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On a projective class of Finsler metrics

By B. NAJAFI (Tehran), ZHONGMIN SHEN (Indianapolis)
and AKBAR TAYEBI (Tehran)

Abstract. In this paper, we study a class of Finsler metrics whose Douglas curva-
ture satisfies Djikl;mym = Ty’ Tt is known that this class is closed under projective
change and all metrics with vanishing Douglas curvature or vanishing Weyl curvature
belong to it. Thus Finsler metrics in this class are called generalized Douglas—Weyl
(GDW) metrics. For a Randers metric F = o + 3, we find a sufficient and necessary
condition for F' to be a GDW metric.

1. Introduction

The Douglas (projective) curvature Dji i and the Weyl (projective) curvature
W*, are two most important quantities in projective Finsler geometry. Finsler
metrics with D ji =0 are called Douglas metrics and Finsler metrics with W% =0
are called Weyl metrics. It is well-known that a Finsler metric is a Weyl metric
if and only if it is of scalar flag curvature, namely, the flag curvature K(P,y) =
K (z,y) is independent of the section P containing y. Thus Weyl metrics are also
called metrics of scalar (flag) curvature, and being of scalar flag curvature is a
projective property.

Equations D}, = 0 and W*% = 0 are projectively invariant, namely, if a
Finsler metric F’ satisfies one of the equations, then any Finsler metric projectively
equivalent to F' must satisfy the same equation. There is another projective
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invariant equation in Finsler geometry, that is, for some tensor T}y,

Djikl;mym = jklyi’ (1)
where D

7 klim
to the Berwald connection of F. Equation (1) is equivalent to that for any linearly

parallel vector fields U = U(t),V = V(t) and W = W (t) along a geodesic ¢(t),
there is a function T' = T'(t) such that

d .
L DUV, W) = T¢.

The geometric meaning of the above identity is that the rate of change of the

denotes the horizontal covariant derivatives of D ji & With respect

Douglas curvature along a geodesic is tangent to the geodesic.

For a manifold M, let GDW (M) denote the class of all Finsler metrics sat-
isfying (1) for some tensor Tz (Tjr not fixed). In [2], BACSO-PAPP show that
GDW (M) is closed under projective changes. More precisely, if F' is projectively
equivalent to a Finsler metric in GDW (M), then F € GDW (M).

A natural question is: how large is GDW (M) and what kind of interesting
metrics does it have? It is obvious that all Douglas metrics belong to this class.
On the other hand, all Weyl metrics (metrics of scalar flag curvature) also belong
to this class. The later is really a surprising result, due to SAKAGUCHI [4]. In
this sense, we shall call Finsler metrics in GDW (M) GDW-metrics (generalized
Douglas—-Weyl metrics).

In this paper, we are going to study and characterize GDW-metrics of Ran-
ders type on a manifold M. A Randers metric on a manifold M is a Finsler metric
in the following form

F=a+p,
where o = /a;;(z)y’ys is a Riemannian metric and 3 = b;(z)y’ is a 1-form on
M. One of the reasons why we would like to study Randers metrics for the above
problem is because that Randers metrics are “computable”.

Let
o 1 [/ 0b; _ 0b;
5ij 2 \ OxJ oxt )’

Clearly, 3 is closed if and only if s;; = 0. It is known that /' = o+ 3 is a Douglas
metric if and only if 3 is closed (see [1]). On the other hand, SHEN—YILDIRIM [6]
recently find a sufficient and necessary condition for F' = «a + 3 to be of scalar

flag curvature, that is,

n—1™

R}, = ()\ S tm ) {a®0}, — ajuy'y’ }
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+ C‘éQti}g + tOO(S/ig - tkoyi - tioyk - 3Si08k03 (2)

1
Sijle = 7 {ains"}m — ajis"m b (3)

where t;; := sims"}, Rik denotes the Riemann curvature tensor of o and A = A(z)
is a scalar function on M. Here s;;; denote the coefficients of the covariant
derivative of s;; with respect to a. We use a;; and a* to lower or lift the indices
of a tensor.

Theorem 1.1. Let F = a + 8 be a Randers metric on an n-dimensional
manifold M. F is a GDW metric if and only if (3) holds.

Thus any Randers metrics of scalar curvature belongs to GDW (M). This
verifies Sakaguchi’s theorem for Randers metrics. The following Randers metric
actually satisfies both (2) and (3).

Ezample 1.1 ([5]). Let a € R™ be a constant vector. Define F = o+ (3 on an
open ball B"(1/4/]a]) in R™ by

VA = aPlz)ly + (2*(a, y) — 2(a, 2)(z, )

F .=
1—[af?|z[*
zPay) — 2{a, z)(z, y)
1—laf?|z]*

Then F'is of scalar flag curvature. Thus it satisfies (2) and (3). See more examples
in [3].

So far, we have not found a Randers metric satisfying (3), but not (2). We
conjecture that such examples exist.

2. Randers metrics

Let F' = a+ [ be a Randers metric on a manifold M, where oo = \/a;;(2)y'y?
and 3 = b;(x)y’. Let

1 1
Tij = i(bilj +bj1i),  sij = i(bilj = bjpi),

where b;|; denote the coefficients of the covariant derivative of 3 with respect to a.

¥
The spray coeflicients of F' are given by

i _ A, Too — 28pa i
G :G +Ty +()ZSO7
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where G denote the spray coefficients of a.. Let

; . 1 oG™ . . 1 oG™
I :.=G" - — II':=G" - —_—
¢ n+1oym’ ¢ n+1 oym

Observe that

as™s) _ Ym m .  om
8ym0 :Emso—l—ozsmzo.

Thus we have
" =" + as’y. (4)

By definition, the Douglas curvature is given by
pi . O
J Kkl - dyi dyk oyt
Since II* are always quadratic in vy, we get

. o3

D= ————(as'y) = ajus’y + ajrs’; + ais'y + aps';, 5
J Kl ay]aykayl( 0) kS 0 kS JlS k kLS 5 (5)

where
aj =aly
Qjp = Oé_?’Ajk
i = —a {Ajy + Ajyr + Ay},
where A;j := O¢2aij — Uiy
It is easy to show that F is a Douglas metric if and only if s?; = 0. This fact

is due to BAcs6-MATsuMoOTO [1].
Let G = ¢ E;zi —2G¢ c’)‘Zi where

Gl =G+ as,. (6)

Let “||” and “” denote the covariant differentiations with respect to G and G
respectively. Then

, . 9 ,
Djllemym = Djlkl\mym - 2a67yp(Djlkl)sp0

+ oz_l[ozzsip + ypsio]Djpkl — 04_1[04257)]- + Spoyj]Dpikl

— oz_l[ozzspk + spoyk]Djipl — oz_l[ozzspl + spoyl]Djikp. (7)
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Since “|” is a differentiation with respect to , a;;jm = 0. Thus
U =0, ) =0, Qgjm =0,  Qjgyjm = 0.
We obtain

i m_ i i i i
D jjm¥™ = g o0 + xS0 + s’y + ks’ o

=—a {Ajy + Ajiyr + Alclyj}siom + a_g{Ajksiuo + Ajlsiklo + A’flsijIO}'
Differentiating (5) yields

b ‘ , . ‘ , ,
) _ . 7 . ) . ) . [ )
Typ (D] kl) = QklpS o + Q1S p + QjkpS | + Qj1pS g + AlpS j
where
Qjrtp = 3oy {aey + ajiy + Y —a3{a; +a; + j
klp = Yp1AjeYl T C51Yk T+ AklY; « AjkQlp + Qj1Akp + AklAjp

+ 30~ yyiagp + yiyiary + yiyka » — 1507 Y iy,

We get
jkips’y = _0575{Ajk5l0 + Ajisko + Aklsjo}
+ 207 {sjoyryi + Skoviyi + s10Y; Yk |
ajrpsty = —a*{yrsjo + yjsko }
ajipsty = _a_S{ylSjO + yjslo}, apps’y = _a_s{ykslo + ylsko}-

Then we obtain

0
~ 2%

+ 20 Ay + Ajyk + Awy; o — 4o H{yryisjo + yivisko + yiyrsio }s'o

(Djikl)spo = 20‘_4{Ajk310 + Ajisko + Aklsjo}sio

+ 2a_2{yk8j0 + yjsko}sil + 2C¥_2{y18j0 + yjslo}sik
+2a " {yrsio + yisko }s';.

By (5), we can also easily get

a~Ma?s', +yps'o] DMy = —a”H{Ajry + Ajiyr + Ay}t
+ Q_Q{Ajktil + Ajltik + Akltij} — Oz_4{Aijlo + Ajlskosio + Aklsjo}sio.

- ofl[azspj + %0y Dhpy = o 2 {yksi; + visk; b + 20 yeyisjos’
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—a (s — s05uk)s’y — a7 (@Psi — soju)s'y,
+ a_4{yjyk310 + yjylsko}sio - a_QijkOSil - a—QyjleSik
- Oé_4yjAklti0 — O[_4Ak18j08i0 — Oé_QAkltij.
— o a?s” + sTou] ;lj =a *{ysji + yism} + 20 yyiskos’y
—a (s — so;cyl)sij —a"2(a®sjk — sory;)s’,
+ 074{ykyzsjo + ykyjslo}sio - 072yk8108ij - 072yk8j08iz
— a74ykAjlti0 - a74Aljskosi0 - oszjltik.
—a Ma?sh + Spoyl]Dzi;kj =a *{yesj + yism} + 20 fyry;sios’y
—a 3 (a?sp — solyk)sij - ofz(oz25jl — s01Y;)8" %
+ 074{95:%5]‘0 + ylyjsko}sio - szyzskosij — o ys508",

— Oé_4ylA_jk;ti0 — oz_4A;€jslosi0 — a_QAjktil.
Plugging the above identities into (7), we get

Djilemym =a{AH' + AjH')y + A H' (8)
where

i 20 ol
H'; == 0a%s";0 =480

3. Proof of Theorem 1.1

First we are going to prove the following

Theorem 3.1. Let F = a + (§ be a Randers metric on an n-dimensional
manifold M. F is a GDW-metric if and only if

2 _
Q" Sij10 = SiojoY; — SjojoYi- (9)

PrOOF. Let F' = a + 8 be a Randers metric on a manifold. Let G denote
the spray of F and G the spray defined in (6). Since G and G are projectively
equivalent, the following conditions are equivalent

(i) there is a tensor Tji; such that Djikl;mym =Ty’

(ii) there is a tensor Djj; such that

Djiklﬂmym = Dy, (10)
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i
where Dj klim

to the Berwald connections of G and G, respectively. This equivalence is essen-

and Dji | denote the covariant derivatives of D jikl with respect

tially proved in [2]. Thus the argument is omitted here.
Assume that F' is a GDW-metric. Then (10) holds for some tensor Djj;. By
(8), we have
Djklyi = a_S{Aijil -‘r-Aleik +Ak1Hij}. (11)

Contracting (11) with y; yields
Djj = —a { Ajisiopo + Ajiskoo + Arisjolo }- (12)
Plugging (12) into (11), we get
Aj{HY + si000y"} + A {H' + sojoy’ } + Akl{Hij + sj00y"' } = 0. (13)
Contracting (13) with a* we obtain
H'; + sjo0y" =0. (14)

This is obviously equivalent to (9).
Conversely, if (9) holds, or equivalently, (14) holds, it follows from (8) that

Dtajm¥™ = Dinty/’,

where Dj; are given by (12). Thus F' is a GDW-metric. O

To prove Theorem 1.1, one just needs to prove the equivalence between (3)
and (9).

Lemma 3.2. (3) is equivalent to (9).
PROOF. Suppose that (3) holds. Then
Sijlk = )\{aiks”}lm - ajks";lm}, (15)
where A = 1/(n — 1) (in fact, A can be any scalar function). Contracting it with
yF yields
5ij10 = MYis T m — Ui m - (16)

Contracting (16) with y7 yields

Siojo = )\{yisnélm — onS"ZIm}. (17)
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Thus
Sj0|0 = )\{yjsnglm - a287';|m}. (18)
By (17)-(18),
8i0/0Y5 — Sjoj0Yi = >\Oé2{5"§|myi — 5"l Yi }

_ 2 . om k _ 2. .
=\ {alks im — QjkS mli}y = a”Sijo-

The last identity follows from (16). Then we obtain (9).
Conversely, assume that (9) holds. First differentiating (9) with respect to
y¥, yt and y™ yields

2ak18;5|m + 2akmSiji T 201mSij|k
= Sik|1Gjm T Sik|m@jl T Sil|kQjm T Sim|kGjl T Sil|mGjk + Sim|1Gjk

= Sik[1Qim — Sjkim@il — Sji|kQim — Sjm|kQil — SjllmQik — Sjm|lQik-
Contracting it with '™, we get
NSijlk = Sik|j — Sjkli + WikS"jjm — QxS i (19)
It follows from (19) that

J— m m
nSik; = Sijlk + Sjkli + Qi hm — AjkS i, (20)

m m
NSjkli = —Sijlk T Sik|j T QijS pm — QikS jp,- (21)

Subtracting (21) from (20), we get

2 1 m m
Sik|j — Sjkl|i = msiﬂk + m{alks Jm T ajks im}' (22)
Plugging (22) back into (19) yields

1
_ m m
Sijlk = n— 1{aik5 jm — QjkS zm}

We are done. O
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