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A characterization of the identity function
with an equation of Hosszu type

By BUI MINH PHONG (Budapest)

Abstract. The functional equation
f R-R, fe+y—ay)+ f(zy) = f(x)+ f(y) forallz,y e R

was first presented by M. Hosszt (1967) and now it is referred to as the Hosszu
equation. The aim of this note is to consider an equation of Hosszi type on the
domain N. We prove that if a completely multiplicative function f satisfies the
equation

flo+a+pq) = fp)+ f(g)+ fpg)

for all primes p, g and f(pg) # 0 for some prime number pg, then f(n) = n for all
positive integers n.

1. Introduction

Let N, R and P denote the set of all positive integers, all real numbers
and all prime numbers, respectively. Let M (M*) be the set of all complex-
valued multiplicative (completely multiplicative) functions.

The functional equation

fiR=R, fle+y—ay)+ fley) = flx) + fly) forallz,yeR (1)
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was first presented by M. Hosszi (1967) and now it is referred to as the
Hosszi equation. It follows from a result of Z. DAROCZY [3] that if f
is a solution of (1), then there exists a function F' : R — R such that

f(x)=F(z)+ f(0) (r € R) and
F(z+y)=F(z)+ F(y), (2)

for all z,y € R. The equation (2) is the Cauchy functional equation
and it is well-known that continuity along with the functional equation
(2) characterizes F in the form F(z) = cx for all x € R, where ¢ is an
arbitrary real number.

In 1992, C. SPIRO [7] considered the equation (2) in the case F' € M
and restricted the domain from R to N. She showed that if a function
F € M satisfying (2) for all primes x and y, then F(n) =n for all n € N.
In [4] the identity function was characterized as the multiplicative function
F for which F(p 4+ n?) = F(p) + F(n?) holds for all primes p and for all
n € N. For other results in this topic we refer to works [1], [2], [5] and [6].

The aim of this note is to consider an equation of Hosszi type on the
domain N. We prove the following

Theorem 1. If the function f € M* satisfies the equation

flp+aq+pq)=fp)+ flq)+ f(pg) forall p,qeP (3)

and
f(po) #0 for some prime py, (4)

then f(n) =n for all n € N.

2. Lemmas
The proof of our theorem is based on Lemmas 1-2.

Lemma 1. If f € M* satisfies (3) and (4), then f(2) # 0.

PRrOOF. In order to prove Lemma 1, we proceed by contradiction.
Assume that f(2) = 0.
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Let
Po:={peP|flp)=0} and Pi:={peP]|f(p)#0}
We note from our assumptions that
if pe Py then f(p+2) = f(p) + 2. (5)
Indeed, using (3) and the fact that f € M*, we have

f) fp+2)=flp+p+p>) =fo)+f®)+ f0)* = fp)If(p) + 2],

from which (5) follows immediately.
We now prove that

{peP|p<23} CPo. (6)

By the assumption f(2) = 0 and by (3), we have

fBp+2)=f(p) forallpeP. (7)
Repeated use of (7) gives f(7) = f(23), f(5) = f(17) = f(53) = f(161) =
FMF23) = f(7)?, F(3) = f(11) = f(35) = fF(5)f(7) = f(7)°, f(13) =
fA1) = f(125) = f(5)* and f(19) = f(59) = f(179) = f(539) =

f(D2f(11). If f£(7) # 0, then f(3)f(5) # 0, and so one can deduce from
(5) that (1)° = £(3) = (5) —2 = J(1)° — 2, f(77 = f(5) = F(T) -2,
which is impossible.

We must therefore have that {p € P | p < 23} C Py and the proof of
(6) is completed.

From (4) we have py € P1, P1 # 0. If 2 € Py, then we are done.
Otherwise, let T := min Py, i.e.

T is a prime such that f(7) #0 and f(n) =0 foralll<n<T. (8)

We prove the following assertions:

|f(m)] > 2 forall T € Py, (10)
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and
3T +3"—1ePy, fB3"T+3"—1)=-2 forallneN. (11)
Since f(T') # 0, we get from (5) that f(T) = f(T'+2) — 2 and (9) is
true if f(T'+2)=0. If f(T+2)#0,then T+2 € P, T =2 (mod 3),

therefore f(T +4) = f(3)f(1f) = 0. Hence it follows from (5) that
f(T+2)=fT+4)—2=-2, f(T)= f(T'+2) — 2= —4. In this case

T-(T+3)+T+2=7-(2+3)+2+2=39=0 (mod 3),

consequently we infer from (3) and (6) that

f(?-(T+3)+T+2):f(3)f<7'(T+33)+T+2> —0

and

f(T-(T+3)+T+2)=f(T)+ f(T+2)+ f(7-(T+2))

which are impossible. Thus f(7 4 2) = 0, and (9) is proved.

By (9), we have |f(T)| = 2. Assume that ¢ € Py, f(q) # 0 and (10) is
true for all # € P1, m < q. Since q € Py, f(q) # 0, we get from (5) that
fl@)=flg+2)—2=-2if f(¢g+2) =0. Assume that f(q+2) # 0 and
q+2¢P. Then

(o7
ro

g+2=mi"-m

where m < ... < 7w < q, m € P (i = 1,...,r) and ay,...,q, are
non-negative integers with aq + - -+ + a;,. > 2. Therefore we have

f@l=1fla+2)=2[ =2 [f(g+2)] -2 220" —2>2,
Assume now that f(¢g+2) # 0 and ¢+ 2 € P. Then 3| ¢+ 4 and

q+4

@I =1 +2 -2 = g+ -4 = |ror (T2) -1 =1

The proof of (10) is finished. O



A characterization of the identity function with an equation. .. 223

Now we prove (11). By (7), we have —2 = f(T') = f(3T 4+ 2) and so
(11) holds for n = 1. Assume that —2 = f(T) = f(3"T 4+ 3" — 1) with
somen € N, n>1and 3"T + 3" —1 € P, i.e. (11) is true for n. Then by
(5), (7) and (9) we have

-2 = f(T) = f(3”T + 30— 1) _ f(3n+lT—|— gntl _ 1).

Assume that Q11 := 3" "7 + 3"*! — 1 ¢ P. Then

(o749

Qni1 =m0t ool (w1 € Pr),

where a4, ..., q, are non-negative integers, a; + --- + «, > 2. This con-
tradicts (10), because

2= |f(Que)l = [f()]--- | f(mpr)] = 200 F0r > 4,

Thus we have Q1 = 3" T + 3! — 1 € P and so (11) is proved.

Now we complete the proof of Lemma 1. If 7" — 2 has a prime divisor
m # 3, then

32T 4372 -1=3"1-1=0 (mod 7).

This contradicts (11), since 3" 2T +3™ 2 —-1€ P and 37! —1 > 7.
IfT—-2=3" meN, then (T"+1,11) = (3™ + 3,11) = 1. Hence we
can choose a prime p < 23 such that

p+T+pI'=(T+1p+T=0 (mod11).

Indeed, since {T'+1=3"+3 (mod 11)} = {4,6,1,8,7}, we can choose p
as p=2,23,11,17,7, respectively. Thus we infer from (6) that

0= fa1)f <1#>

=fp+T+pT)=fp)+ f(T)+ f(p)f(T) = f(T) = -2,

which is a contradiction.
Hence we must have f(2) # 0, and Lemma 1 is proved.

Lemma 2. If f € M* satisfies (3) and (4), then f(n) = n for all
ne{l,23,...,31}.
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PROOF. By using Lemma 1 and (5), we have
F(2)* = £(2) +2.
Thus, we have either f(2) = —1 or f(2) = 2. If f(2) = —1, then repeated
use of (3), (5) and (6) gives F(11) = £(2) + F(3) + F(2)/(3) = 1, f(53) =
F@) + F(7) + F2)F(07) = 1 and f(3)f(11) = F(35) = F(53) +2 = 1
Therefore we have f(5) = —1, f(7) = f(5)+2=1and f(9) = f(7)+2 = 3.
The last relation shows that f(3) # 0 and so f(3) = f(5) —2 = —3, which
contradicts to f(9) = f(3)? = 3. We must therefore have that f(2) =

We note that f(2) = 2 implies f(3)f(5) # 0. Indeed, if f(3) = 0,
then we infer from (3) and (5) that f(11) = f(2) + f(3) + f(2)f(3) = 2,
F(13) = f(11) + 2 = 4 and f(15) = f(13) + 2 = 6. This is impossible,
because f(15) = f(3)f(5) = 0. Now assume that f(3) # 0 and f(5) =
Then we get from (3) and (5) that f(3) = —2, f(11) = f(2) + f(3) +
f2)f(3) = —4. Hence 0 = f(35) = f(2) + f(11) + f2)£(11) = 10,
which is a contradiction.

Since f(3) # 0 and f(5) # 0, we have f(5) = f(3) +2, f(7) =
76)+2 = 8) 4, F01) = 2) + 1)+ JQID = 57(3) +2 ana
f(35) = f(2)+ f(11) + f(2)f(11) = 3f(11) + 2 = 9f(3) + 8. These imply
that

9f(3) +8=(f(3) +2)(f(3) +4) = f(3)* +6/(3) +8

Therefore we get by using the fact f(3) # 0 that f(3) = 3, consequently

f(B) =5, f(7) = f(5)+2 =17, f(11) = 3f(3) + 2 = 11, and f(13) =

FA1) +2=13, f17) = f(2+5+2-5) = 17, £(19) = f(17) +2 = 19 and

F(23) = f(24+7+2-7) =23,

Finally, we infer from (3) and (5) that
717 = F(7)F(17) = F(119) = F(3+ 29 + 3 - 29) = 4£(29) + 3,

consequently f(29) =29 and f(31) = f(29) + 2 = 31. Lemma 2 is proved.

]

3. The proof of the theorem

Assume that f(n) = n for all positive integers n < N. By Lemma 2
we may suppose that N > 37. We shall prove that f(N) = N, which
proves our theorem.
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If N ¢ P, then it is obvious from our assumption that f(N) = N.
Assume that N € P.

Case I: f(N) # 0. Since N € P and f(N) # 0, we have by (5) that
f(N +2) = f(N)+ 2, consequently f(N) =N if N +2¢P.

Assume that N +2 € P and f(N + 2) # 0. Then N = 2 (mod 3),
therefore from (5) we get f(N+2) = f(N+4)—-2=N+4—-2=N + 2,
which implies f(N) = N.

Assume now that N +2 € P and f(N 4 2) = 0. In this case we have
N =2 (mod 3) and f(N)= —2. Hence

FIN+3)p+N+2]=flp+ (N+2)+pN+2)]) = f(p)

holds for all primes p. This with p = 7 gives

8N + 23 7
fQ—?—>:§

Therefore, by using the facts (8N +23,2) = 1, N > 37, we have Q :=
SNT”?’ € P. This implies that

7 13

fR+2)=f@+2=5+2=~+,

consequently @ +2 € P and @ =2 (mod 3). This is impossible, because

FQ+4) =3f <Q;—4> _3f <8N;35> :8N;35
and 19
fQ+4) = FQ+2)+2= .

Case II: f(N) = 0. In this case we have
FIN+Dp+ N =flp+N+pN)=f(p)
holds for all primes p. Hence
fBN+2)=f(2) =2,

which shows that 3N +2 € P and f(3N +4) = f(3N +2) +2 = 4. Hence
we infer that 3N +4 € P and

FBN+6)=f(3N+4)+2)=6  and
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FBN +6) = f(3)f(IN+2) =3f(N+2).

Thus we have f(N+2) =2, N+2 € Pand f(N+4) = f(N+2)+2=4.
This is impossible, because N, N + 2 € P imply that 3 | N + 4 and

N +4 N +4

N +4) = 1(3)f (T) _3. (T> N4

Hence the theorem is proved.
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