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Hybrid mean value on the difference between a quadratic
residue and its inverse modulo p

By LIU HUANING (Xi’an) and ZHANG WENPENG (Xi’an)

Abstract. The main purpose of this paper is using the generalized Bernoulli
numbers, Gauss sums and the mean value theorems of Dirichlet L-functions to
study the asymptotic property of the difference between a quadratic residue and
its inverse modulo p (a prime), and give an interesting hybrid mean value formula.

1. Introduction

Let ¢ > 2 and ¢ are two integers with (¢,q) = 1. For each integer
1 < a < g with (a,q) = 1, we know that there exists one and only one
integer 1 < b < g with (b, q) = 1 such that ab = ¢ mod ¢. Let

q q
/ /
M(q,k,c) = E (a —b)?
a=1 b=1
ab=c mod gq

q

where Y denotes the summation over all a such that (a,q) = 1. In [3], the
a=1

second author used the estimates for Kloosterman sums and trigonometric

sums to obtain a sharp asymptotic formula for M (q, k,c), and prove the
following:
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Proposition 1. Let ¢ > 2 and ¢ are two integers with (c,q) = 1.
Then for any positive integer k, we have the asymptotic formula

1

M(g; k) = 2k + 1)k + 1)

o(q)q** + 0 (4’“61%7“612(61) In? Q) ,

where ¢(q) is the Euler function, and d(q) is the divisor function.

The error term in Proposition 1 is the best possible. In fact for k = 1,
let

M((Llc) q + QH]-_ +FQ717C)
pla
where ]_[p| g denotes the product over all distinct prime divisors of g. The

second author [5] used the properties of Dedekind sums and Cochrane sums
to give a sharp mean value formula for F(q, 1,c). That is the following:

Proposition 2. For any integer q > 2, we have the asymptotic for-
mula

(p+1)3 1

, 5 )~ pFaT 4Ingq
20 1. 0) = 2 3g? P<P+— o(q¢°
> Fa10) = 0’6 (0) Iy % O \ing) )

c=1 p*|lq

LS

where [ |
g

Now we consider the difference between a quadratic residue and its
inverse modulo ¢g. Let

e llq denotes the product over all prime divisors of ¢ with p®|q and

q q
/ /
N(%kac) :Z Z (a_b)2ka
) b
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where 2 is the quadratic character modulo gq.
It is interesting that there exists some relation between E(q, k, ¢) and
the classical Kloosterman sums

q
K (. n: q) Z <ma+na>7

where e(y) = e*™¥, @ is defined by the equation a@ = 1 mod ¢q. In this
paper, we use the generalized Bernoulli numbers, Gauss sums and the

mean Value theorems of Dirichlet L-functions to study the hybrid mean
—1

value of Z E(p,k,c)K(c,1;p), and give an interesting asymptotic formula.

CGA
That is, we shall prove the following:

Theorem 1. For any prime p > 5 and integer k > 1, we have the
following:

ZEp,k ¢)K (e, 1;p)

CGA
k,
2%k—2 21 om—1p20-1
(O C’ n(2m —1)I(21 — 1)!
op2h+2
Z Cak Z Z n+m+l(2ﬂ-)2m+2l
m=1 [=1
2k—1 [nfl} [Qkfnfl 9
C2mCZ (2m)!(21)! 3
2k+2 2k—n ok+3 1+
Z Ok Z Z —1)nrml () 2m 22 +0(p™ ),
1=0
where C]" = W—'m)' is the combinatorial number, € is any fixed positive

number, and [y| denotes the greatest integer not more than y.

For general integers ¢ > 5 and k£ > 1, whether there exists an asymp-

totic formula for
q

Z (q,k,c)K(c,1;q)

is an open problem.
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2. Some lemmas

To complete the proof of Theorem 1, we need the following lemmas.

Lemma 1. Let g be a positive integer, then for any character xy mod-
ulo ¢ we have

q
1 1
ZY(C)K(Q Liq) = 572(@ + 57'2(@(2),
feh
where T(x) = Y.4_, x(a)e(g) is the Gauss sum.

PrOOF. Noting that (see Lemma 2 of [6])

q
S X(OK (e 1) = T2(R),

(o)
=

so we have

c=1 c=1
ceA
1
= 572(@ + 572(@(2)-
This proves Lemma, 1. ]

Lemma 2. Let integers q > 2 and n > 0, then for any primitive
character x modulo q we have

(3] om—1 _
Cem=H(2m — 1)IL(2m,X)
2q" n f -1)=1;
q q T(X) et (_1)m+1(2ﬂ_)2m , 1 X( ) )
Zanx(a) = [nfl]
a=1 . < C2"(2m)IL(2m + 1,%) ,
2¢"7(x) Z (C1)mH (2m)2m+l if x(=1) = -1,
m=0

where L(s, x) is the Dirichlet L-function corresponding to x.
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ProoF. Usually, the generalized Bernoulli numbers By, , are defined
as following;:

q t 00

te® Biex 1k
>_x@) gy = 2 it
a=1 k=0

Let
n
By () = Z CﬁBk,xxn_kv
k=0

then from [1] we know that

q
1
Z&nx(a) = (Brt1,x(9) — Bnt1,x(0))
a=1
. (1)
=1 Z C§+1Bk,an+l_k'
k=0

For x(—1) =1, from (1) we have

|3

q [
1 -
Za"x(a) = CngB2m,an+1 m (2)

a=1 m=1

Noting that (see [1])

o m+17_ — T 2m
L(Qm,Y) = % <27> BQm,x (3)

for any positive integer m, so from (2) and (3) we have

|3

‘ 2L c2m=1 (9 — 1)1 (2m, )

> a"x(a) =2¢"7(x) —— ,ifx(=1) =1.
a=1 m=1 (_1)m (27T) "
For x(—1) = —1, it follows from (1) that
q 1 [254]
> a'x(a) = Biyg" + T > Ot Bamsrng™ ™ (4)

a=1 m=1
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Noting that (see [1]) _ _
By, — TOILLX) (5)

™

and for any positive integer m,

(1) (v T 2m+1
L(2m + 1,%) = w <27> B2m+1,xa (6)

now combining (4), (5) and (6) we have

q [254]

2m (9m))! m X
S at(a) = 20 (0) 3 C”(_%ml'f(gry;ﬁf), if x(—1) = 1.

a=1 m=0
This completes the proof of Lemma 2. O

Lemma 3. Let q and r be integers with ¢ > 2 and (r,q) = 1, x be a
Dirichlet character modulo q. Then we have the identities

S xm= Y w(d)e@

x mod g d|(g,r—1)
and g
J(q)=> () (3> :
dlq
where Z; mod ¢ denotes the summation over all primitive characters mod-

ulo q, p(n) is the Mobius function and J(q) denotes the number of primitive
characters mod q.

PRrROOF. This is Lemma 3 of [4]. O

Lemma 4. Let g be any integer with ¢ > 2, and u,v > 1 be real
numbers. Then we have

U > swniey) =12 o)
x(=1)=1
* A C)) ¢
(IT) Y. LwXLEX)=—=-+0().

x(=1)=-1
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PROOF. We only prove (II), since similarly we can deduce (I). For
any non-principal character x modulo ¢, and parameter N > ¢, applying
Abel’s identity we have

5 N 50 3 ey ()
_ xX\n xX\n N<n<y X\
L(u,X) = 'r(z“) = 75“) +u ZN<nsy 2V 7 ujryl dy
n=1 1<n<N N Yy
x qlogq
- > W0 (Vi) )
1<n<N

Let oa(n) =34, d". For (a,q) =1, by Lemma 3 we have

S @ =g X - x-D@ =5 ¥ @y X x-a)

x(—=1)=-1 x mod ¢ x mod q x mod ¢
_1 q 1 q
=3 2 w(B)ed-5 X u(d)o.
d|(q,a—1) d|(q,a+1)
Therefore
> L(u,X)L(v,X)
x(—1)=-1
5 ( § X, (flogQ>>< X(m) <wogq>>
x(—1)=—1 \ 1<n<N nt N 1<m<N me N
2, 2
. X(n)x(m) q2 log” q
- Yy y T o)
n“m” N
x(—=1)=—11<n<N 1<m<N
_ ou—v(k) . g2 log q
1<k<N?2 (—D)=—1
1 ou—v(k) q
=5 2 T X u(g)e@
1<k<NZ2 d|(¢q,k—1)
(k,q):l
1 ou—v(k) q g2 log?q
5 X T X “(3)¢(d)+0< N
1<k<N? d|(g,k+1)
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s e()en T

dlq 1<k<N2
(k,q)=1
k=1 mod d
1 q Tu—v (k) g2 log?q
—zen(g)e@ X mEE+o (T)
dlq 1<k<N?2
(k,q):l
k=—1 mod d
2 (ld+ 1)»
da iR
3
Ou—n(ld—1) qz log?q
O d _ Ol ————
ro(Tew ¥ 2liel) ot
da it
J(q) 2 log?
=40 (7(1 g q) +O(NY).
N
Now taking N = q% in above, we immediately get
* _ _ J(q .
> L(w,X)L(v,X) = —(2 ) + O(q%).
x(—1)=-1
This proves Lemma, 4. ]

Lemma 5. Let ¢ be an odd prime power and let F' be the field GF(q).
Let f(y) be a non-constant polynomial over F' which decomposes into the
product of m distinct linear factors. Then, for the quadratic character Y,

< (m—1)¢2.

> x(f(w)

yeF

PrROOF. This is the well-known estimate for character sums, due to
WELL [2]. O

Lemma 6. Let prime p > 5, u,v > 1 be real numbers, xo be the
quadratic character modulo p. Then we have

(1) S P2(xe) T (0 L(u, X)L(v, X) < pt;

XFX0
x(=1)=1
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(1) > PR (0L X)L, X) < pite.
x(=1)=-1

PRrROOF. We only prove (II), since similarly we can deduce (I). From
the properties of Gauss sums we have

p—1 p—1

T(x2)7(x) = ) X(@)xz(a)e <%> b=1 e <§>

a=1

- é e (%) bzl e (%)

1 p—1
= a)e a1 +?)
—wa);m()( =)

b=1

therefore
p—1 p—1

T (0x2) 7 (x) = 72 (x2) D x(@)xa(1 +a) > x(b)x2(1+b)
a=1 b=1

p—1

p—1
=72(x2) D x(0) D x2(1 + a)xa(1 + ba).
b=1

a=1

Noting that for (ab, p) = 1, by the orthogonality relations for character
sums modulo p we have

1
5(])—1), ifa=b mod p;
Z x(a)x(b) = —l(p —1), ifa=-b mod p; (8)
x(—1)=-1 2
0, otherwise.

Then for parameter N > p, by (7) and (8) we get

Y )T (0L, X) L(v, X)
x(—1)=-1
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X p2 log”p
- 3 Ao zznumvo(N)
x(—1)=—1 1<n<N 1<m<N
o p 1p—1
=7 (x2) Y, — ol ZZXz (I+a)xa(l+ba) Y x(b)xk)
1<k<N?2 b=1 a=1 (=D)=—1
Moo
p2log”p
ol —=—
72 -1 oo (k) 2L 2L
— (X?)z(p ) Z U 1;( ) X2(1 i CL)XQ(]. i ba)
1<k<N? b=1 a=1
(k,p)=1 b=k mod p
2 p—1 p—1
T -1 o k _
(X2)2(p ) Z u 1;( ) X2(1 + CL)XQ(]. T ba)
1<k<N?2 b=1 a=1
(k,p)=1 b=—k mod p

oo
p2 log”p
+0< o

) |

On the other hand, by Lemma 5 we can get

p—1
ng (I+a)x2(l+ba) = ng )x2(1+ a)x2(1 + ba)
a=1
p—l .
= ng(a)xg(a2 +ab+a+b) < p2.
a=1
So we have
Z T2(YX2)72(X)L(U7Y)L(’U7Y)
x(=1)=-1
7 T 2
5 ou—v(k) prlog’p _ s . pzlog’p
<pE Y, AT <N
1<k<N?
Now taking N = p in above, we immediately get
24e
> P(Rx2)T () L(u, X) L(v, X) < p2
x(=1)=-1
This completes the proof of Lemma 6.
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Lemma 7. Let prime p > 2, u,v > 1 be real numbers, x2 be the
quadratic character modulo p. Then we have

(I) Z ()7 (0x2) L(w, X) L(v, Xx2) < p2 T
XFX0
x(—1)=1

(T S @) (oe) L, X)L(v, Xxe) < p2Fe.
X(—l):—]_

PRrROOF. We only prove (II), since similarly we can deduce (I). From
the properties of Gauss sums we have

rDrbo) = 3 xa)e (%) )

Let 7a(n) = > 4, X2(d)d®. Then for N > p, by (7) and (8) we get

> 707 (xx2) L(u, X) L(v, Xx2)

x(=1)=-1
5
- X(n)x(m)x2(m) p2 log?p
= Y o) Y Y AR 0|
X(—1)=—1 1<n<N 1<m<N nom N
U—v k vl glO 2
o) ¥ 2B oy Y x(bmkwo(%)
1<k<N?2 b=1 x(=D=—1
T -1 Tu—n(k p-1
= (Xz)(Zp D > u( ) x2(b)x2(1 +b)
1<k<N?2 _b=1
(k,p)=1 b=k mod p
-1 u—v k vl él 2
S DL SR
1<k<N? b=1
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5 5

3 Tu—v(k) p2 10g2p 3¢ D2 10g2p

<L p2 E + <K pIN ++—2~—.
L <koN? kv N N

Now taking N = p in above, we immediately get
— _ _ 3
> T 00xe) Lu, X) L(v, Xxz) < p2 .
x(—1)=-1

This proves Lemma 7. O

3. Proof of Theorem 1

In this section, we complete the proof of Theorem 1. For any prime
p > 5 and integer k > 1, from the definition of N(p, k, c) we have

p—1 p—1
N(p,k,c) = Z (a — by
a=1l b=1
a€EA beA
ab=c mod p
=12 2 (L xe@) +xe®) (@ - b)*
l;lb:ElC rgjdlp
1 p—1 p—1 . p—1 p—1
=1 Z (a —b)% + 5 xa(b)(a — b)2*
el a=1 b=1
ab=c mod p ab=c mod p
1 p—1 p—1
+72 > xala)xa(®)a—b)*
a=1 b=1
ab=c mod p
1 plp-l 1 p—1 p—1 N
= (a — D)%% + o (b) (a —b)
2(p—1) =1 b1 (p—1) p i
1 p—1 p—1 )
3oy 2 YO P x(@x®)a by
X7X0 a=1 b=1
! SES 2%
T 2 X (@) x(B)x2(b) (a —b)
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That is,
1 p—l p—1
E(p,k,C): 2 X a’_b)gk

(p=1) X#Xo a=1 b=1

1 p—l p—1 o

—_ —b)™".

R ZZ x(a b) (a —b)
X*#Xo0 ‘lzl b=1

Then from Lemma 1 we have

p—1

ZE .k, ) K(c, 1;p)

=1
CGA

1 3 [72@) L o)

2p—1) XFX0

1
TAp-1) X%ﬂ 7*(X) Z_: > x(a@)x(b) (a —b)*

p—1p—1

1 —
+ m X%O 72 (XXZ) Z Z X(G)X(b) (a _ b)2k

a=1b=1

1 p—1p—1
+o—— > T X(@)xx2(b) (a — b)**
X*#X0 a=1b=1
=0 + Q9 + Q3. (9)

Noting that J(p) = p — 2, every non-principal character x modulo p is
a primitive character mod p, and

p—1 p—1
ZX(G) :07 le#XOa ZGX(G) :07 if X(_l) = 1a
a=1 a=1
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then by Lemma 2 and Lemma 4 we have

2k—2 p—1 p—1
1 — n n n —n
0= i ¥R Y ) [za x<a>] [z o x<b>]
b X#X0 n=2 a=1 b=1
x(—1)
1 2k—1 p—1 p—1
2(— n 2k— n
X(— ):—1 n=1 a=1
e 2%—2 (3] (22
;2 ZCsz >
x#xa n=2 =1 I=1
x( 1=

C2m=102 7L (2m — 1)1(20 — 1)IL(2m, X)L(2L,X)
(_ 1)n+m+l (27T)2m+2l

X

942 ok—1 [P [EE

_(];_1) Z ZC%Z Z

— :—1n 1

Cgmcg,g_n(zm)!(zl)!L(zm +1,%) L2+ 1,%)
X (_1)n+m+l(2ﬂ-)2m+2l+2

n 2k—n

2k—2 (5] [73 2m—12l-1
C; C’ n(2m —1)!(2] - 1)!
_ 9, 2k+2 n 2k—
2p Z Con Z —1)ntmtl(2)2m+2

n=2 m=1 [=1

2%—1 [252] [(ZE=p=t 9
C’ mC2l (2m)!(21)!
2k+2 n 2k—n
Z Cox Z 1)ntm+l( 27 ) 2m+21+2
1=0

+ O(p2k+1+€). (10)

Similarly, from Lemma 2 and Lemma 6 we also have

1 2k—2 p—1 p—1
Q=—— Y ) Y CREDT Y amx(a)| | Db ()
4(p 1) (X?é))(O n=2 a=1 b=1
x(—=1)=1
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1 2k—1

p—1 p—1
T Y TRx) Y OB Y atx(a)| | Y b (D)
4(]9 1) 1 n=1 a=1 b=1

o o & CFmieZL (om —1)1(20 - 1))
- ~ Ko ( 1)n+m+l(2ﬂ-)2m+2l

C2me2 (2m))(20)!
_ +m-1 2m+-20+4-2
n=1 m=0 =0 ( 1)” " (27T) "

X ), TR (0Lem+ LRI+ 1Y)

<<p2k:+%+€' (11)

Now we calculate Q3. If p = 1 mod 4, then x2(—1) = 1. So from

Lemma 2 and Lemma 7 we have

2k—2
1

p—1 rp—1
2 — 1) Z 7(X) Z Cop(—1)" [Z a"X(a)] Zb%_"xxg(b)]
n=2 a=1

Q3 =

X2#x0 Lb=1
x(=1)=1

2k—1
1

p—1
* 2(p—1) Z 7-2(%) Z O (= [Z(I x(a [Z bzk_nXXQ(b)]

x(=1)=-1 n=1 b=1

oy % 5] F 22 cam-10201 (90— 1y1021 — 1)1

o = = ( 1)n+m+l(2ﬂ-)2m+2l

n—1712k—n—1
e gil on & i: G Ok (2m)'(2D)!
— 2k = = (—1)ntm+l (2 )2m+21+2
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x Y T()T0oe) L2m + 1,X) L(2L + 1, Xx2)
x(—1)=-1

< pPhtite, (12)

On the other hand, if p = 3 mod 4, then x2(—1) = —1. By Lemma 2 and
Lemma 7 we also have

2k—2 p—1 p—1
1 —-n
Q3 = Z TQ(Y)ZC%(—U” Za”x(a) Zb% xx2(b)
2(p—1) = = —
XFEX0 n=2 a=1 b=1
x(=1)
1 2k—1 p—1 p—1
+ Yo T ) Ca(-1)” Zanx Zb% "xxa(b)
2(p—1) —
XFX n=1
x(=1)=-1
n 2k—n—1
g X2 ANE iy em - D!
- (p—1) ~ 2k’m:1 — (—1)nml (2 ) 2mt21+1
x Y ()T (ex2) L(2m, X)L(2L + 1, Xx2)
XFX0
x(=1)=1

n—1 2k7
gt 2 I cimedi (2m)t 2t - 1)
p :

n (p—1) o 2 1)ntm+l (20 ) 2m 2041

m

3
x> T(TO0e)LEm + LX)LELYxe) < pFrate (13)
XF#X2
x(—=1)=-1

Now combining formulae (9)-(13), we immediately get Theorem 1.
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