) =2,
ko k 1

L if w(d) = 3,

T1| > (55)

LA 20 if w(d) =4
VLR TR R if w(d) = 4,5,
5 ko k

- T i > 6.
48k+12+9 if w(d) > 6

Now we see from Lemma 14 that (50) holds with
(5 ifw(d) =2,
if w(d) = 3,

6
Co =4 2

T ifw(d) =4,5,
5
4

if w(d) > 6.
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This gives n+ (k — 1)d > g—gk?’. Hence (7) is valid for w(d) > 4. Now we
take w(d) = 2,3. Putting L = %k?’ in (54), we derive that

5k k 2w(d)+1

— 4+ — — ifw(d)=2

16+48+Cg+ 3 if w(d) ,

‘Tl‘ > (d)+1

5k k 2%

— 4+ — — if = 3.

24+12+C3+ 3 if w(d) =3
We apply Lemma 14 again to get max;e, 4; > 2515—6k so that n+(k—1)d >
25%14:3, which implies (7). This completes the proof. O
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