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New characterizations of W-curves

By BANG-YEN CHEN (East Lansing), DONG-SOO KIM (Kwangju)
and YOUNG HO KIM (Taegu)

Abstract. We prove that a curve in a Euclidean space of arbitrary dimension
is a W-curve if and only if the chord joining any two points on the curve meets
the curve at the same angle. Moreover, W-curves in Euclidean 3-space E? are
characterized with two more general conditions. In particular, we prove that a
curve in E3 is a W-curve if and only if the difference of the values of cosine of the
two angles between the curve and the chord joining any two points on the curve
depends only on the arc-length of the curve between the two points.

1. Introduction

It is well-known that a circle is characterized as a closed plane curve
such that the chord joining any two points on it meets the curve at the same
angle at the two points (cf. [2, pp. 160-162]). From differential geometric
point of view, this characteristic property of circles can be stated as follows:

Proposition. Let X = X(s) be a unit speed closed curve in the
Euclidean plane E? and T(s) = X'(s) be its unit tangent vector field.
Then X = X(s) is a circle if and only if it satisfies Condition:

(C): (X(t) — X(s),T(t) — T(s)) = 0 holds dentically.

Actually, one can show that a unit speed plane curve X (s) satisfies
Condition (C) if and only if it is either a circle or a straight line.
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In views of Proposition, it is natural to ask the following question:
Question. “Which Euclidean space curves satisfy Condition (C)?”

A Frenet curve in a Euclidean space is called a W-curve if its Frenet
curvatures are constant. Circles, straight lines and circular helices in E?
are the simplest examples of W-curves.

One purpose of this article is to study curves in a Euclidean space
of arbitrary dimension which satisfy Condition (C). For this we have the
following:

Theorem 1. A unit speed smooth curve X = X (s) in the Euclidean
m-space E™ is a W-curve if and only if the chord joining any two points
on it meets the curve at the same angle.

The second purpose of this article is to prove the following.

Theorem 2. A unit speed smooth curve X = X (s) in the Euclidean
3-space B3 is a W-curve if and only if the difference of the values of cosine
of the two angles between the curve and the chord joining any two given
points on the curve depends only on the arc-length of the curve between
the two points.

The third purpose is to study space curves satisfying a condition more
general than (C), namely:

(A): (X(s)—X(t),T(s)—T(t)) depends only on s —t, where X = X(s) is
a unit speed curve in Euclidean m-space E™ and T'(s) = X'(s).

Condition (A) implies that the difference of the values of cosine of the
two angles between the curve and the chord joining any two given points
on the curve depends only on the arc-length of the curve and the length
of the chord between the two points.

Our third result is the following.

Theorem 3. A unit speed smooth curve X = X (s) in the Euclidean
3-space E3 is a W-curve if and only if X = X (s) satisfies Condition (A).
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2. W-curves and Frenet curvatures

Let X(s) be a unit speed smooth curve in Euclidean m-space E™, so

|X'(s)] = 1 for all s in the domain I of the curve. The curve is called a
Frenet curve if the vectors X', X", ..., X(™=1 are linearly independent at
each point in 1.

If, for some integer n € [1,m], the derivatives X/, X" ... X are
linearly independent and the derivatives X/, X”,..., XD are linearly
dependent at each point in an open subinterval J C I, then eq,eo,..., e,
on J are uniquely determined by the following conditions (cf. [1, p. 13]):

(i) e1,e3,...,e, are orthonormal.

(ii) For every k =1,...,n, we have

Lin(ey, g, ..., e;) = Lin(X', X", ..., X®),

where Lin denotes the linear span.

(i) (X®),exy >0for k=1,...,n.

The Frenet curvatures k1, ..., k,—1 are then determined by the follow-
ing Frenet equations (cf. [1, p. 26]):

/

€1 = KRi1€2,
, .

€ = —Ki—1€i—1 + Ki€iy1, 1=2,...,n—1,

) (2.1)
r_

€n = —Kn-1€n—-1-

A unit speed smooth Euclidean curve X(s), s € I, is called a W -curve
of rank r if, for all s € I, the derivatives X'(s),..., X(")(s) are linearly

independent, the derivatives X'(s),..., X (r+1) (s) are linearly dependent,
and if the (therefore well-defined) Frenet curvatures xq,...,k,_1 are con-
stant on 1.

In general, if X = X(s) is a unit speed W-curve in Euclidean m-space,
then, with respect to a suitable Euclidean coordinate system, X (s) can be
written as follows (cf. [1, pp. 29-31)):

X(s) = (ay coscis,arsines, ..., a, coscys, a, sine,s,0,...,0)  (2.2)
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or as
X (s) = (ay coscy8,a1sincys, ..., a, €oscys, ay sinc,s,bs,0,...,0) (2.3)
for distinct nonzero numbers ¢y, ..., ¢, and a nonzero number b according

as X is of even or odd rank. Since X = X(s) is of unit speed, we have

A4 +adi =1 or dd+---+d2E+pE=1. (2.4)

For a unit speed curve X = X(s) in E3, Frenet’s equation gives

X/ = €1,
X" = Kies, 25)
2.5
X" = —k}e; + Kley + Kikges,
X(4) _ / " 3 2 2! /
= —3r1ke1 + (K] — K] — K1K3)ea + (2K Ko + K1Kb)es.

3. Proof of Theorem 1

Let X = X(s) be a unit speed smooth curve in Euclidean m-space.
Without loss of generality, we may assume that X = X (s) is defined on
an open interval I containing 0. Suppose that the curve satisfies Condi-
tion (C). Then, by putting t = s 4+ a, we obtain

(X(s+a)—X(s),T(s+a) —T(s)) = 0. (3.1)
It follows from equation (3.1) that
X (s +a) = X(s)* = f(a) (3.2)
for some function f = f(a). From (3.2) we find

f(=a) =X (s —a) = X(s)
=|X(s —a+a) - X(s —a)f’ = f(a),

which implies that f(a) is an even function.
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Let us consider Taylor’s expansion of f(a) about a = 0. Since f(a) is
an even function, we have

2m

fla)=> cxa" +0(la*™") as a—0, (3.4)
k=2

for some constants ca, ..., cam, where O(|a|*™ 1) is a function g(a) satis-

fying |g(a)| < Cla|*™*? for some constant C and sufficiently small a > 0.
Let us also consider Taylor’s expansion of X (s+ a) about a = 0 which
enable

X(s+a)—X(s)= > %XW (s)a® + O(|a*™). (3.5)

From (3.2) and (3.5) we find

2m k—1
1 . ,
= = Ix® (k—1) k 2m+1
=3 (g T X)X <s>>>a +O(laf™) (3.6)
as a — (. Hence we obtain
k-1 1
— = Ux) (g, x (ki) _
=3 X X ) (37)
for k =2,...,2m. Now, we claim by mathematical induction that

<X(i)(s),X(k_i)(s)> is constant for i =1,...,k—1; 2 <k <2m. (MI)

Clearly, (MI) holds for £ = 2, since X = X(s) is assumed to be of
unit speed. Let us assume that (MI) holds for k = ¢ with ¢ < 2m and put
k=0+1.

First, suppose that k = ¢ + 1 is an odd number, say 2p + 1. Without
loss of generality, we may assume that ¢ < k — ¢. Then, by the induction
hypothesis, we obtain

<X(i)($),X(k_i)(s)> — <X(i)(8),X(2p_i) (3)>’ _ <X(i+1)(8),X(2p_i) (3)>
—(X D (), X =0 (5)) (3.8)
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fori=1,...,p. Hence we have

<X(i) (s),X(k_i)(s» — —<X(i+l)(8),X(2p_i)(8)>

= (—1)P (X ®)(5), X+ (5)) (3.9)

— (_12)p_i <X(p) (S)’X(p)(s»’

=0

by the induction hypothesis.

Next, suppose that £k = £+ 1 is an even number, say 2p. Without loss
of generality, we may assume that ¢ < k—1. In this case, as in the previous
case, we obtain from induction hypothesis that

(X0 (), XED(5)) = (X0 (5), XD (5))' = (XD (5), X120 (5))
= (X (5), X170 (5)) = ...
= (—1)P7H{X ) (s5), XP)(s)). (3.10)

By substituting (3.10) into (3.7), we obtain

2p—1

1 , ,
— E = IxW(g). x@r=9)
(3.11)
2p—1 i
(1P (
- E : T U x® (g x(® _
(i:l Ay — o )X X))
In order to compute the coefficient in (3.11), we consider the binomial:
&)
1)% = g2 Y L 12
(z+1)?P =2z +;i!(2p_i)!x + (3.12)

By putting = —1 in (3.12), we obtain from (3.11) that

<X(p)(8)7X(p)(3)> — %chpj
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which is constant. Hence the mathematical induction together with (3.10)
implies that (MI) holds for each k = 2,...,2m.

Now, suppose that the derivatives X', X”...., X() are linearly inde-
pendent on [ for somer =1,...,m—1. Then ey, eo, ..., e, are well-defined
on I and thus the well-known Gram—Schmidt orthogonalization procedure
shows that the normal component &, of X1 to Lin(X’, X", ..., X))
is defined as follows:

,
Erp = XU =N (XUHD e (3.13)
i=1

It follows from (MI) that €,1; has constant length. This implies that
there exists an integer r such that the derivatives X'(s),..., X()(s) are
linearly independent and the derivatives X'(s),..., X1 (s) are linearly
dependent at each point s € I.

Finally, we claim that all of the Frenet curvatures of X (s) are constant.
In fact, (MI) and the Gram—Schmidt orthogonalization procedure show
that, for each i = 1,2,...,r, there exist constants ¢;1, ¢;o, ..., ¢y satisfying

ei = cn X'(s) + caX"(s) + -+ + ci X (s).

This together with (MI) implies that each Frenet curvature &; is constant.
Consequently, the unit speed curve X = X(s) is a W-curve.

Conversely, if X (s) is a unit speed W-curve in E™, then for a suitable
coordinate system X (s) can be written as either (2.2) or (2.3) according as
the rank is even or odd. By applying (2.2), (2.3) and (2.4), it is straight-
forward to show that the curve X = X(s) satisfies Condition (C). This
completes the proof of our theorem.

From the proof of Theorem 1 we have the following

Corollary. For a unit speed curve X (s) in Euclidean m-space E™,
the following five statements are equivalent:

(i) X(s) is a W-curve.
(i) [ X®)(s)|, k =1,...,m, are constant.
(iii) < )(s), X (k=i )(s)>, i=1,...,k—1; k=2,...,2m, are constant.
(iv) |X (s +a) — X(s)| depends only on a.
(v) X(s) satisfies the condition (C).
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4. Proof of Theorem 2

Let X = X(s) be a unit speed curve in E™ such that the difference
of the values of cosine of the two angles between the curve and the chord
joining any two points on the curve depends only on the arc-length between
the two points. Then we have

(B): <%,T(s) —T(t)) depends only on s —t, where X = X(s) is a

unit speed curve in Euclidean m-space E™ and T'(s) = X'(s).

We may assume that k1 # 0, since otherwise the curve is an open
portion of a line which is a W-curve. By putting ¢ = s+ a, we obtain from
condition (B) that

<X(s—|—a)—X(8)
[ X(s+a) = X(s)]
(

T(s +a) - T<s>> — g(a) (4.1)
for some function g. Obviously, (4.1) is equivalent to
| X (s+a)— X(s)| =g(a)s + h(a) (4.2)
for some function h. Clearly, we have g(0) = h(0) = 0. From (4.2) we get
g(=a)s + h(—a) = |X(s —a) — X(s)]
=|X(s—a+a)—X(s—a) (4.3)
= g(a)(s — a) + h(a),

which yields g(—a) = g(a) and h(—a) = h(a) — ag(a). Therefore we know
that g(a) and ¥(a) := h(a) — 2ag(a) are even functions. Hence we get
P90y —0. iyl 44
T90) =0, T20) = (ag(@)P)(0) (4.4
for j =1,3,5,7,.... From (4.4) we find

K2 (0) = 0, h(%—l)(o):QZT_lg(?i—?)(o), i=1,2,3,.... (4.5)

Since g(0) = 0, (4.5) gives h'(0) = 0. Consequently, we have

9(0) = h(0) = 1'(0) = g ~1(0) = h*)(0) = 0,

| o, (46)
h(27,—1)(0) _ 212_1g(2@—2) 0), i=1,2,3,....
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It follows from (4.2) that

(X(s+a)— X(s),X(s+a) — X(s)) = (g(a)s + h(a))*. (4.7)
Differentiating (4.7) with respect to s gives

(Ys(a), X'(s +a) — X'(s)) = g(a)(g(a)s + h(a)), (4.8)
where Ys(a) = X(s 4+ a) — X(s). Clearly, we have Y;(0) = 0 and Y/(a) =
X'(s+a). By putting Zéj)(a) = XW(s4a),j=0,1,2,..., we get Zéj)(()) =
XU (s). Since X(s) is of unit speed, differentiating (4.8) with respect to
a yields we find

(Ys(a), Z{(a)) = (Z4(a), X'(5))

= g'(a)(g(a)s + h(a)) + g(a)(g'(a)s + W' (a)) — 1, (4.9)
(Ys(a), 2 (a)) — (Z)(a), X'(s))
2 9 4
=D <Z->9(Z)(a)(9(2 J(a)s + h*(a)), (4.10)
1=0

=D (kf)g(“( )(g¥ 2 (a)s+ W20 (), k=2,3,4,.... (4.11)
=0
In particular, at a = 0, (4.6) and (4.11) give
(X'(5), XW(s)) + (X" (s), X""(5)) = 6als, (4.12)

2(X'(s), X®(5)) + 3(X"(s), XD (s)) + | X" (5)]> = 1543, (4.13)

3(X'(s), X©(5)) + 6(X"(s), X (s))

+5(X"(s), X(4)(8)> = 30ajass, (4.14)
(k—1)< Xk+2 >+Z< ) X(3+k—j)(5)>
k+2

- Z <k ; 2>9 D(0)(g"* 27 (0)s + h*279(0)) (4.15)
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for k = 2,3,4,..., where a; = ¢"(0), az = g™ (0),....
Differentiating (4.15) with respect to s gives

(k — 1)(X'(s), X0 (5)) + Z<k+ ) )(s), XU+R=9) (5))

+(XED (5), X" (5)) — (X" (5), X BT (s))

for k =2,3,4,.... Replacing k by k + 1 in (4.15) gives

k
k<X/ I<:+3 > i(k‘i‘ ) )X(4+k ])( )>

k+3

(4.16)

_Z<k+3> O (0)(g*+3-1(0)s + h*E+3-D(0)).  (4.17)

By combining (4.16) and (4.17) we find

(X'(s), XG0 (5 (5)) + (X"( )7X(k+2)(3)>
k+3

_ k+3 @ (0)(g* 3= (0)s + hE+3-9)
Z( ) 0) (9*+5-9(0)s + K3 (0))

k+2

_ Z ("? + 2) ) (0)g+2-9 ().

Therefore, by applying (4.6), we obtain

J
2942
(X'(s), X&) SZ < J >azaj—e+1,

(=1

<X,(S), X(2j+2) (S)>/

_zj: (2) = 20+3) (2 +3) _ (27 +2)),
T & 2 20 20 S

(4.18)

(4.19)
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for j =1,2,3,.... In particular, for j = 1,2 and 3, (4.18) gives

<X’(s),X’”(s)>/ = 6a?s, <X’(s),X(5) (s)>/ = 30a;ass, (4.20)
(X'(5), XD (s)) = (56a1a3 + T0a3)s. '
It follows from (X', X”) = 0 and the first equation in (4.20) that

(X', X") = —(X",X") =3a}s* — by (4.21)
for some constant b;. By differentiating (4.21) we find
(X', XWY 4 (X" X") = 6afs, (X", X")=—3als.
which implies that <X’, X(4)> = 9a?s, <X”,X’”> = —3a?s. Thus we have
(X, XON 4 (X" XDY = (X" X"\ 4 (X", XD = 0.
Combining this with the second equation in (4.20) gives
(X', X = (X", xWY = (X", X" = 30a1azs. (4.22)
By applying (4.22) we obtain
3(X, XO) = —5(x", X)) = 15(X" XD = 225a1aps.  (4.23)
Thus, after differentiating (4.23) twice and using (4.20), we find

<X’,X(7)>/ _ —<X”,X(6)> <X/// X(5)> <X(4) x“ )>’

4.24
= (56a1a3 4 70a3)s. (4.24)

Continuing such procedures sufficiently many times we obtain

Lemma 1. Let X = X(s) be a unit speed curve in E™ satisfying
Condition (B). Then, for any integer j > 2 andi=1,...,j 4+ 1, we have

(i) v (2j+2—i)\/ it d 2] + 2
(X x® ) =(-1) SZ apj_pq1- (4.25)
=1

where a1, as, ... are constant.
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Now, assume that m = 3. Then Lemma 1 and (2.5) imply that

KT = by — 3a3s?, (4.26)
Kk} 4 K2 4 K2K3 = by + 15a;a95%, (4.27)
962KN2 + (K] — K3 — k1k3)? + (26, Ko + K1Kh)?

= b3 — (3543 + 28a1a3)s? (4.28)

for some constant by, by, bs. Solving (4.26) and (4.27) for k1, k2 we obtain

k? = by — 3a%s?, (4.29)

e (b1 — 3a2s?)(by + 15a;ags> 2— (b1 — 3a3s?)?) — 9a%52' (4.30)
(b1 — 3ais?)?

If a1 = 0, then k; is constant. Hence we know from (4.27) that ko is
constant as well. Thus, in this case X (s) is a W-curve.

If a; # 0, then after substituting (4.29) and (4.30) into the left-hand-
side of (4.28) we see that the left-hand-side of (4.29) is not a polynomial
in s, which is a contradiction. This completes the proof of Theorem 2.

5. Proof of Theorem 3

Let X = X(s) be a unit speed smooth curve in Euclidean 3-space E3
defined on an open interval I. Suppose that the curve satisfies Condition
(A). We may assume that x; # 0, since otherwise the curve is an open
portion of a line which is a W-curve.

By putting ¢t = s + a, we obtain that

(X(s+a)—X(s),T(s+a)—T(s)) = ¢(a) (5.1)

for some function . From equation (5.1) we get
|X (s +a) — X(s)]? = 2¢(a)s + f(a) (5.2)

for some function f = f(a). Using (5.2) we find

2p(~a)s + f(—a) = [X(s — a) — X(s)]2 = |X(s — a +a) - X(s — a)|?
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= 2¢(a)(s — a) + f(a), (5-3)
which yields ¢(—a) = ¢(a). Thus ¢(a) is an even function which implies

@0y =0, j=1,2,3,.... (5.4)

Let us prove the following

Lemma 2. Let X = X(s) be a unit speed curve in E™ satisfying
Condition (A). Then, for any integer j > 2 and i = 1,...,j, we have

<X() X(QJ ‘ > = ] Z((Ij_ls - bj_l), (5.5)
. o . 1
(X®, x@=HY = (1)~ {j —i+ 5} aj1 (5.6)
for some constants ay,as, ...,a;—1,b1,b2,...,bj_1.

Proor. Differentiating (4.2) k-times with respect to a and substitut-
ing a = 0, we get

E

-1
200(0)s + £91(0) = 3 (X0 XE ). 6)

i=1

Now we prove the following with mathematical induction:

<X(i) (5). x(h—i) (s)> _ Jaks + by, if k is even, (MT)
Chyi if k£ is odd
for some constants ay,;, by ; and ¢ ; with i =1,2,...,k — 1.

Since (X'(s),X’'(s)) = 1, we know that <X’( ),X"(s)) = 0, (MD)
holds for & = 2,3. Let us assume that (MI’) holds for k = (. First,
suppose that £k = £+ 1 = 2p 4+ 1 for any positive integer p. Then by
induction hypothesis we get

<X(i) (s),X(k_i)(s» — <X(i)(8)’X(2p+1—i) (s))
= <X(i) (s), X~ (s )>’ _ <X(i+1)( ), X(2p—i)(8)>

= agpi — <X(H—l)( X(?p i) > _ (5'8)

1

—i—1
= agp; — Ggpit1 + -+ (1) agy 1+ 5

5 (_1)p_ia2p,p
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for i = 1,...,p. The last term is denoted by cgpy1;. Let k=0 +1=2p
for any positive integer p. Then we have

(x! (8) ")) = (X (s), XF(s))
:< X(2p i— 1)( )> <X(i+1)(8),X(2p_i_l)(8)>

5.9
_ _<X(z+1)(8)’X(2p—z—1)(8)> ( )
R (_1)p—i<X(p)(S)’X(p)(8)>
for i =1,2,...,p by the induction. Putting (5.9) into (5.7) gives
2p (2r)(0) = EVP DY ) (p)
207 (0)s + f1*(0) g A K, X))
) Y
= (—1)? A o e (p) (p)

If we make use of (3.12), we see that 22” 1# = —2. Substituting

this into (5.10), we find

<X(p) (s), X(p)(s)> = (—1)Pt? {SD(?p) (0)s + %f@p) (O)} .

We put the right hand side by agp ps + bap . Therefore (MI') holds.
Next, (5.9) implies asy,; = (—1)P"%agy, and bap; = (—1)P"by,, for
i=1,2,...,p. Together this with (5.8), we obtain

i o1
copt1,i = (—1)P" {p -ttt 5} a2p,p

where ¢ = 1,2,...,p. If we put agpp = ap—1 and bap, = —b,_1, we get
(5.5) and (5.6). This completes the proof of Lemma 2.

By applying (2.5) and Lemma 2, we find

)
K3 =ays — by, KiK3+ K]+ KE = ags — by,

(// 3 212 9! N2 _ b 9 9 (5.11)
K1 — KT — K1K3)" + (2K1K2 + K1ky)” = ags — by — et
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It follows from (5.11) that
4(ags — ba)(ars — by) — 4(ays — by)? — a?

2
= 5.12
2 4((118 - b1)2 ( )
If X = X(s) is a planar curve, then ko = 0. Thus (5.12) yields
4(ags — by)(ars — by) — 4(ays — by)® = a2, (5.13)

which is impossible unless a1 = 0, i.e., k1 is constant. So X is a W-curve.
Next, assume that X = X(s) is not planar. If a; = 0, then s is
constant. Moreover, in this case (5.12) reduce to
(ags — b)? n a3
by 4(6% + by — CLQS) ’

which implies that as = 0, i.e., ko is constant. Hence X is a W-curve.

0=a3zs—bs+

(5.14)

If a; # 0, then, after applying a suitable translation in s we have
by = 0 and k? = a;s. Without loss of generality, we may assume that
a1 = ¢? for some positive number ¢ and s is defined on an open subinterval
of (0,00). In this case, we obtain from (5.11) and (5.12) that

9 4 (ags —bg)? (by — 2ags + 3c*s?)?
_C [R—
4 2s s(c% + 4bys — dags? + 4cts3)’

0:a35—b3—

which gives
16¢t (a2 — c?a3)s +16(cPbs — 2ctagby + Casaz — ad)s®
+ 4(3c8ay + 4c*b3 — 4c%azby — 4ctagbs + 12a3by)s>
+ 4(3c5by — claz — 3c?a3 + 4c?babs — 12a9b3)s
+9¢® 4 4cby 4 8c%agby + 16b3 = 0.

(5.15)

It follows from the coefficient of s* in (5.15) that a3 = a3/c?>. Thus
the coefficient of s3 gives b3 = 2agbs/c?. Applying these we get from the
coefficient of s? in (5.15) that az = —4b3/3c?. Hence the coefficients of s
in (5.15) yields by (1653 + 27¢%) = 0. If 1663 + 27¢3 # 0, then by = 0 and
thus ag = b3 = 0. From the last term in (5.15), we have ¢ = 0, which
is a contradiction. Thus, 16b§ +27¢® = 0. By substituting az = a%/cg,
by = 2asgby/c? and ay = —4b3/3c? in the last term in (5.15), we find
—16b3 + 27¢® = 0. Consequently, by = ¢ = 0. It is a contradiction. This
completes the proof of Theorem 3. O
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