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A Matkowski—Suté6 type equation

By PAL BURAI (Debrecen)

Abstract. In the present paper we deal with the following equation:

¢ (ap(@) + (1= a)e(y) + o (1 - a)y(z) + ad(y) =z +y,

where ¢ and v are strictly monotone and continuous functions on the same interval. We
give the continuously differentiable solutions.

1. Introduction

In [6], DAROCZY and PALES have solved the so-called Matkowski-Sut6 prob-
lem without any regularity assumption. In order to formulate this problem pre-
cisely, we need the following definitions:

Definition 1. Let I C R be a nonempty open interval and let CM(I) denote
the class of all continuous, strictly monotone functions defined on 1.

Definition 2. A continuous function M : I? — I is called a mean on I if
min{z,y} < M(z,y) < max{z,y}

for all z,y € 1.
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Definition 3. A mean M : I? — I is called quasi-arithmetic on I if there
exists ¢ € CM(I) such that

M(z,y) =" <M> =: Ay(2,y)

for every z,y € I.
Definition 4. Let p € R be a real constant and I C R a nonempty interval.

Let us define the following function on I:

T ifp=0
Yol) 1= (x € 1.
el ifp#£0

Definition 5. Let o, ® € CM(I). We say that ¢ and ® are equivalent on I,
if there exist real constants a, b (a # 0) so that

p(r) = a®(x) +b (1)

for every x € I. We write ¢ ~ 9 on I or, p(x) ~¢(z) if z € I.

DAROCZY and PALES have determined all those functions ¢, 1) € CM(I) for
which the functional equation

Ap(z,y) + Ay(z,y) =2z +y (2)

holds for every z,y € I. In [6], they have proved the following:

Theorem 1. If ¢, € CM(I) satisty the functional equation (2) for every
x,y € I, then there exists p € R such that

¥~ Xp> h~x—p on I

In the present paper we are examining a functional equation similar to (2).
We need the following definition to formulate our problem.

Definition 6. The mean M : I? — I is called weighted-quasi-arithmetic on I
if there exist ¢ € CM(I) and « € ]0, 1] such that

M(z,y) = ¢~ (ap(z) + (1 — a)p(y)) =: Ap(z,y; )

for every z,y € I.
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Ifa= %, we get the class of quasi-arithmetic means.
We give the continuously differentiable solutions of the following Matkowski—
Suto6 type equation:

Ap(z,y;0) + Ay(z,y;1 —a) =z +y, zye l (3)

The proof consists of two main parts. After the extendability of the solutions
is verified (by a very similar method as in [4], more information in [2], [3], [6]),
we solve the equation (3), assuming that the unknown functions are continuously
differentiable on a subinterval of I, and we extend our solutions applying the
extension theorem.

Surprisingly, the continuously differentiable solutions of the equations (2) and
(3) are the same. Thus we “know” the solutions ahead, so we prove the extension
theorem first.

2. The extension theorem

The following lemma allows us to work with functions which are equivalent
to each other.

Lemma 1. Assume that ¢, € CM(I) are solutions of the functional equa-
tion (3). If o ~ ® and ¢ ~ W on I, then ®, ¥ are also solutions of the functional
equation (3).

Proor. Easy calculation. ([

Because of the previous lemma, we can assume without loss of generality
that ¢ and 9 are strictly monotone increasing, furthermore

a<l-—a.
If % <a<1,let f:=1— «a and interchange ¢ with 1, then we get
Ap(z,y; B) + Ay(z,y51 - B) =a+y, wzyel,

where 0 < 3 < %

Lemma 2. Let ¢ : [A,B] — R be a continuous and strictly monotone
increasing function that satisfies

_so4 sy (4)
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Furthermore, suppose that the function
ft):=t—apt) tel[A B] (5)

satisfies the functional equation

(I-a)f(@) +af(y) = flz+y—Ay(z,y;2)) (6)
for every xz,y € [A, B]. Then
1 o
p(z) = ;33 - ; (7)

holds for every = € [A, B], where

Ap(B) — Bp(A)
@(B) — ¢(A)

PRrROOF. If we write the functional equation (6) in detail, we get

g =

(1—a)z— (1 - a)ap(z) + ay — ap(y)
=r+y—Ay(r,y50) —ap(z+y— Ay(r,y; ). (8)

Reduce (8), then we have
az+(1—a)y+a(l—a)p(z)+a’p(y) = Ap(z,y:0) +ap(z+y—Ay(z,y:0)) (9)

for every z,y € [A, B]. By (9), with the substitutions

wi=(@), vi=el), ¢ =g
we get
o (900 + 22000+ (1= aut av = Zgtaut (1= ap)) o)
=g(u) +g(v) — glau+ (1 — a)v)
for all u,v € [¢p(A), p(B)].
Now let B—A Ap(B) — Bo(A)
_ A Ap(B) - Be(4)
)= S e B ) O )

for u € [p(A), p(B)]. It can readily be verified that b(p(B)) = b(¢(A)) = 0.
(11) implies that

g(u) =yu+o—=bu)  uep(A)p(B), (12)
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. B-A _ Ap(B)—Byp(A)
where v := o=y > Land 0 = =Zg=255

Using (10) and (12) we obtain that

11—«

g <(1 —a)u+ av —b(u) — b(v) + éb(au +(1- oz)v))

11—«

= ((1 —a)u+ av — b(u) — b(v) + éb(au +(1- a)v)) +o

«
1

—

-b ((1 —a)u+av—Dbu) — b(v) + gb(au +(1- a)v))
=yu+ o0 —b(u) +yv + o — b(v)
—y(oau+ (1 — a)v) — o + blau + (1 — av)).

Rearranging this equation, we have that

« «

(1= 7)b(u) + (1 . O‘) b(v) + (£ = 1) blaw + (1 - a))

11—«

=b ((1 —a)u+ av—b(u) — b(v) + éb(au +(1- a)v)) (13)

for all u,v € [p(A),(B)]. We are going to prove that b(u) = 0 for every u €
(A), ¢(B)].

Assume that b(u) Z 0 on [¢(A), ¢(B)]. Then there are two possible cases:

1. case:

b has a positive value inside of the interval [p(A), (B)]. b is continuous, so
there exists

0< M .= max b(u).
u€lp(A), p(B)]

Let
ug = sup{u € [p(A), p(B)] | b(u) = M}. (14)
Then there exists € > 0 such that
ug + (1 — a)e, ug — ae € [p(A), p(B)]

and
0<blup+ (1—a)e) <M and 0<bluy—ae)< M. (15)

Substituting v =ug+ (1 —a)e and v =wug —ac into (13), we get

(1= )b + (1 — a)e) + (1 1 a“) b(ug — ae) + (% ~1) bluo)

=b (uo —b(up + (1 —a)e) — 1?Tab(uo —ag) + Clyb(uo)> . (16)
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Let 1 1
v(e) = — bluo) = bluo + (1 — a)e) = — L buo — ae). (17)
Because of (15) and (17) we have
M > av(e) = blug) — ab(ug + (1 — a)e) — (1 — a) b(ug — ae) > 0. (18)

Using (16) and (17) we get

20 — 1

blug +v(e)) = (v — Dv(e) + 1?Tab(uo) + b(ug — ae). (19)

Then by (4), (15), (18) and (19), we can write

(1 —a)M = ab(ug +v(e)) + a(l —y)v(e) + (1 — 2a)b(ug — ae)
<aM+a(l—"yv(E)+ 1 -2a0)M = (1 —a)M + a1l —vy)v(e).

Simplifying the previous inequality, we obtain that
0 <a(l=7)v(e),

which is a contradiction because of (4) and (18).

2. case:

b has a negative value in the interval [p(A), ¢(B)]; b is continuous, so there
exists

0>m:= min b(u
u€lp(A), ¢(B)]

Let
uo 1= inf{u € [p(A), (B)] | b(u) = m}. (20)

Then there exists € > 0 such that
ug + (1 — a)e, ug — ac € [p(A), p(B)]

and
0>bup+ (1 —a)e)>m and 0> blug — ag) > m. (21)

Similarly to the first case, we obtain the following:

(1 —a)ym = ab(ug +v(e)) + a(l —y)v(e) + (1 — 2a)b(up — ae)
>am+ (1 —2a)m + a(l — v)v(e), (22)
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where we have used (21) and the definition of v(e) is the same as in (17), further-
more
m < av(e) < 0. (23)

Using (22) and (23) we get
0> a(l =7)v(e),

which leads to a contradiction because of (4) and (23). Thus b(u) = 0 for every
u € [p(A), p(B)]. For this reason

that is
1 o

@(x):;x—; x € [A, B]. O

Theorem 2. Let us assume that ¢,¢) € CM(I), 0 < a < 3 and (3) is
satisfied for all x,y € I. If there exist a nonempty open interval K C I andp € R
such that

p~xp andt ~x_p, onk, (24)
then
w~xp andtp ~x_p, onl. (25)

PROOF. Because of the Lemma 1, we can assume that

e=xp and P =x_, (26)

on K. Moreover, we can also assume that the open interval K is maximal, that
is, there is no strictly larger interval where the above equalities are satisfied. We
are going to prove that then K must be identical with I.

Let K =]a,b] and suppose the contrary, that K # I. Then at least one of
the endpoints of K is an interior point of I. Without loss of generality we can
assume that a € I. We can also assume that b < oco. If this is not true, let us
choose b* < b and work with this value. Because of the strict monotonicity and
continuity there exists 0 < § < b — a so that

ap(x) + (1 —a)e(y) € p(K) and (1 —a)y(z) +ay(y) € P(K) (27)

forall z € Ja—d,a[,y €]b—0,b[.
1. case: p # 0.
(24) implies

1
o (t) = ];log t, iftep(K)CRy (28)
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and )
Yt = > logt, iftey(K)CR,. (29)

Using (24), (27), (28) and (29), from the functional equation (3) we obtain
1 1 _
];log (ozgp(x) +(1- oz)epy) — Z;log ((1 —a)Y(x) + ae py) =x+y (30)

for every x € Ja — d,a[, y € |b— §,b[. Rearranging the functional equation (30),
we have
ap(z) — (1 —a)e” = (1 —a)e? (P(z)e’” - 1)

for all z € Ja — [, y € | b—6,b[. Therefore
Y(x)eP* —1=0, ifzxela—d,qaf.

From this

v(a) =
for all ] a — 4,b[. For this reason
ole) = o

for all |a — 4, b[ which is larger than K. This contradicts the maximality of K.
2. case: p=0.
Then

o(x) =(z) =a ifx€]a,b|. (31)
Let = € Ja—6,a, y € ]b—6,b[. Using (3), (27) and (31), we get
ap(z) + (1 —a)p(z) =z (32)
for every € ]a — 6,a[. Then
apla—0)+(1—ay(a—0) =a—20.

Thus we can assume that
pla—¥8)>a—0. (33)

Let x,y € [a — §, a], then (3) and (32) imply

)= ap(r) Lals ap(y)

1—
( 11—« 11—«

=1 (x+y— Ay(z,y;a))
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for every z,y € |a — d,a[. Using the functional equation (32) again, we obtain
az+(1-a)y+(1-a)ap(x)+a’o(y) = Ag(z,y; a) +ap(e+y—Ay(z,y;0)) (34)
for all z,y € Ja — d,a[. Let
ft):=t—oaplt) tela—74,al. (35)
Then we have from (34) and (35) that
(1—a)f(z) +af(y) = fle+y— Ap(z,y;0))
for every x,y € |a — d,a[. Because of (33)

o a—(a—19) ) B
T ) e a—(a—0 "

consequently the assumptions of Lemma 2 are satisfied, thus

p(x) = %x - % z € la—0d,a (36)
and (- 2+ a2
P(z) = z _1 igoa(x) = f_ " T x€la—9Jal (37)
Since ¢p(a) = a, from (36) we obtain
o= (1-7)a. (38)
So
p(z) = %m - 1_%@ x € [A, B] (39)
W(z) = 721__0;):5 (71(1__723@ z € [A, B (40)
¢ z) =y + (1 -7)a z € (A, B]) (41)
v Hz) = VS__;‘)x - (17__70)[% z € (A, B)). (42)

Let y € [a,b] and = € [a — §, a], then by (3), (39), (40), (41) and (42), we get

1-— 1—
<v—a7+Ma—l>y+<1—7—a+a7—7a2>a:0 (43)
Yo« Yo«

for every y € [a,b]. Thus

1—
77a7+ua71:0. (44)
v -
Using (4) and (44), we have
v =1 (45)
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3. Continuously differentiable solutions

Lemma 3. Let K C R be a nonempty open interval, f,g : K — R contin-
uous functions, and a € 10, 1[\ {3}. If

o f(u)g(v) = (1 - a)*f(v)g(u) = (ag(v) — (1 = a)g(u)) f(au+ (1 - a)v) (46)

holds for every u,v € K and f is continuously differentiable on J C K, then g is
continuously differentiable on J too.

PROOF. Let vy be fixed and u an arbitrary value in J. Then from (46) we
get
(1= a)f((au+ (1 = a)ug) = (1 = @) (wo) | g(w)
= {af(au + (1 —a)vy) — a2f(u)}g(v0).

If (1—a)f((au+ (1 —a)vg) — (1 —a)?f(vg) = 0 on some interval where vg is
fixed, then f is constant, thus ¢ is also constant on the same interval. So we can
assume that there exists a fixed value vy in J so that (1 —a)f((au+ (1 —a)vg) —
(1—a)?f(vo) #0, (u€ J). Then

(af((au + (1 —a)v) — (1= a)2f(u))g(vo)

(1 —a)f((au+ (1 —a)vy) — (1 =) f(vo) -

Because of the differentiability of f there exists ¢'(u) for every u € J. Using the

glu) =

assumption of the lemma, ¢’ is continuous. O

Theorem 3. Let K C R be a nonempty open interval, f,g : K — R4
continuous functions, o € ]0,1[\ {3}. If (46) is satisfied, then there exists a
nonempty interval J C K such that f and g are continuously differentiable on J.

PRrROOF. Because of the previous lemma it is sufficient to show that f is
continuously differentiable on a nonempty subinterval of K.

Let us interchange u and v in (46). Then we obtain the following linear
system of equations for the unknown pair (g(u), g(v)):

[an(u) - af(au +(1- a)v)]g(v)

+ (1= a)f(eu+ (1= a)v) = (1= @) ()] g(w) =0
(47)
(1= a)f (v + (1= a)u) = (1 = a)2f (w)] g(v)

+[027(0) — af (v + (1 - a)u)]g(w) =
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(47) is a homogeneous linear system of equations for every fixed pair (u,v). Be-
cause of the positivity of g(u) and g(v) the determinant of the system is equal to
zero. Thus we obtain a functional equation, in which there is only one unknown
function:

(ozzf(u) —af(au+(1- a)v)) (azf(v) —af(av+(1- a)u))
- ((1 —a)flau+(1—a)) - (1- a)2f(v)) (48)
. ((1 —a)f(ov+ (1 —a)u) — (1 - a)2f(u)).

Rearranging the previous equation we get

[(o/1 —(1- 04)4)f(u) — o’ flau+ (1 —a)v)

+(1—a)3f(av+(1—a)u) f) (49)
=a’flav+ (1 —a)u)f(u) — (1 —a)®flau+ (1 — a)v)
+ ((1 - a?’)f(ow + (1= a)u) f(au+ (1 —a)v).
Let
F(u,v) := (a4 —(1- a)4)f(u) —a’flau+ (1—a)v)
+ (1 =a)?f(av+(1—a)u), u,v € K,
and
N := {(u,v) € K? | F(u,v) = 0}. (50)

Then F is continuous on K2, hence N is a closed subset of k2. Furthermore
F(u,u) = a(l — a)(1 —2a) f(u) # 0. (51)

So (u,u) cannot be an accumulation point of N for all v € K. Thus for every
ug € K there exists ¢g > 0 so that

F(U,U) 7é 0 (U,U) € G((UQ,UO),€0), (52)
namely there is J C K, such that

F(u,v) #0 u,v € J. (53)
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Using (49) and (53) we obtain
flv)= [agf(ow +(1- a)u)f(u) -(1- cv)3f(au +(1- a)v)
+ ((1 —a)® - a3)f(av + (1 - a)u)f(au +(1- a)v)

- [(a4 — (- a)") f(w) — a*fau+ (1 - a)v)

+ (1= a)’f(av+ (1 —a)u) (54)

for every u,v € J. Let us now apply Jérai’s theorem [8, Theorem 11.6] to (54)
with the following casting:
ZCRanopenset, T=Y =K, RfF=R*=R
D=K? wv=t u=y
nty) =y, gty =at+(1-a)y, gs(ty)=ay+(1—-ajt

B2z — (1 — )23+ (1 — a)® — a)3z225
(1—a)*—a*)z; —adzz3 + (1 — )3z

h(21, 22, 23) =

Then h and g; (i = 1,2, 3) fulfil the assumptions of the above mentioned theorem
of Jarai, since h is two times continuously differentiable, g;’s derivatives with
respect to y do not vanish and f is continuous.

We have to determine only the compact set C C K. It can be assumed that
K is bounded. Let K :=]a,b[ and

C:=[1-a+aDa+all—a),al—a)a+(1—a+a?).

Because of Jarai’s theorem mentioned above, f is a locally Lipschitz function
on K.

Applying another theorem of JARAI [8, Theorem 14.2] to (54) with similar
casting as above, with f; := f a locally Lipschitz function, the previously men-
tioned f is differentiable almost everywhere. Using [8, Theorem 14.2] we obtain
that there exists a nonempty, open subinterval of K, where f is continuously
differentiable. O

Theorem 4. Let J C R be a nonempty open interval, f,g : J — R,
continuously differentiable functions, o € 10,1[\ {3}. If (46) is satisfied, then
there exists ¢ € R, ¢ # 0 such that

flwg(u) =c u € J. (55)
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Proor. Differentiate the functional equation (46) with respect to u and
substitute © = v, then we obtain the following functional equation:

a?f'(u)g(u) — (1 = @)’ f(u)g'(u) = —(1 = a)g'(u) f(u) + (2a — Dag(u) f'(u).

Let us rearrange the previous equation

f(w)g(u) + f(u)g'(u) =0,
then

(f(u)g(w)) =0 we
Consequently

f(u)g(u) =c#0 Dbecause f(u)g(u) >0 ue.J O

Theorem 5. Let K C R be a nonempty open interval, f,g : K — R
continuous functions, a € ]0,1[\ {3}. If (46) is satisfied then there exists a
nonempty open interval J C K such that

c

flw)=Au+ B, gl)= S wel, (56)

where A, B, c¢ are real constants and Ac # 0.

PROOF. Because of Theorem 2. there exists a nonempty open subinterval
J C K such that f and g are continuously differentiable on J. Using now The-
orem 3. we can effect the substitution g(u) = i) (v € J) in the functional
equation (46), and we obtain

(af() = (1= ) f(@®) (af () + (1 = )f () = flau+ (1 = a))) =0,
for every u,v € J. Let
Fu,v):=af(u) — (1 —a)f(v), u,v€J,

then F(u,u) = (2o — 1) f(u) # 0. Similarly as in the proof of Theorem 3 we see
that there exists J* C J so that

F(u,v) #0
for every u,v € J*. Thus
af(u) + (1 —a)f(v) = flau+ (1 —a)v) =0, wu,veJ.

From this equation we obtain that f is Jensen-convex and Jensen-concave at
the same time (see [5] and [10]). According to the assumptions of the theorem,
f is continuous on J*, so f is also affine on J* (see [1, Part I, Chapter 2.1.4,
Theorem 1, p. 46], [9, Part III, Chapter 2, Theorem 2, p. 316]). O
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We can give now the continuously differentiable solutions.

Theorem 6. Let I C R be a nonempty open interval, ¢, € CM(I). As-
sume that ¢ and v are solutions of the functional equation (3). If there exists a
nonempty open interval J C I, such that ¢ and i are continuously differentiable
on J, then there is a constant p € R so that

p~xp and Y~ Xp (57)
for every x € I.

PROOF. Let us differentiate (3) with respect to « and y respectively. Then
we obtain the following equations:

op'(z) (1—ap()
¢ (Ap(z,y;0)) MR (Ap(z, ;1 — ) 1 (58)
(1 —a)e'ly) a! (y) , 50

¢ (Ap(r,y;0)) P (Ap(z, 951 — a))

for every x,y € J. Multiplying by a1)’(y) the first equation and by (1 — a)¢’(z)
the second one we get two more equations. Let us subtract the second of these
equations from the first one. Thus we get

29 ()Y (y) — (1 — )¢ (y)¢' (x)
¢ (Ap(x,y; )

Using the substitutions in (60)

=a)/(y) - (1 —a)/(x) z,yel (60)

() =u, oy)=v, o li=f Popli=g,

we obtain that

a?f(u)g(v) — (1= a)*f(v)g(u) = (ag(v) — (1 - a)g(u)) f(au+ (1 - a)v) (61)

for every u,v € K =: ¢(J), where f and g are continuous functions on K. By
the previous theorems there exist a nonempty open interval J* C K and A, B, c,
(Ac # 0) real constants so that

flu) = Au+ B, g(u) = ueJ. (62)

c
Au—+ B’

Consequently
o' (x) = Ap(z) + B rep H(J) I (63)
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Then there exists p such that

px) ~xp(r) @€ I(J).

Using this and (62) we have

P(x) ~ xplr) e '(J).

Therefore we obtain the solutions on a subinterval of 7. We can extend them with

the aid of the extension theorem. So the proof is complete. O
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