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On point modules

By LANCE W. SMALL (San Diego) and EFIM 1. ZELMANOV (San Diego)

In memory of Edith Szabo

Abstract. We prove that (1) a free associative algebra has a faithful point
module; (2) a graded algebra A = F14+ Ay +... over a field F, |F| > n, generated
by the subspace A; and having the subspace A; nil of degree < n, does not have
point modules. As a corollary we show that the polynomial algebra over the Lie
algebra of the Grigorchuk group is not graded nil.

Let A =)"°, A; be a graded associative algebra over a ground field F;
dimp A; < oo; A;A; € Ajyj; i, 7 > 1. A graded (right) module V' =
>oo20 Vi is called a point module if
(1) dimp V; =1 for all ¢ > 0;

(2) V is generated by V.
Point modules naturally appear in the context of noncommutative projec-
tive algebraic geometry (see [ATV1], [ATV2]).

In this paper we make the following observations.

Proposition 1. A free associative algebra F(x1,...,Ty,) of finite rank
has a faithful point module.
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We say that a subspace S of an associative algebra is nil of degree < n
if for an arbitrary element a € .S we have a" = 0.

Proposition 2. Let A = Y A; be a graded associative algebra gen-
erated by Ay. Suppose that the subspace Ay of A is nil of degree < n and
the ground field F' contains more than n elements. Then A does not have
graded modules, V. = Y V;, such that dimpVp= ... =dimpV, =1,
V = VWyA. In particular, A does not have point modules.

Proposition 2 has some implications for scalar extensions of the Lie
algebra of the GRIGORCHUK group, (see [G]).

PrOOF OF THE PROPOSITION 1. Choose an infinite word
W = X Ti, ... in the alphabet X = {x1,...,2,,} such that every (finite)
word occurs as a subword of w. Let R be the right ideal of F/(X) which is
generated by all words xj, ...z, u > 1, such that x;, ...x; # 2 ... 2.
It is clear, that the right F'(X)-module V = F/(X)/R in a point module.

Let us show that the module V is faithful. Suppose that V (3, apwy)=
(0), where 0 # oy € F, and wy are distinct words in X. Without loss of
generality, we will assume that all the words w; have the same length.

By our assumption w; is a subword of w,w = wz; ...x;,wi.... Now
(@iy ... x4, + R)(Zk akwk) = oy (zj, ... x;,w1 + R) # 0, a contradiction.
Proposition 1 is proved. ]

PROOF OF PROPOSITION 2. Let V = ", V; be a graded module
over A, 0 # vy € Vo, V = vgA, the subspace A; of A is nil of degree < n
and dimp Vp =--- =dimp V,, = 1.

Choose a basis aq,...,a,, in A;. For every k = 1,...,n, let i, =
min{: | 1 <i<m, Via; # (0)}. Then V,, = Voa,, ...a;

We say that two words wi, wy in the alphabet {x1,...,x,,} have the

n*

same composition if each letter x; occurs the same number of times in w;
and ws.
If a word xj, ... xj, has the same composition as x;, ...x;,, but z;, ...
Zj, # Tiy .- Ti,, then voaj, ... aj, = 0. Indeed, there exists k, 1 < k < n,
such that ji < ix. Then voay, ...aj C Vi_1a4, = (0), by minimality of .
For arbitrary coefficients aq,...,a,, € F we have
(1a1+- - -+ amam)™ = 0. Since the field F' contains more than n elements
it follows that every homogeneous (in each «;) component of (aja; +---+
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Q)" is equal to zero. Hence for an arbitrary word w in x1,..., 2, of
length n
w(ay,...,an) = =2v(ay,...,a,),

where a € F; all words v on the right hand side have the same com-
position as w but v # w. Applying this to the word z;, ...x;, we get
Voai, ... a;, = (0), a contradiction. Proposition 2 is proved. O

In [G] R. I. GRIGORCHUK constructed a remarkable 2-generated p-
group with intermediate word growth. We recall the definition of a Zassen-
haus filtration of a group G. Let k, = Z/pZ and let k,G be the group alge-
bra, with the augmentation ideal w :{ > g, i€ kp, G, Y o= 0}.
The filtration G; ={g € G|1—g e w'}, G=G; > Gy > ... is called the
Zassenhaus filtration of G.

The direct sum of vector spaces

L=EPGi/Gin
i>1
is a Lie algebra over the field k), via the bracket [a;Git1,b;Gj4+1] = (as, b))
Gitji1,ai € Gi, by € G and (a5, b;) = a; 'b; 'a;bj. Let L = L(G) be the
Lie subalgebra of L generated by G1/Gy. Clearly, L = Ly + Ly + -+ is
a graded subalgebra of L. In [BG] L. Bartholdi and R. I. GRIGORCHUK
showed that for the Lie algebra L = L(G) of the Grigorchuk group G (i)
the algebra L is graded nil; that is, for an arbitrary homogeneous element
a € L the adjoint operator ad(a) is nilpotent; (ii) dimg, L; = 1, or 2,
for all 4+ > 1; (iii) for an arbitrary n > 1 there exists m > 1 such that
dimkp Lm+1 == dimkp Lm+n =1.
It is not known if the associative enveloping algebra (ad(L)) C Endy,L
is a nil algebra.

Corollary 1. The polynomial algebra L|x,y] is not graded nil.

PROOF. If e, ey is a basis of Lj then the operator ad(xe; + yes) :
L[z,y] — Llz,y] is not nilpotent. Indeed, suppose that L[z,ylad(xe; +
yea)" = (0). Let F be a field of characteristic p containing more than
n elements. Consider the Lie algebra L=1L ®g, I and the associative
algebra A = <ad(l~L)) C EndpL generated by all adjoints. The algebra A is
graded and generated by A; = Fey; + Fey. Moreover, the subspace A; of
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A is nil of degree < n. By [BG] there exists m > 1 such that dimy, L,,, =

- = dimg, Lypgn = 1. Now V = 32 Vi, Vi = Linti = Linsi @, F, i
an A-module generated by Vy = L, and dimp Vy = --- = dimp V,, = 1,
which contradicts Proposition 2. (|
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