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Linear programming with quasi-triangular fuzzy numbers
in the objective function

By ZOLTAN MAKO (Miercurea-Ciuc)

Abstract. This paper continues to develop the approach presented in paper
[12] to the solution concept for fuzzy linear programming problems. The concept
formerly presented is similar to that proposed by J. J. BUCKLEY in [3], although
it is different insofar as the definitions of feasible solutions set and solution set
are using the degree of possibility. The present paper briefly reviews this concept,
followed by a presentation of the direct algorithm for solving linear programming
problems with quasi-triangular fuzzy numbers in the objective function.

1. Introduction

In many practical problems, the quantities may be only uncertainly
estimated. In case quantities are coefficients of linear programming prob-
lems, they may be characterized with fuzzy numbers. A linear program-
ming problem, in which at least one coefficient is a fuzzy number, we call
a fuzzy linear programming problem with fuzzy coefficients.

In practice, when one or more coefficients of the optimization problem
have uncertain values, then the optimal value will be uncertain. In or-
der to reach the a-cut of optimal value we must take an optimal decision.
Although the optimal value is uncertain, the decision must be unambigu-
ous. Therefore, the a-optimal solution set of a fuzzy linear programming
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problem contains vectors of real numbers. The modified joint optimal so-
lution and fuzzy optimal value concepts defined in [12] do comply with the
requirements above presented. These concepts are founded on the joint
optimal solution concept defined by BUCKLEY in [3]. Section 2 presents
the relations between them.

The direct algorithm proposed in Section 3 endeavours to give an
explicit formula according to the « of the a-cut of fuzzy optimal value. This
approach is similar to the algorithm given by PEEVA in [14] for solving the
fuzzy linear system. In Subsections 3.1 and 3.2 we give two particular cases
of fuzzy linear programming problems, where it is possible to determine
the analytical expression of the a-cut of fuzzy optimal value with a direct
algorithm.

The remainder of the Introduction includes definitions, notation and
basic properties to be employed in the rest of this paper.

Let X be a set. The collection of all fuzzy subsets of X will be denoted
by F(X). All our fuzzy sets will be fuzzy subsets of X = R¥, where
k > 1. The set of all fuzzy numbers we denote by N'. We place a bar
over a symbol if it represents a fuzzy set. If A is a fuzzy subset of X,
then p 5(z) represents its membership function evaluated at z € X. The
height of A € F(X) is defined by hgt(A) = supycx p4(x). The support
of A € F(X) is the subset of X given by supp A = {z € X | uz(x) > 0}.
The a-cut of A € F(X) is defined by

(4] = {xeX|pz(x)>a} ifa>0,
cl(supp A) if o =0,

where cl(supp 4) is the closure of the support of A.

A more elegant way for modelling fuzzy linear programming problems
is based on the extension principle by ZADEH [16]. If A and B are fuzzy
subsets of X, then using Zadeh’s extension principle we define the mem-
bership functions of extended addition, substraction and multiplication of
a fuzzy set by a scalar, as follows:

pirp(z) = sup min{pz(t1), pz(t2)},
t1xto=x
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€ .
/LA(E) if ¢ 7& 07
tea(®) = hgt(A) if ¢ =0 and x = 0,
0 if c=0and z # 0,

for all x € X and ¢ € R.

Fuzzy numbers can also be considered as possibility distributions [17].
If A is a fuzzy number and z a real number, then u 4(z) can be interpreted
as the degree of possibility of the statement “z is A”, namely Pos(A=1z) =
pi(x) for all z € R.

Let A and B be fuzzy numbers. The degree of possibility that the
proposition “A is less than or equal to B” is true we denote by Pos(A < B)
and we define it by the extension principle of ZADEH [17] as Pos(A < B) =
D, <, min{ji4(x), s ()}

Let g : [0,1] — [0,00] be a continuous, strictly decreasing function
with the boundary properties g(1) = 0 and lim; ¢ g(t) = go < oco. The
concept of quasi-triangular fuzzy numbers generated by g was introduced
first by M. KovAcs ([10]) and defined as follows:

The set of quasi-triangular fuzzy numbers is

Fy = {A € F(R) | there is a € R, d > 0 such that

palr) = gt~ <|x ; a\) for all z € R}

U{A € F(R) | there is a € R such that
pi(z) = X{qy () for all x € R},

where
1 if t <O,

gty =S g7t) it te[0,9(0)),
0 if t > g(0) = go,

and x4 is the characteristic function of the set A. The elements of F, will
be called quasi-triangular fuzzy numbers (QTF numbers) generated by g
with center A\ and spread d and we will denote them by (), d).
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Proposition 1 ([7]). Let A be a fuzzy number. Let us introduce
the left- and right-hand side functions aj,ay : [0,1] — R U {—00,400}
of its a-cuts, namely ai(a) = min[A]* and as(a) = max[A]*. Then
(1) a1(er) < ag(e) for all a € [0,1]; (ii) a1 Is increasing and ay is decreasing;
(iii) ay is lower semicontinuous and as is upper semicontinuous; (iv) [A]* =
[a1 (@), az(@)]; (v) [A]° = [a1(0), a2(0)].

Proposition 2 ([11]). If (\,d) € F,, then

(A, d)]Y =[N —dg(a),\ +dg(a)] for all « € [0,1]. (1)

2. The modified joint optimal solution of fuzzy linear
programming problem

In this section we consider a fuzzy linear programming problem, and
starting with a joint solution concept we show the idea that led to the modi-
fied joint solution concept, which has been defined in [12]. The propositions
(12), (13) contain relations between these two solution sets.

The fuzzy linear programming problem (FLP problem) is

(2)

Z = ¢x — max (or min),
Az <biiel, >0,

where ¢ = (¢1,¢2,...,6,) is a 1 x n vector of fuzzy numbers, b; are fuzzy
numbers for all i € I = {1,2,...,m}, and 4; = (dG;1,di2,...,6;n) is a
1 x n vector of fuzzy numbers for any i € I.

In the following we review briefly the joint optimal solution concept
and the fuzzy optimal value concept of this problem, which have been
defined by BUCKLEY in [3].

Definition 3. A feasible solutions set is

P(Ab) ={z>0]| Ajx <b; foralliecl}
where we picked a;; € [a;;]®, b; € [b;]* foralli € I, j € J = {1,2,...,n}
and some « in [0,1]. The solution set is
S(A,b,c) ={x € P(A,b) | cx > cy for all y € P(A,b)},

for a;; € [a;;]% b; € [bi]%, ¢; € [¢j]* foralli € I, j € J={1,2,...,n} and
a in [0, 1].



Linear programming with quasi-triangular fuzzy numbers 21

Definition 4. The joint optimal solution X of the problem (2) is a
fuzzy subset of R™ defined by its membership function

px(z) =sup{a € [0,1] | z € Q(a)}
where
Qa) = U{S(A,b,¢) | aij € [aiz]*, b; € [b]%, ¢j € [g]* V)iel, jeJ}.

Now we define the fuzzy set M which will represent the optimal value
of the objective function in the FLP problem (2).

Definition 5. Let
I'(a) ={cz |z € Qa), ¢j € [¢]* for all j € J},

€ [0,1]. M will be a fuzzy subset of the real numbers defined by its
membership function

sup{a € [0,1] | t € T()} if o € (0,1] such that t € T'(«),
g (t) = {

0 otherwise.

Proposition 6 ([3]). If P(A,b) is bounded for all a;; € [a;;]°, b; €
%, i € I, j € J and P(A,b) is non-empty for at least one choice of
aij € [ai;]', b; € [b;]! fori € I, j € J, then M is a fuzzy number.

Proposition 7.

U{P(A,b) | aij € [ai]*, bi € [b;]* foralli € I, j € J}
= P(min[4;]%, max[b]®). (3)

PROOF. Since A;x and b; are fuzzy numbers it follows that

{x >0|Pos(Ajx <b;) >a, Viecl}
—{x>0\m1n[/1 7]® < max[b;]*, Vi € I}
= P(min[4;]", max[p]),

where min[4;]* = (min[a;1]%, min[a;]®, ..., min[a@;,]%),

max[b]® = (max[b;]*, max[hy]%, ..., max[b,,]*).
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If x € {P(Ab) | ai; € [C_Lij]a, b; € [1_71] forall i € I, 57 € J}, then
there are a;; € [a;;]%, b; € [b;]® for all i € I, j € J such that A,z < b;

for all @ € I. Since z > 0 it follows that min[4;]*z < Az < b; <

max[b;]*. Therefore, z € {z > 0 | Pos(A;x < b;) > a, Vi € I}. If
z € {z > 0| Pos(4;z < B;) > «, Vi € I}, then let a;; = min[a;;]* and

b; = max[b;]* for all i € I, j € J. Since min[A4;]*r < max[b;|* it follows

that z € {P(A,b) | aij € [C_Lij]a, b; € [b,] ,foralliel, jeJ}. [l

The equality (3) suggests the idea that we define the feasible solutions
set, the solution set, the modified joint solution and the fuzzy optimal
value of the problem (2) in the following way:

Definition 8. Let o € [0,1]. The a-feasible solutions set of problem
(2) is defined as

Ho(A,b) = {x >0 | Pos(Ajz < b;) > o, Vi € I}

The a-optimal solution set of problem (2) is denoted by S, (A, b, ).
If we are looking for the maximum of the objective function in (2), then
Sa(A, b, ¢) is defined as

Sa(A,b,¢) = {x € Ho(A,b) | Pos(ey < éx) > a, Vy € Ho(A,b)}

and if we are interested in the minimum of the objective function in (2),
then S,(A,b,¢) is defined as

Sa(A,b,¢) = {z € Ho(A,b) | Pos(cr < &y) > a, Yy € Ha(A,D)}.
The fuzzy subset of R™ defined by its membership function
pxg(z) =sup{a € [0,1] | x € S, (4,b,¢)}

is called the modified joint solution of the problem (2) and is denoted by X.
Let

Iy ={cx |z € Su(A,b,¢) and ¢ = (c1,ca,...,¢n),
where ¢; € [¢;]%, Vj=1,...,n},

with 0 < a < 1.
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The fuzzy optimal value of the objective function in problem (2) is a
fuzzy set on R, defined by its membership function

sup{a € [0,1] | t € T} if o € (0,1] such that ¢t € Ty,
) = { @

0 otherwise.

Remark 9. To determine a modified joint solution of problem (2) means
that we determine the fuzzy optimal value of the objective function and
determine at least one element of S, (A, b, c) for all a € [0,1] if So(A4,b,¢)
is nonempty.

Remark 10. 1t follows from the equality (3) that
Ha(A,b) = {x > 0| min[4;]*> < max[b;]®, Vi € I}. (5)

Proposition 11. The sets Hy(A,b), So(A,b,¢) and T, are convex
and closed for any « € [0, 1].

Proor. If a € [0, 1], then

Ha(A,b) = m{x > 0 | min[4;]%r < max[b;]*, Vi € [} and
i=1
Sa(Aa 57 E) =Ha (Aa B)

N {a: >0 | ;max[cj]axj > jz_:lmin[cj]o‘yj, Vy € Hao(A, b)}

Since the sets {z > 0 | min[A4;]% < max[h;]*, Vi € I} are convex and
closed for any i € I, it follows that the intersection of these sets is convex
and closed. Consider the linear programming problem

n
Zmin[éj]ayj — max,
j=1

y € Hao(A,D).

Let 2(a) = max{}_"_; min[e;]%y; | y € Ha(A,b)}. Three cases are possi-
ble:
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1. If Ho(A,b) = 0, then S4(A,b,¢) = (. Therefore S, (A, b,¢) is convex
and closed.

2. If z(a) = +o0, then Sy (A, b, ¢) = 0. Therefore S, (A, b, ¢) is convex and
closed.

3. If z(«) € R, then

Sa(A,b,6) = Ha(A,b) N {l‘ >0 | Zmax[éj]axj > z(a)}.
j=1
Because these sets are convex and closed, it follows that their intersection
too is convex and closed. Since H (A, b) and [¢]* = [¢1]® X [G2]¥ X - - - X [€,]*
are convex and closed it follows that the set [, = {cz | ¢ € [¢]*, Su(4,b,8)}
is convex and closed. O

Proposition 12. If in the FLP problem (2) the coefficients a;; of the
matrix A and the coefficients of the vector b are real numbers, then we
consider that a;; = (a;;,0) and b; = (b;,0) are QTF numbers for all i € I
and j € J. In this case we have Q(a) C S, (A, b,¢) for all a € [0, 1].

Proor. If x € Q(«a), then there exist a;; € [a;;]* = {ai;}, bi € [b;]" =
{b;}, and ¢; € [¢;]* for all i € I, j € J such that A;z < b; and cx > cy
for all y € P(A,b). In this case we have H,(A,b) = P(A,b). Since
x € P(A,b) it follows that 2 € Ho(A,b). For all y € Ho(A,b) = P(A,b)
we get that max[c]®z = Y77 max[¢;]%x; > YU cjzy > DN ciy; >
>~y min[¢;]*y; = min[e]*y. O

Proposition 13. If in the FLP problem (2) the coefficients c; of the
objective function are real numbers, then we consider that ¢; = (c;,0) are
QTF numbers for all j € J. In this case we have S,(A,b,¢) C Q(a) for all
a € [0,1].

PROOF. If z € S,(A,b,¢), then let a;j = mina;;]* and b; = max|b;]*
foralli€ I, j€J. Since v € Ho(A,b) = P(min[A;]*, max[b]*) and cx > cy
for all y € Ha(A,b) = P(min[A;]% max[b]®) it follows that z € Q(a). O

3. The direct solution algorithm

A direct solution algorithm of the FLP problem (2) has the following
steps:
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Step 1. Let ap =0 (or ap = 1) and k := 0.

Step 2. For g the simplex method is used to decide whether or not
there does exist an optimal basis for the associate parametric programming
problem. If an optimal basis exists go to step 4, else go to step 3.

Step 3. Set Su(A,b,¢) =0, Ty, = 0 for a > o (or a < ag). To determine
the membership function of fuzzy optimal value by formula (4) and stop
this algorithm.

Step 4. Let k := k 4+ 1. The optimal basis will be denoted by By, and
we compute an Qumax (Or @uin ) such that By remains an optimal basis in
[0, Omax] (Or in [umin, o]).

Step 5. We determine explicit formulas a = a(«®), b = b(«) and z = z(«)
such that [M]* = [a(a), b(a)] and z(a) € S,(A4,b,¢) for all a € [ag, Amax]
(or @ € [min, 0] )-

Step 6. If aax = 1 (or amin = 0) go to step 3, else put ag = qmax (Or
QQ = amin) and replace the components of the optimal simplex tableau
with new values for the new ag and go to step 2.

As the elements of the simplex tableau of the associate parametric
programming problem are functions of «, any change of o will change the
basis itself, but the structure of the optimal basis (that is the set of the
indices of the basic variables) may remain the same. Since the number of
different structures is finite, the interval [0,1] can be decomposed into a
finite number of subsets S, so that to each Sy there corresponds a given
index-set J,f, that is the structure of the optimal basis if a € Sy.

According to the duality theorem of parametric programming ([13])
the index-set of the dual basic variables corresponding to S; and J,f is
uniquely determined. If the index-set of the dual basic variables is denoted
by JP, then JBNJP =0 and JP UJP = {1,2,...,n+m}. The Sy will
be called the stability region of the basis J,f and it can be determined by
the above algorithm. It follows from the nature of the operations to be
performed when applying the simplex method that Sj is a disconnected
set (in other words Sy, is the union of intervals [, o) ).

The above algorithm differs from the other one (e.g. [1], [2], [3], [5],
[15]) that solves the FLP problem, because this algorithm intends to do
the analytical expression of the left- and the right-hand side of [M]“ if
the coefficients of the problem are QTF numbers. The computational
difficulties of the above algorithm depend on the rank of the matrix A.
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In the following subsections we give two particular cases of FLP prob-
lems, where it is really possible to determine the analytical expression of

the left- and the right-hand side of [M]® with the above algorithm.

3.1. Linear programming problem with quasi-triangular fuzzy
numbers in the vector b. The direct solution algorithm of linear pro-
gramming problems with QTF numbers in the vector b is found in [12].
Such a problem can be formulated as

(6)

Z = cx — max,
A:cgl_), x>0,

where ¢ = (c1,¢2,...,¢p) € R", & = (21,22,...,2,) € R", A= (asj)i=1,..m
_ 7j=1,...n
is a matrix of real numbers and b = ((b1,dy), (b2,d2), ..., (bm,dn)) is a

vector of QTF numbers. In this case we consider that a;; = (a;;,0) and
¢j = (¢4,0) are QTF numbers for all i € I and j € J.
For any « € (0,1] we have

Ha(A,b) = {:c >0| Zaij:cj <b +digla), i= 1,2,...,m};

Jj=1

Sa(A,b,¢) {:c € Ha(AD) [ ) cja; =) ejaf, Val € Ha(A,b)};

j=1 j=1

0 if Su(A,b,c) =0,
0

T, = , _
{xeql?fﬁ,a cx} if Su(A,b,c) #

These properties are consequences of the relation (5).

Proposition 14 ([12]). Let 5 € [0, 1] be the biggest number such that
S5(A,b,¢) # 0 and z(a) = Max,cy (4 cTs for all a € [0,8]. Then the

function z : [0, 8] — R is decreasing, continuous and [M]* = [z(0), z(a)].

3.2. Linear programming problem with quasi-triangular fuzzy
numbers in the objective function. In this subsection, similarly to
problem (6), we present a solution method of linear programming prob-
lems with QTF numbers in the objective function. Such a problem can be
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formulated as
Z = ¢x — max,
(7)

Az <b, x>0,

where ¢ = ((c1,€1), (c2,€2), ..., (cn,ep)) is a given vector of QTF numbers,
A = (aj)i=1,..,m is a given matrix of real numbers, x = (z1,z2,...,2y)

]:1,...,71
and b = (b1, by,...,by) is a given vector of real numbers. In this case, we
consider that @;; = (a;j,0) and b; = (b;,0) are QTF numbers for all i € I
and j € J.

From the relations (5) and (2) it follows that for any a € (0,1] we
have

H(A,b) = Ho(A,b) = {:L‘20|Za,-jxj < b;, i:1,2,...,m},

Jj=1

Sa(A,b,6) = {x € Hao(A,b) | Z(Cj + g(a)e;)z;

j=1
> Z(Cj — gla)ej)z}, Vo' € Ha(A, b)}
j=1

It is easy to see that, if H(A,b) = 0, then S,(A,b,¢) =0 and Ty, = 0.
We further assume that H(A,b) # 0.
We consider the linear programming problem

n

(¢j — ejg(a))z; — max,
jz=:1 (8)

Az < b, x> 0.

There are two cases to be distinguished:

Case A. The optimal solution of (8) does not exist, namely

SUPep(Ab) 2o j=1(Cj — €jg(a))z; = 0o, Then S4(A,b,¢) =0 and T'y, = 0.
Case B. The problem (8) has one or more solutions. The maximum value
of problem (8) is denoted by

z(o) = max (c; —ejg(a))x;.
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In this case we get
Sa(A,b,¢) = {a: € H(A,b) | Z(cj +ejg(a))x; > z(a)}.
j=1

The maximizing solution of the problem (8) is always in S, (A4, b, ¢), con-
sequently T'y, # 0.
Since S,(A4,b,¢) is convex and closed, it follows that

T, =

min, S 7(e; —ejg(e))ej, _ma )Z<cj+ejg<a>>xj]
1

2E€8q(A,b,C) 4 2€8q(A,b,C) 4
Jj=1 Jj=

is an interval. To determine this interval, it is necessary to solve the
following parametric linear programming problems:

( n

Z(Cj —ejg(@))r; — min, Z(Cj +ejg(a))x; — max,

If we denote the optimal values of the problems (9) by zmin(c) and by
Zmax (@) respectively, then 'y, = [Zmin (@), Zmax ()].

Proposition 15. i) If a </, then Sy(A,b,¢) C S,(A,b,¢) and
'y CT,.

ii) If for a € [0,1], So(A,b,¢) # 0, then zmin(a) < zZmax(a).

iii) If for some «g € [0,1], Su,(A,b,¢) # 0, then in the interval [0, ag)]
the function zy,;y, Is increasing and the function zy,.y is decreasing. In this
case we have

if Zmin(ap) = —00, then zpmin(a) = —oo  for all a € [0, ap;

0) = oo, then zpax(a) = 00 for all o € [0, avg];
0) # —oo, then zmin(a) # —oco  for all a € [0, ap;
[0, a]

[0, a]

if Zmax(0) # 00, then zpax(a) # oo for all o € [0, g
[M]* = [zmin(@), Zmax(a)] for all o« € |0, avg].

I
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PROOF. It is well-known from sensitivity analysis in parametric pro-
gramming ([4], [8]) that zmin and zmax vary continuously in the interval
[0, 9] with the parameters of problems (9). The (iii) follows from these
properties. The properties i) and ii) are easy to obtain from the properties
of problems (9). O

The steps of the solution method are: first, we decide whether or not
Sa(A, b, ¢) is empty, by solving the problem (8); after that, we find zy;, and
Zmax, by solving the problems (9); finally, we determine the membership
function of fuzzy optimal value by the formula

sup {a |t € [Zmin(@),2max(@)]}  if t € [2min(0), Zmax (0)],
i (6)= { aco] (10)
0 if t ¢ [2min(0),2max (0)].

3.3. Example. Let g : [0,1] — R4, g(z) = 1 — x be a function. Con-
sider the following linear programming problem with QTF numbers in the
objective function:

z(z) = c1x1 + Caxa + C3x3 + CaT4 + C5T5 — Max,

221 — xy + w3 < 12,

x1 + x4 <5,

2x1 + 2w + w3 — 25 < 20, (11)
T — T — 2x3 + 2x4 — 225 < 10,

—2x1 + 239 — 23 — 24 + x5 < 24,

T1,T2,T3,T4,T5 > 0,

where ¢; = [5,0.5], ¢a = [5,0.5], ¢s = [0,0.5], ¢4 = [—1,0.5], ¢5 = [1,0.5]
are QTF numbers.
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Figure 1. Fuzzy optimal value of problem (11)

We solve this problem using the method presented in Subsection 3.2,
and we get the membership function of fuzzy optimal value:

poz (t)
(0 if ¢ < 75.71,
38257 50
7883 7883
T - (12)
s VAA2I9565 + 3422200+ 1007 i T5.71 < ¢ < 250.65,
4.2939 — 0.012685¢ if 259.65 < ¢ < 338.5,
0 if 338.5 < L.
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