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3-dimensional Bol loops corresponding
to solvable Lie triple systems

By AGOTA FIGULA (Debrecen)

Abstract. We classify the connected 3-dimensional differentiable Bol loops L hav-
ing a solvable Lie group as the group topologically generated by the left translations of L
using 3-dimensional solvable Lie triple systems. Together with [4] our results complete
the classification of all 3-dimensional differentiable Bol loops.

1. Introduction

The present research on differentiable loops is focused to such loops which
have local forms determined in a unique way by their tangential objects. The
most important and most studied class of differentiable loops are the Bol loops.
Their tangential objects, the Bol algebras, may be seen as Lie triple systems
with an additional binary operation (cf. [15] pp. 84-86, Def. 6.10). As known the
Lie triple systems are in one-to-one correspondence to (global) simply connected
symmetric spaces (cf. [10], [15] Section 6). Hence there is a strong connection
between the theory of differentiable Bol loops and the theory of symmetric spaces.
In particular the theory of connected differentiable Bruck loops (which form a
subclass of the class of Bol loops) is essentially the theory of affine symmetric
spaces (cf. [15] Section 11).

The 2-dimensional differentiable Bol loops are classified in [15] (Section 25).
My goal is to classify differentiable multiplications satisfying the left Bol identity
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on 3-dimensional connected manifolds since these manifolds also play an excep-
tional role.

The 3-dimensional differentiable Bol loops having a non-solvable Lie group as
the group topologically generated by the left translations have been determined
in [4]. In this paper I classify all 3-dimensional connected differentiable (global)
Bol loops in which the left translations generate a solvable Lie group. Since for
differentiable Bol loops the group topologically generated by the left translations is
always a Lie group with the results of this paper the classification of 3-dimensional
differentiable Bol loops is complete.

We treat the differentiable Bol loops as images of global differentiable sec-
tions o : G/H — G, where G is a connected Lie group, H is a closed subgroup
containing no non-trivial normal subgroup of G and for all r,s € o(G/H) the
element rsr lies in o(G/H). In this treatment the exponential images of Lie
triple systems form local Bol loops. Hence for the classification of 3-dimensional
differentiable Bol loops L having a solvable Lie group G as the group topologi-
cally generated by the left translations we proceed in the following way: First we
determine all solvable 3-dimensional Lie triple systems m and all enveloping Lie
algebras g of m. We show that g and therefore the solvable Lie group G topolog-
ically generated by the left translations of a differentiable Bol loop has dimension
four or five. Then we find for any pair (g, m) all subalgebras h containing no
non-trivial ideal of g such that g = m & h and we prove that global Bol loops L
correspond precisely to those exponential images of m, which form a system of
representatives for the cosets of exph in G.

If the group G is nilpotent then G is the 4-dimensional non-decomposab-
le nilpotent Lie group and the corresponding 3-dimensional Bol loops form only
one isotopism class containing precisely two isomorphism classes (Theorem 4,
Section 5.1).

If the solvable Lie group G is 4-dimensional and not nilpotent then it is a
central extension of a 1-dimensional Lie group N either by the 3-dimensional
solvable Lie group G; with precisely two 1-dimensional normal subgroups or by
the direct product G, of R and the 2-dimensional non-abelian Lie group. All
loops L corresponding to the extensions of N by G; are extensions of N by
a loop isotopic to the pseudo-euclidean plane loop (Theorem 6 in Section 5.2
and Theorem 9 in Section 5.3). The 3-dimensional Bol loops having the central
extension of R by G as the group topologically generated by their left translations
are all isomorphic (Theorem 6 in Section 5.2).

If the solvable Lie group G is 5-dimensional then it is either a semidirect
product G of R* by the group S = R such that either no element of S different from
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the identity has a real eigenvalue in R* or such that G has a 1-dimensional centre
and precisely two 1-dimensional non-central normal subgroups. We prove that for
both groups G there exist infinitely many non-isotopic 3-dimensional differentiable
Bol loops corresponding to G (Theorem 7 in Section 5.2 and Theorem 11 in
Section 6).

The variety of the 3-dimensional differentiable Bol loops having a solvable
Lie group as the group topologically generated by their left translations contains
families of loops depending on up to four real parameters. The size of this variety
is so enormous that a classification of 4-dimensional differentiable Bol loops having
a solvable Lie group as the group generated by the left translations seems to be
not attainable.

2. Some basic notions of the theory of Bol loops

A set L with a binary operation (z,y) — x - y is called a loop if there exists
an element e € L such that x = e-x = z - e holds for all x € L and the equations
a-y =band z-a = b have precisely one solution which we denote by y = a\b
and x = b/a. The left translation A\, : y — a-y : L — L is a bijection of
L for any a € L. Two loops (L1,0) and (Lg,*) are called isotopic if there are
three bijections «, 8,7 : L1 — Lo such that a(z) * 5(y) = v(z o y) holds for any
z,y € Ly. Isotopy is an equivalence relation. If &« = 8 =  then the isotopic
loops (L1,0) and (Lo, *) are called isomorphic. Let (L1,-) and (Le,*) be two
loops. The set L = Ly x Ly = {(a,b) | a € L1, b € Ly} with the componentwise
multiplication is again a loop, which is called the direct product of L; and Lo,
and the loops (L1, -), (L, *) are subloops of L.

A loop L is called a Bol loop if for any two left translations A4, A, the product
Aa A 1s again a left translation of L. If Ly and Ly are Bol loops, then the direct
product L1 x L is again a Bol loop.

If the elements of L are points of a differentiable manifold and the operations
(z,y) — z-y, (z,y) — x/y, (x,y) — x\y : L x L — L are differentiable mappings
then L is called a differentiable loop.

If L is a connected differentiable Bol loop then the group G topologically
generated by the left translations is a connected Lie group (cf. [15], p. 33; [11],
pp. 414-416).

Every connected differentiable Bol loop is isomorphic to a loop L realized on
the factor space G/H, where G is a connected Lie group, H is a connected closed
subgroup containing no normal subgroup # {1} of G and ¢ : G/H — G is a
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differentiable section with o(H) = 1 € G such that the subset o(G/H) generates
G and for all r,s € o(G/H) the element rsr is contained in o(G/H) (cf. [15],
p. 18 and Lemma 1.3, p. 17, [8], Corollary 3.11, p. 51). The multiplication of L
on the factor space G/H is defined by «H *x yH = o(xH)yH.

Let Ly be a loop in the factor space G/H with respect to the section o :
G/H — G. The loops Ly isomorphic to L; and having the same set of left
translations o(G/H) and the same group G as the group generated by o(G/H)
correspond to automorphisms a of G, which leave o(G/H) invariant. The loop
Ly corresponding to « is realized on G/a(H) such that the multiplication of Lo
is given by za(H) * ya(H) = [a o 0 o a' (va(H))Jya(H), where the mapping
ag : G/H — G/a(H) is defined by kH — a(k)a(H). Moreover, let L and L’ be
loops having the same group G generated by their left translations. Then L and
L’ are isotopic if and only if there is a loop L” isomorphic to L’ having G again
as the group generated by its left translations such that there exists an inner
automorphism 7 of G mapping the stabilizer H” of ¢” € L" onto the stabilizer H
of e € L (cf. [15], Theorem 1.11, p. 21).

A real vector space V' with a trilinear multiplication (.,.,.) is called a Lie
triple system V), if the following identities are satisfied:

(X, X,Y)=0 (1)
(XY, 2)+ (Y, Z,X)+ (Z,X,Y)=0 (2)
(XY, (U, V,W)) = ((X,Y,U),V,W)

+ (U, (X, Y, V), W)+ (U,V,(X,Y,W)). (3)

A Bol algebra A is a Lie triple system (V, (., .,.)) with a bilinear skew-symmetric
operation [[.,.]], (X,Y) — [[X,Y]] : V x V — V such that the following identity
is satisfied:

(X, Y, 2),W]] - [[(X, Y, W), Z]| + (2, W, [[X,Y])
— (XY, [z, w])) + [[[[X, Y]], [[Z2,W]]]] = 0.

With any connected differentiable Bol loop L we can associate a Bol algebra
in the following way: Let G be the Lie group topologically generated by the
left translations of L, and let (g,[.,.]) be the Lie algebra of G. Denote by h
the Lie algebra of the stabilizer H of the identity e € L in G and by m =
T10(G/H) the tangent space at 1 € G of the image of the section 0 : G/H — G
corresponding to the Bol loop L. Then g = m & h, [[m, m],m] C m and m
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generates the Lie algebra g. The subspace m with the operations defined by
(X,Y,Z) — [[X,Y],Z], (X,Y) — [X,Y]m, where X, Y, Z are elements of m
and Z — Zp, : g — m is the projection of g onto m along h, is the Bol algebra
of L. The Lie algebra g of G is isomorphic to an enveloping Lie algebra of the
Lie triple system m corresponding to L.

An imbedding T of a Lie triple system )V into a Lie algebra £ is a linear
mapping X — X7 of V into £ such that

() (X,Y,2)T =[[XT,YT],Z7] holds for all X,Y,Z €V and
(ii) the image VT generates £7.

The Lie algebra £T is called enveloping Lie algebra of the imbedding 7. An
imbedding U of a Lie triple system V is called universal and LY = VY@ [VY VY] is
a universal Lie algebra of V if and only if, for every imbedding T" of V the mapping
XV — X7 is single-valued and can be extended to a Lie algebra homomorphism
of LY onto £T ([7], p. 519, and [9], p. 219).

In [7] (pp. 517-518) it is shown that for every Lie triple system V there exists
a particular imbedding S such that >_,[X7, Y] = 0 for X;,Y; € V if and only
if >°,(X;,Y;,Z) = 0 for every Z € V. Moreover £5 = VS & [V5,V5]. This
imbedding is called the standard imbedding of V and the Lie algebra £° is the
smallest enveloping algebra. Using the standard imbedding the existence and the
uniqueness of a universal imbedding U of every Lie triple system V follows ([7],
p. 519). Moreover if V is a n-dimensional Lie triple system then the universal Lie
algebra £V of V and therefore every enveloping Lie algebra £7 of V has dimension
at least n and at most n(n + 1)/2.

A loop L is called a left A-loop if each A,y = /\g;y1 AzAy : L — L is an auto-
morphism of L. If L is a differentiable left A-loop then the group G topologically
generated by its left translations is a Lie group (cf. [15], Proposition 5.20, p. 75).
If g is the Lie algebra of G and h is the Lie algebra of the stabilizer H of the
identity e € L in G then one has m @& h = g and [h,m] C m, where m is the
tangent space T.L (cf. [15], Definition 5.18. and Proposition 5.20. pp. 74-75).

A differentiable loop L is called a Bruck loop if there is an involutory auto-
morphism o of the Lie algebra g of the connected Lie group G generated by the
left translations of L such that the tangent space T.(L) = m is the —1-eigenspace
and the Lie algebra h of the stabilizer H of e € L in G is the +1-eigenspace of .

Let Ly be a loop defined on the factor space G1/H; with respect to a section
o1 : G1/H; — G; the image of which is the set M; C G1. Let G2 be a group, let
¢ : Hi — G2 be a homomorphism and (Hy, ¢(H1)) = {(z, ¢(z));x € H1}. A loop
L is called a Scheerer extension of G by Ly if L is defined on the factor space



64 Agota Figula

(G1 x G3)/(Hy, ¢(Hy)) with respect to the section o : (G1 x Ga)/(H1,¢(Hy)) —
G1 X G5 the image of which is the set My x G ([15], Section 2).

From [4] we will use often the following fact:

Lemma 1. Let L be a differentiable global loop and denote by m the tangent
space of Tyo(G/H), where o : G/H — G is the section corresponding to L. Then
m does not contain any element of Ady-1h = ghg~! for some g € G. Moreover,
every element of G can be written uniquely as a product of an element of o(G/H)
with an element of H.

3. 3-dimensional solvable Lie triple systems

Let (m,][.,.],.]) be a Lie triple system and let (g*,[.,.]) be the standard
enveloping Lie algebra of (m,[[.,.],.]) ([9], p. 219). The isomorphism classes of
the 3-dimensional solvable Lie triple systems and their standard enveloping Lie
algebras may be classified as follows:

1. If the Lie triple system m is abelian then it is the 3-dimensional abelian Lie
algebra, which is also the standard enveloping Lie algebra of m (see Theorem 4.1,
Type I in [1]).

2. Since a 3-dimensional Lie triple system cannot have a 2-dimensional centre we
consider now the case that m has a 1-dimensional centre (e;). Then the factor
Lie triple system m/(e1) is 2-dimensional and according to [5] (pp. 44-45) it is
either abelian or satisfies one of the following relations:

(7’) [[627 63}7 63] = €2, (lZ) [[62, 63], 63] = —es.

It follows that for m and for the corresponding Lie algebra g* we have the fol-
lowing possibilities.

2 a. If m/(e;) is abelian then we have [[eq, e3], e2] = e, since m is not abelian.
This Lie triple system is isomorphic to the Lie triple system belonging to the
relation [[es, €3], e3] = €1 under the isomorphism « given by a(e1) = e1, ales) =
es, a(es) = —es (see Theorem 4.1, Type II in [1]). Then the Lie algebra g* is
defined by the following non-trivial relations

[e2,e3] = es, [es,e3] = e1.

According to [12] (p. 162) this is the unique 4-dimensional nilpotent Lie algebra
with 2-dimensional commutator algebra.
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2 b. The Lie triple system is the direct product of (e;) with the 2-dimensional Lie
triple system satisfying in 2 either (i) or (ii) respectively. Using the isomorphism «
given by a(e1) = es, a(ea) = ey, a(es) = ey the Lie triple system with the relation
(i) changes into the Lie triple system m™ x (e3) satisfying [[e1, €2, e2] = e1 (Type
IIT in [1]) and the Lie triple system with the relation (ii) becomes the Lie triple
system m~ x (e3) satisfying [[e1, e2], e2] = —e1 (Type Il in [1]). The Lie algebra
8(,, corresponding to m™ x (e3) is given by

[e1,e2] = eq, [eq,e2] =eq,

whereas the other products are zero. This shows that gzk 4 is the direct product of
the 3-dimensional solvable Lie algebra having precisely two 1-dimensional ideals
([6], pp- 12-14) and the 1-dimensional Lie algebra.

The Lie algebra g{_, belonging to m~ x (e3) is defined by

[61,62] = €4, [64762] = —é€q,

which shows that g’("_) is the direct product of the 3-dimensional solvable Lie
algebra having no 1-dimensional ideal ([6], pp. 12-14) and the 1-dimensional Lie
algebra.

2 c¢. The Lie triple system is a non-split extension of {(e;) by the 2-dimensional
Lie triple system belonging to the relation (i) or (ii) in 2 respectively. Hence it is
characterized by

+

m™ : [[eg, e3], e2] = ey, [[e2, 3], e3] = €2 or

m™ : [[eg, e3],e2] = ey, [lea, €3], €3] = —es

(Type V in [1]).
The Lie algebra g, of m™ is given by

[627 63] = €4, [647 62} = €1, [64a 63] = €2

which shows that g7, contains the 3-dimensional nilpotent ideal (e1,e2,€4) and
the factor Lie algebra gZ‘ +) /{e1) is the 3-dimensional Lie algebra having precisely
two 1-dimensional ideals. This Lie algebra is isomorphic to gs g with h = —1 in
[13] (p. 121).

The Lie algebra gz‘f) of m™ is defined by

[62,63] = €4, [64762} = €1, [64,63] = —éz,
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which shows that it contains the 3-dimensional nilpotent ideal (e1,es,e4) and
the basis element e3 acts as a euclidean rotation in the 2-dimensional subspace
(e2,e4). This Lie algebra is isomorphic to gs4.9 with p =0 in [13] (p. 121).

3. It remains to discuss that m has only trivial centre. In this case m is deter-
mined by

[[627 63]7 63] = €1, [[637 61]7 63] = €2
(Type VIin [1]).
The corresponding Lie algebra g* is defined by:

lea,e3] = eq, les,e3] =e1, [er,e3] =es, s, e3] = —ea,

and the other products are zero. The Lie algebra g* has two 2-dimensional ideals
which are invariant under the action of es.

Remark 1. Our classification of the 3-dimensional Lie triple system is a slight
modification of BOUETOU’s classification ([1]). He has two classes more, namely

a) [[e2, es],e1] = eq, [[es, e1],ea] = —eq
b) [le1, e2], €2] = €ex, [ler, e2], e3] = ex
[les, e1], €2] = —eu, [les, 1], e3] = —een,
where ¢ = +£1.

The case a) does not satisfy the property (3) in the definition of a Lie triple
system and the case b) is isomorphic to the case 2 b using the isomorphism

aler) =e1, afes) =ces —e3, afez) = —ces+ (e + 1)es.

4. 3-dimensional Bol loops corresponding to the abelian
Lie triple system are abelian groups

Lemma 2. The universal Lie algebra gU of the abelian Lie triple system m
is given by the following multiplication table:

[ela 62] = €4, [617 63] = €5, [62763] = €6,

and the other products are zero.
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PROOF. According to the definition of gV we have mY N [mY, mY] = 0.
Thus we can choose the elements e1, e, es as a basis of mY and the elements
e4 = [e1, 2], e5 := [e1, e3] and eg := [ea, €3] as the generators of [mY, mY]. Since
m is abelian we obtain the assertion. O

The centre Z of gV is generated by the elements e4, es, eg and is equal
to [mY, mY]. Therefore the Lie group GY of gV is a 6-dimensional nilpotent
Lie group of nilpotency class 2. Every enveloping Lie algebra g’ of m is an
epimorphic image of gV. The 4- or 5-dimensional epimorphic images of gV are also
nilpotent and has nilpotency class 2. It follows from [15] (p. 311) that any global
connected differentiable proper Bol loop L having a Lie group of nilpotency class
2 as the group topologically generated by its left translations contains an at least
3-dimensional nilpotent subgroup. Hence there does not exist any differentiable

proper 3-dimensional Bol loop L corresponding to the abelian Lie triple system.

5. 3-dimensional Bol loops belonging to a Lie triple system
with 1-dimensional centre

5.1. Bol loops corresponding to the non-decomposable nilpotent stan-
dard enveloping Lie algebra with dimension 4. We consider the Lie triple
system m of type 2 a in Section 3.

Lemma 3. The universal Lie algebra gU of the Lie triple system m of type
2 a is the 5-dimensional nilpotent Lie algebra defined by the following non-trivial
products:

[62,63] = €4, [64763] = €1, [63»61] = €5.

The unique 4-dimensional epimorphic image of gV (up to isomorphisms) is the
standard enveloping Lie algebra g* described in 2 a.

PROOF. Since gV = mY @ [mY, mY] we may assume that the set {e;, e2, e3}
is the set of the generators of mY and the elements e4 := [e2, €3], e5 := [e3, e1]
and eg := [e1, e5] are basis elements of [mY, mY]. The relations of the Lie triple
system of type 2 a yield the following multiplication table:

[ea,e3] = €4, [ea,ez] =e1, [es,en] = €5, [e1,e2] = es.
Since [[e4, €3], €2] + [[e3, €2], e4] + [[e2, ea], e3] = eg this multiplication satisfies the

Jacobi identity if and only if [e1,e2] = 0 and this is the first assertion. The Lie
algebra gV is nilpotent hence every epimorphic images of gV is also nilpotent.
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If g is a 4-dimensional epimorphic image of g then the commutator subalgebra

of g is image of the commutator subalgebra (gV)’. Since dim(g¥)’ = 3 we have

dimg’ = 2 and g is the standard enveloping Lie algebra g* (cf. 2 a). (]
Denote by G the Lie group of the standard enveloping Lie algebra g*. Using
the Campbell-Hausdorff series the multiplication of G is defined by:

(3}‘1,I2,$37l‘4) * (y1?y27y37y4)

1 1, 1,
1+ Y1+ 5(36493 — x3ys) + ﬁ(xgyz — x3w2Y3) + ﬁ(xzyg — T3Y3Y2)

T + Y2
T3+ ys

1
Ty +Ys+ §(x2y3 — Z3Y2)

([2], p- 77). A 1-dimensional subalgebra h of g* such that h does not contain any
non-trivial ideal of g and h Nm = {0} holds has the form

h = <64 +aje1 + ages + a3€3>, a; € R.
The automorphism group of g consisting of the linear mappings
aler) =bf%e1, ales) = aer +bey, ales) =der +lex + fes, a(es) = bfeu,

where a,b,d,l, f € R and bf # 0, leaves the subspace m = (ej, e, e3) invariant
and maps the subalgebra h onto one of the following subalgebras

h; = (es4), hy=(es+e1), hz=(es+ez), hy=(es+e3)

(see [2]). Since the element e4 + €5 € hg is conjugate to the element e; — 2e; € m
under g = (0,0,—1,0) € G and the element e4 + e3 € hy is conjugate to the
element e3 € m under g = (0,1,0,0) € G we have a contradiction to Lemma 1.
Therefore we have to consider only the cases (g*,h;) and (g*, hy). In [2] it is
proved that for these 2 cases global Bol loops exist. The loop L belonging to the
triple

(G, Hy = exphy ={(0,0,0,h) [ h € R}, expm = {(a,b,¢,0) | a,b,c € R})
is a Bruck loop. The loop L* corresponding to

(G, Hy = exphy = {(h,0,0,h) [ h € R}, expm = {(a,b,¢,0) [ a,b,c € R})
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is a left A-loop, because of [h,m|] C m. But it is not a Bruck loop since there is
no involutory automorphism o : g — g such that o(m) = —m and o(hs) = h,.

Since the conjugation by the element g = (0,0, —1,0) € G maps the subal-
gebra h; of H; onto the subalgebra hy of Hy the loop L is isotopic to L*.

Now we consider the universal Lie algebra g defined in Lemma 3, which is
the Lie algebra L2 in [12] (p. 162). Using the Campbell-Hausdorff series ([16])
the multiplication of the Lie group GU of gV is given as follows:

(Il,IQ,I‘g,l’;b I5) * (y17y2ay37y47y5)

1 1, 1,
r1+y1 + 5(»’64?}3 — x3Ys) + E($3y2 — x3T2Yy3) + E(st — T3Y3Y2)
T2 + Y2
T3+ Y3
= 1
Tq+ Y4+ 5(9523/3 — 3Y2)
1 1
Ts +Ys + §($3y1 — x1Y3) + ﬁ(ﬂ%m + 2374Y3)
+i(—a: S+ ) + — (z223y3 — ¥3y2y3)
2 4Y3 3Y3Y4 21 223Y3 3Y2Y3

The class of the 2-dimensional subalgebras h of g;, which does not contain any
non-trivial ideal and h N'm = {0} has the following shape:

hy b = (es + aer + beg,es +a'er +b'ey), a,b,a’ b €R, (a',0') # (0,0)

([2], p- 80). There is no Bol loop L such that the group topologically generated
by the left translations of L is the group GY and the stabilizer of the identity
e € L in GY is the group

Ha,b,a’,b’ = {()\161 + /\QCL/, A1b + /\Qb/, 0, A1, )\2), A1, Ag € R}, a,b, a’, b e R,

where (a’,b) # (0,0). Namely we show that for given a,b,a’, b’ € R with (a', ") #
(0,0) we can find (0,0) # (A1, X\2) € R? and an element x = (21,72, 23,24, 75) €
GY such that

Ady (M1 (eq + aeq + bea) + Aa(es + d’e; +V'ez)) € m\{0}

where m = {y1e1 + y2e2 + yses; y1,y2,ys € R}. This is a consequence of the fact
that the following system of equations:

1
Y1 = )\1 (a — 21‘3) + )\ga/, Yo = )\1[) + /\Qb/, Yz = 0
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/ / 1 2
)\1(1 7(1331)) 7A2b T3 :0, )\2(1+w3a)+/\1 r3a — 5173 =0

has a solution x3 # 0, (A1, A2) # (0,0) and (y1,y2,ys3) 7 (0,0,0) which holds true
since there exists x3 # 0 such that

1
1+ z3(a’ —b) + 23 (b'a —ba’) — gb'xg =0.

Summarizing our discussion we obtain

Theorem 4. There is only one isotopism class C of 3-dimensional connected
differentiable Bol loops such that the group G topologically generated by their
left translations is a nilpotent Lie group. The group G is isomorphic to the
4-dimensional non-decomposable nilpotent Lie group. The class C consists of
precisely two isomorphism classes C; and Co which may be represented by the
Bruck loop L having the group H = {(0,0,0,h) | h € R} as the stabilizer of e € L
in G respectively by the left A-loop L* having the group H = {(h,0,0,h) | h € R}
as the stabilizer of e € L* in G.

5.2. Bol loops corresponding to a Lie triple system which is a direct
product of its centre and a non-abelian Lie triple system. We discuss
here the Lie triple systems characterized in 2 b in Section 3.

Lemma 5. The universal Lie algebras gg_) and ggj_) of the Lie triple systems
m™ x (e3) or m~ x (e3) respectively, are defined by:

[617 62} = €4, [64; 62] =¢& ey, [627 63] = €5,

where € = 1 for ggjﬂ and —1 for ggjf), and the other products are zero.
The unique 4-dimensional epimorphic image of g?_) is (up to isomorphisms)

the standard enveloping Lie algebra gZ‘_) described in 2 b.

U
(+)
the standard enveloping Lie algebra g? ) given in 2 b or the Lie algebra g given

by:

The 4-dimensional epimorphic images of g/, , are (up to isomorphisms) either

[e1,e2] = €1, [e, e3] = ey,
whereas the other products are zero.

PROOF. For a basis of the universal Lie algebras g/ = mY @ [mY, mY] one

can choose the elements eq, es, €3, e4, €5, €, Where eq, eo, e3 are the generators of

mY and ey := [e1, e2], €5 := [ea, €3], €6 := [e1, €3] are the generators of [mY, mY].
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Using the relations of the Lie triple systems of type 2 b we obtain the following
multiplication table:

[61,62] = €4, [64, 62] = :|:€17 [62, 63] = €5, [617 63] = €

and the other products are zero. Since for the elements es, €3, e4 one has
[[627 63]7 64] + [[63, 64]7 62] + [[64, 62]3 63] = :l:eﬁa

this multiplication satisfies the Jacobi identity precisely if [e1,e3] = 0, and we
obtain the universal Lie algebras ggji). The unique 1-dimensional ideal of g?_)
is the centre of ggjf), which is generated by e;. Moreover, the epimorphic image
a(g?_)) under the mapping «a(e;) = e;, i = 1,2,3,4, a(es) = 0 is the Lie algebra
8(-)

The 1-dimensional ideals of ggr) are i1 = (e5), ia = (e1 +eyq), i3 = (e4 — €1).
The image of ga) under the epimorphism G(e;) = e;, i = 1,2,3,4 and S(e5) =0
is the Lie algebra g, ). The Lie algebras ga_)/<el + e4) and ga_)/<e4 — e1) are
determined by

le1, 2] = —eq, [e2, €3] = eq; and by
[61, 62] = €1, [62, 63] = €4

respectively. This shows that g&)/<el +e4) is isomorphic to g(Lzr)/<e4 —e1) under
the isomorphism v(e;) = €;, i = 1,4 and y(e;) = —e;, j = 2,3, and the assertion
follows. g

First we seek for Bol loops having the standard enveloping Lie algebra gzk 4
given in 2 b as the Lie algebra of the group topologically generated by their left
translations. The Lie group G of g’("+) is the direct product G = G1 X Gy, where G
is the 3-dimensional solvable Lie group having precisely two 1-dimensional normal
subgroups and G5 is a 1-dimensional Lie group. Since the Lie triple system is the
direct product of its centre C' and a 2-dimensional non-abelian Lie triple system A
one has exp m = exp m; X exp ms, where exp mj respectively exp my corresponds
to A respectively to C'. Moreover, expm; C (G; and expmy = Gs.

First we assume that the 1-dimensional Lie group H = exph is contained in
G1 x {1}. Then the loop L is the direct product of a 2-dimensional Bol loop L
and a 1-dimensional Lie group ([15], Proposition 1.19, p. 28). The loop L; has G
as the group generated by its left translations, and it is isomorphic to precisely
one of the non-isomorphic loops L., o € R with a < —1 given in Theorem 23.1
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of [15]. All loops L, and hence also L; are isotopic to the pseudo-euclidean plane
loop ([15], Remark 25.4, p. 326).

If the 1-dimensional Lie group H = exph is not contained in G; x {1} then
H is isomorphic to R since GG; does not contain any discrete normal subgroup # 1.
Therefore Gy 2 R, expm = expm; X R and H has the shape {(h1,o(h1) | hi €
H,}, where H; 2 R is a subgroup of Gy and ¢ : H; — G5 is a monomorphism.
For a loop L corresponding to the pair (G, H) the group G5 is a normal subgroup
of L and the factor loop L/G5 is isomorphic to a loop L; defined on the factor
space G1/H;. According to Theorem 23.1 in [15] the loop L; is isomorphic to a
loop L. Then the Proposition 2.4 in [15] yields that L is a Scheerer extension of
the group R by a loop L.

Now we deal with the standard enveloping Lie algebra gZL) given in 2 b. The
Lie group G of g’(*_) is the direct product G = G; X G5 of the 3-dimensional solv-
able Lie group GG; having no non-trivial normal subgroup and a 1-dimensional
Lie group G5. Since expm decomposes into the topological product expm =
expmj X exp my with expm; C G; and exp ms = G the 1-dimensional Lie group
H has the form (Hy,p(H1)), where ¢ : Hi — G2 is a homomorphism. Hence
the loop belonging to (G, H,expm) is a Scheerer extension of a 1-dimensional Lie
group and a 2-dimensional loop L (cf. [15] Proposition 1.19, p. 28 and Proposi-
tion 2.4, p. 44). But the group G; cannot be the group topologically generated
by the left translations of L (cf. [15] Lemma 23.15, p. 312). Therefore there is no
differentiable Bol loop corresponding to the group G.

Now we investigate the Lie algebra g in Lemma 5, which consists of the

matrices
0 v 00 O
0w O 0 O
vey +ues +ze3+keg— | 0 0 0 u k |; wu,vk,z€eR.
0 00 0 =z
0 00 0O

It is a central extension of R by the direct product of R and the non-abelian
2-dimensional Lie algebra (see [13], pp. 120-121). The multiplication of the Lie
group G of g is defined by

(w1, 22,73, 24) * (Y1, Y2, Y3, Y1) = (Y1 + v1€Y2, 22 + Y2, 3 + Y3, T4 + Ya + T2Yy3).

The 1-dimensional subalgebras h of g which complement m = (ej, eq, e3) have
the shapes:
hy, 4,05 = (€4 + a1e1 + azes + azes),
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where a1,a2,a3 € R. For a1 = as = a3 = 0 the Lie algebra hg oo = (e4) is an
ideal of g. Therefore we have (a1, as,as) # (0,0,0). The automorphisms v of g
leaving m invariant are determined by the linear mappings

v(e1) = aer, 7y(e2) =bier +ea+bzes, (es) =des, 7(es) = deu,

such that a,d € R\{0} and b1,b3 € R. A suitable automorphism ~ of g with
~(m) = m maps the subalgebra hg, 4,4, 0nto one of the following Lie algebras:

h1 = <64 + €2>, h2 = <€4 + 0363>, as € R\{O}, h3 = <64 +e1 + a3€3>, as € R.

Because of es = Ady(es + e2) € m with ¢ = (0,0,—-1,0) € G the Lie algebra
h; is excluded. Since for a3 # 0 and g = (O,agl,0,0) € G one has azes =
Ady(eq + azes) € m and [exp(az')]er + azes = Ady(es + €1 + aze3) € m we
have to investigate only the triple (g,h = (e4 + e1),m) (cf. Lemma 1). For the
exponential image of m = (ey, es, e3) we obtain

exp m = exp{kie; + kaea + kzes; ki, ko, k3 € R}
ko

—1 1
= {(kle,kg,ks, k2k3) ki €ER, Q= 1,2,3} :
ko 2

and the subgroup H = exp{a(es +€1),a € R} consists of the elements (a, 0,0, a),
a € R

Since any element of G decomposes uniquely as (0,y1,y2,¥ys3)(a,0,0,a) we
can conclude that exp m determines a global Bol loop if and only if each element
g = (0,y1,92,y3) € G, y; € R, i =1,2,3 can be written uniquely as a product
g = mh or equivalently m = gh~! with m € expm and h € H. This is the case
since for all given y1,y2,y3 € R the following system of equations

1 ek2 —1
y1 = ko, y2 = k3, y3 —a = ckok3, a=—k;
2 ko
has a unique solution (a, k1, ko, k3) € R* given by
1 3Y1Y2 — Y3
ko ==y, k3 :=y2, a:=y3 — sy1y2, k1 := %T.

2

at

Hence the pair (G, H = {(a,0,0,a),a € R}) corresponds to a 3-dimensional Bol
loop L. Because of [h,m] C m the loop L is a left A-loop.

Now we summarize the discussion in
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Theorem 6. Let L be a 3-dimensional connected differentiable Bol loop
corresponding to a Lie triple system which is a direct product of its centre and a
non-abelian 2-dimensional Lie triple system. If the group G topologically gener-
ated by the left translations of L is 4-dimensional, then for L and for G precisely
one of the following cases occur:

1) G is the direct product of the 3-dimensional solvable Lie group having
precisely two 1-dimensional normal subgroups and a 1-dimensional Lie group and
L is either the direct product of the 1-dimensional compact Lie group SO2(R)
with a 2-dimensional Bol loop L, defined in Theorem 23.1 of [15] or a Scheerer
extension of the group R by a loop L.

2) G is the 4-dimensional solvable Lie group with the multiplication

(r1, %2, 23,24) * (Y1, Y2, Y3, Ya) = (y1 + T1€Y2, T2 + Y2, T3 + Y3, T4 + Ya + T2Y3)

and L is isomorphic to the left A-loop having H = {(a,0,0,a) | a € R} as the
stabilizer of the identity of L.

Finally we treat the universal Lie algebras ggji) defined in Lemma 5. (The

U
(+)
isomorphic to the Lie algebra g5 14 with p = 0 in [14], p. 105.) The multiplication

Lie algebra g,  is isomorphic to the Lie algebra gsg with v = —1 and g?f) is

of the Lie group G?i) corresponding to g%’i) is given by:

z1 Y1 Y1 + 1 COS Y2 + £x4 SIN Y2
T2 Y2 Y2 + T2
3 | x| ys | = Y3 + 3
T4 Ya Y4 + z18in Yz + 24 COS Y2
Z5 Ys Y5 + T5 + T2ys3
The triple (cos ya,sinys, €) denotes (cosh yo, sinh ys, 1) in case G?Jr) and

(cosya,sinys, —1) in case ngf).
The 2-dimensional subalgebras h of ggji) which are complements to m =
(e1, ea, e3) have the shapes:

hal,a37b17b3 = <e4 +aie; + azes,es +bre; + b3€3>,

where aq,as,b1,bs € R. Since the ideal (e5) of ggji) lies in hg, 44,00 and the ideal

(eq £ e1) of ggr) is contained in hiq ¢, 5, We may suppose that (b, bs) # (0,0)

U
(+)
For b; = 0 the element 0 # bzes € m is conjugate to es5 + bges € h under

g = (0, fbg_l, 0,0,0) € G(Ui) which contradicts Lemma 1.

in the case of ggr) as well as of g?_) and (a1, as) # (£1,0) in the case g
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If b1 # 0 then the linear mapping « defined by

1 1
aler) = ael, aleg) = eq, ales) =es, aleq) = ae4, ales) = es

is an automorphism of gg]i). This automorphism leaves the subspace m invariant
and reduces hg, 4;.6,,65 10 Ny ag.1,5-
The Lie group Hg, a5.1,65 = €XPha, a5,1,6; consists of the elements

{(la; + k,0,lag + kb3, , k), I,k € R}
and the exponential image of the subspace m has the form

exp m = exp{kie; + koea + kses; k1, ko, k3 € R}

_ {(klsinkg - 5kl(coskg—l)

1
“hoks ), k1 ko, ks €R S
k‘g k‘g 7223>7 1 2, V3 }

Every element of the Lie group G?i) can be written uniquely as a product
(.T]_, XT2,T3,T4, .'L'5) = (0’ f2) f37 07 f5)(la1 + ka 07 la3 + kb?n l7 k)7

where (la; + k,0,lag + kbs,l, k) € Hy, 45,165 Bach element g = (0, fa, f3,0, f5),
fi € R for ¢ = 2,3,5, has in G&) a unique decomposition as g = m h or equiv-
alently m = g h=! with m € expm, h € Hy, o, 1, if and only if for all given
fa2, f3, f5,a1,as3,b3 € R the following system of equations

i -1
—lal—k:M7 ks = f3 — las — kbs, 12_5M7

) fo

—k + f5 4 fa(ks — f3) = 3 faks, k2 = f2 (*)

has a unique solution (ki, ko, k3, k,1) € R5.
In the group G(U_) we find

k2:f27 k1:W,

ks = 2[(cos fo—=1)(fsa1—fsas fo+fabs faai+asfs—bsai fs)+sin fo(fa+f3bsf2—bsfs)]
n 7

k= (2f5*f2f3)[51nf~2+a1(COSf2*1)], [ — (COszfl)(ijerfsz)’ (1)

where 1 = (cos fo — 1)(2a1 — asfa + b3 foar) + (2 + bs fo) sin fo.
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In Ggr) the system (x) has the following solution:

fa(_
ky = f2, k1= 2fae (2€(f227f15)4TrLf2f3)7

ks = 2[(e”2—1)(— faa1+ faas fo— fabs faar —as fs+bsar f5)+(e’2+1) (fs+fabs fo—bsf5)]
n )

_ (=2fs+fafs)(aref2—e/2—a; 1) _ (e2-1)(2fs5—faf3)
k — 5 2J3 1 1 , l — - 5 2J)3 , (2)

n

where n = (1 — e/2)(2a; — azfo + bz foay) + (/2 +1)(2 + b3 fo).

The solution (1) respectively the solution (2) is unique if and only if 7 # 0
respectively n # 0. If for a value fo one has n(fy) = 0 respectively n'(fz) = 0
then the coset (0, f2, 3,0, f5)Ha, 45,16 cOntains no element of exp m.

Considering f> as a variable x for the function 71(f2) = n(x) one has n(z) = 0
if and only if as(x) = (2 + b3) (a1 + 222, where a1,b3 € R and z € R\{2xl},

| € Z. For all a; € R the function h(x) := a3 + 222 has period 2. It is

cosx—1

continuous and strictly increasing on the intervals (2xl, 27 + 2nl), | € Z such
that limg~ om h(z) = —o0 and lim, rox42x hA(x) = co. The function % + b3 is for
bs < —3% continuous and negative in (47, 67) and for bz > —3% it is continuous
and positive in (0,27). Hence the restriction of the function as(z) to (4w, 6m)
respectively to (0,27) takes all real numbers as values. This means that for all
given ai, as, bs there is a value p € R\{2nl}, [ € Z such that n1(p) = 0.

Replacing fo by the variable x we investigate the function n(f2) = n(x). We
have n(0) = 4. We seek for p € R\{0} with n(p) = 0. Since n(z) is continuous it
is enough to prove that there is € R\{0} with n(z) < 0. This happens for the
following triples

a) (bg = 0, az = O, aq ¢ [71,1]) b) (bg = 0,&3 < 0, ay € R)
¢) (b3 €R\{0}, a3 <0, a1 €R)  d) (bg <0, a3 >0, aj < % + 1)
3

e) (b3>0,a3>0,a1>%71).
3

n(x)
e”+1

a; > 1. In the cases b) and e) we have lim,_, _ :T(fl
one obtains lim,_, o :T(f_)l = —00. Moreover, in the case ¢) one has n(—%) <0.
Thus for the above triples (a1, ag, b3) there is p € R\{0} such that n(p) = 0.

Let o : ngj:)/Hal’aSnl;bS — ngi) be a section belonging to a differentiable

<0 for a; < —1 and lim,_, o % < 0 for

= —o0 and in the case d)

Namely, in the case a) lim,;_,_

Bol loop L with dimension 3. If U(G&)/Hal,ag,ms) contains expm then any
coset (0, f2,0,0,1)Hq, a5,1,05> (f2 € R) should contain precisely one element s of
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J(G?i)/Hal,a3717b3). For fy # p we obtain in the case GEJ_)

§ = ( SH{fz?vak?n wv 1f2k3>
n 2

. U
and in the case G(+)

—9(el2 —4ef2 _
. ( 2(el2 + 1)’f2,k3’ e (fcoshfg 1) 1f2k;3) .
n (ef2 — 1)n

Since o is continuous one has

U((Ovpa 0,07 ]-)Hal,ag,l,bg) = flimpa((oa f2a0707 1)Ha1,a3,1,b3) = lim s.
2

fa—p

—2(ef241)
n

But limg, ., W = o0 as well as limy, ., = oo which are contra-

dictions. Therefore the group GE{) cannot be the group topologically generated
by the left translations of a differentiable 3-dimensional Bol loop and for the group
G%’H the parameters satisfying the conditions a) till e) are excluded.

Now for GY | it remains to investigate the triples

(+)

(i) (ngO, a3 =0, -1 <a;1 <1 (ll) (b3:0, az >0, a1 ER)

3

)
(iii) (b3<0 as >0, a1>f+1> (iv) (b3>0,a3>0,a1<%—1)
) (vi) (b3<0, a3>0,a1:‘g—§+1>.

(V) (bg>07 az >0, a1 = 7_1
In the case (i) the function n(z) is positive. Therefore there is a con-

nected differentiable 3-dimensional Bol loop, which is realized on the factor space
G?+)/Hal,0,1,0 with —1 < a; < 1.

In the case (ii) we have
n(z) = e*(xas — 2a1 + 2) — zaz + 2a; + 2
and for the derivations we obtain

"(z) = ¥ (xzaz — 2a1 + 2+ a3z) — as
"(x) = ¥ (xzaz — 2a1 + 2 + 2a3)
n"'(z) = e*(vaz — 2a1 + 2 + 3ag).

n
/
n
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Since n”(x) = 0 only for u = % holds and n"’(u) = az > 0 the function
n/(x) assumes in v its unique minimum. Moreover, we have

lim n'(x) = oo, lim n(z) <0, and
lim n(z) = oo, lim n(x)= .
r— 00 r— —00

Therefore there is only one value p for which n/(p) = 0 and in p the function
n(z) achieves its unique minimum. One obtains n'(p) = 0 if and only if a; =
$(pas + 2 + ag — %). Furthermore, we have n(p) > 0 if and only if p = 0 or
0<ag< ﬁ if p € R\{0}. Thus for the parameters (as,a;) satisfying the
properties
0<az and a3 =1

or

4eP

0< < —
e

1 a
andalzg(pag—i—Z—i—ag—e—Z)

there is a connected differentiable 3-dimensional Bol loop corresponding to the
pair (G?+)aHa1,a3,1,())~

In the cases (iii) and (iv) we have
n(xz) = (e + 1)(bsz + 2) + (1 — e*)(zbsa; — zas + 2a;)
and for the derivations one obtains

n'(z) = e*(x(bg + a3 — bzay) + bz + az — bza; +2 — 2ay) + bz + bsa; — as
n”(m) = em(x(bg +as — b3a1) + 2b3 + 2a3 — 2bsaq + 2 — 2&1)
’I?,W(J)) er(l‘(bg + a3 — b30,1) + 3b3 + 3as — 3bsa +2 — 2@1).

The same arguments as above show that the function n’(x) has only one minimum
2(b3a17b37a3+a1 71)
b3+az—bzay
for this value p the function n(x) takes its unique minimum.

We have n/(p) = 0 if and only if

in and that there exists only one value p such that n’(p) = 0;

p=0 and a3 =0b3+1

or
- 6p(]. —‘r—p)(bg&l — bg) =+ ep(2a1 — 2) — bg — bgal .
as = I +p) 1 if p € R\{0}.
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Putting a3 into the expression of n(xz) we obtain the following: For the value p
one has n(p) > 0 if and only if one of the following cases is satisfied

I p=0 and a; =bs+1
(I1) e’(1+p) — 1 <0 and p?elbs —ai(e® 4+ 1) + e* + 2peP — 1 + 2a,eP < 0
(111) e’(14+p)—1>0 and
p2ePbs — ay (62” +1) + e 4+ 2pe? — 1+ 2a,eP > 0.

In the case (I) the conditions in (iii) reduce to
(iii) a) b3 <0, a;g =bs+ 1, b3 < as
and from the conditions in (iv) one gets
(iv) b) b3 >0, a1 =bs+ 1, b3+ 2b3 < as.
In both cases there is a connected differentiable 3-dimensional Bol loop L realized
on the factor space G?+)/Ha17a3717b3.

Now we discuss the case (IT). For the parameters satisfying (iii) it is equivalent
to the following system of inequalities
() p<0, b3<0, aibs <az+bs, (B) az>0,
ar(e? —1)% — 2P — 2peP + 1

per
eP(1+ p)(bsay — b3) + eP(2a; — 2) — bg — bzay
e’(l1+p)—1 '

Using (0) the condition («) may replaced by

(v) b3 <

)

(6)  as=

(@) a;r <1, €Plag—1)<b3<0, p<O.
The condition (3) is satisfied if and only if

eP(2 — 2ay) 1+eP(1+p)

") eb3<e and ea; <e———
(6 ebs e?(1+p)(a1 —1)— (1 +ar) P Tt er(14p)
with € € {1,—1} holds. Since p < 0 the condition a; < 1 gives in (') for e = 1
that a; < %&F’;) and for ¢ = —1 that %ﬁfg) < a; < 1. Therefore the
expression e"(2-2a1) is positive for e = 1 and negative for € = —1.

e?(1+p)(a1—1)—(1+a1)
Let f(p), l(p,a1) and k(p,a;) be the following functions

1) 1= ST ) = el - 1)
k(p, ar) = eP(2 —2ay)

e’(1+p)(ag —1) — (1 +ay)’
Thus for € = 1 the conditions () and (8’) yield
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a)  Il(p,a1) <bsg <0 and a3 < f(p)
whereas for ¢ = —1 the conditions (o) and (') give

b)  f(p) <a1 <1 and k(p,a1) <bs <0 which satisfy (7).

ay(eP—1)?—e?P —2peP 41
pZeP

The function n(p,ay) := in (vy) is non negative if and only if

e?P 4 2peP — 1
A >
( ) ai =2 (ep _ 1)2

Denote by g(p) the function g(p) = %. Using for all p < 0 the inequality

(B)  g(p) < f(p)

one sees that the condition a) holds if and only if one of the following systems of
inequalities is satisfied:

¢) g(p) <ar < f(p) and I(p,a1) < b3 <0,
d) a1 <g(p) and I(p,a1) <bs <n(p,a1) if Il(p,a1) <n(p,ar).

Because of p?e?? — (e — 1)? < 0 for all p < 0, the condition I(p,a;) < n(p,ay) is
satisfied if and only if

p?e? — e — 2peP + 1
p2e?P — e?P + 2ep — 1

aj.

2 _2p

Let h(p) be the function h(p) = D" —2pel 41 Gince h(p) < g(p) for all p < 0

p2e?P—e2P{2eP—1
the condition d) is satisfied if and only if
e) h(p)<ai<g(p) and I(p,a1) <bs <n(p,a;) holds.
Thus for p < 0 and b3 < 0 there is a connected differentiable Bol loop L such that
the group topologically generated by its left translations is the group G%]-%) and
the stabilizer of e € L is the subgroup Hg, ;.1 if and only if the parameters
a1, as, bs satisfy one of the systems of inequalities b), ¢) or e) and the condition (§).

For the parameters (iv) the case (II) yields the following system of inequalities

(Oé) p <0, by > 0, arbs < ag — bs, (ﬂ) asz > 0,

o ep(l +p)(b3a1— bg) + ep(2a1 — 2) — b3 — b3a1
(v) b3 <n(p,ar), (6) as= (1+p) —1 .

Using (0) the condition (&) holds if and only if one of the following cases is satisfied

alfl

! < -1, <1, 0<bz<
(@) p ai 3 1+p

)

(@) p=-1, a1 <1, 0<bs,
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—1
(@) —1<p<0, mm{&?+p}<%.

The condition () may be replaced by

(') eby <ek(p,a1) and eay < ef(p)

with € € {1, —1}. Denote by m(p, a1) the function “11_;71. The conditions («/) and

(3, (&) and (8'), (&) and (8') yield for e = 1 the corresponding conditions
a) p<-1, a1 < f(p), 0<bz <min{k(p,a1),m(p,a1)},

b) p=-1, a1 < -1, 0<bs <k(-1,a1),

c) —-1<p<0, a1 < f(p), 0<bs < k(p,a1)

and for e = —1 the conditions

[}

) p<_17 f(p)<a1<17 O<b3<k(paa1)7
) p=-1, a1 <1, 0< bs,
)

@

Lanr)

-1<p<0, 1<ay, max{m(p,a1),k(p,a1)} < bs,

g) —-1<p<0, f(p)<ar <1, 0<bs.
Now we deal with the condition (7). Using the inequalities (A) and (B) the
conditions a) till g) hold if and only if the following conditions in the same order
as a) till g) are satisfied:

) p<-1, g(p) <a1 < f(p), 0<bs<min{k(p,ar),m(p,a1),n(p,a1)},

) p=-1, g(-1) <a; < -1, 0<bs <min{k(-1,a1),n(—1,a1)},

) —1<p<0, gp) <ai < f(p), 0< bz <min{k(p,a1),n(p,a1)},
Vop<—1, f(p) <a1 <1, 0<bz<min{k(p,ai),n(p,a1)},
)

)

a,’
'b’

)

a o

9

e p=-1, g(-1)<a1 <1, 0<bs<n(—1,a1),

f’ -1<p<0, 1<ay, and max{m(p,a1),k(p,a1)} < bs < n(p,a1),

if max{m(p,a1),k(p,a1)} < bs < n(p,a),

g) —1<p<0, f(p)<ar <1, 0<bz<n(par).

Since for —1 < p < 0 and 1 < a; one has k(p,a;) < m(p,a;1) as well as
(1+p)(eP —1)% — p%eP < 0 the inequality max{m(p,a1), k(p,a1)} < bz < n(p,ay)
in f7) is satisfied if and only if

(14 p)(€® + 2pe? — 1) — p°e?
(14 p)(e?r — 2eP + 1) — p2er

a <

. 14p)(e®P+2peP —1)—p’e?
The function v(p) = ((1+I;))((ee2p_2peep+1))_1?256p

Hence the condition {’) is equivalent to

is greater than 1 for —1 < p < 0.
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) —-1<p<0, 1<a <v(p), m(p,a1) < bs < n(p,ar). It follows that for
p < 0 and bg > 0 there is a differentiable Bol loop L defined on the factor space
G?+)/Ha1,as,1,b3 if and only if the parameters ai, ag, bs satisfy one of the systems
of inequalities a’) till h’) and the condition ().

Now we discuss the case (III). For (iii) we obtain the following system of
inequalities

(Oé) p>0, b3 <0, arbs < asg+ bs,
(/8) az > Oa (7) b3 > n(p7a1)7

(6) an — ep(l +p)(bga1 - bg) + 6”(2a1 - 2) — bg - b3a1
T e?(1+p)—1 '

Using (9) the condition () yields

(/) b3 < min{0,eP(a; — 1)} and p>0.

Furthermore, (3) is satisfied if and only if

(3) ebs >ck(p,a;) and ea; > ef(p)

with £ € {1, —1} holds. Since p > 0 the conditions (a’) and (3') give for e =1
a) a1 > f(p) and k(p,a1) <b3 <0

whereas for e = —1 we obtain one of the following conditions

b) 1<a; < f(p) and b3 <0

c) a3 <land by <min{l(p,ai),k(p,a1)}.

Since for a; < 1 and p > 0 we have [(p,a1) < k(p, a1) the condition c) yields
d) a1 <1 and b3 <lI(p,a1).

Now we investigate the condition (7). The function n(p, a1) is non negative if and

only if

2P eP —
(C) a1 >
Because of

(D) f(p) <g(p) forall p>0
the condition a) may be replaced by

e) f(p) <ai <g(p) and max{k(p,a1),n(p,a1)} < bz <O.
Moreover the condition b) is equivalent to

f) 1<a; < f(p)and n(p,a1) <bs <0

whereas the condition d) is equivalent to

g) a1 <1 and n(p,a1) <bs <l(p,ar) for n(p,a1) <lIl(p,ar).
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Since for p > 0 one has
p?e® —(e? —1)2>0 and h(p) <1

the relation n(p, a1) < I(p,a1) holds if and only if h(p) < a;. Using this inequality
and h(p) < 1 the condition g) is equivalent to
h) h(p) <ay <1 and n(p,a1) < bz <l(p,ay).
Thus for p > 0 and b3 < 0 there exists a differentiable Bol loop, which is realized
on the factor space G%]+)/Ha17a3717b3 if and only if a1, as, bz satisfy one of the
systems of inequalities ), f) or h) and the condition (4).

For the parameters (iv) the case (III) is equivalent to the following system
of inequalities

(@) p>0, b3>0, abs <az—bs,

(6) as > 03 (7) b3 > n(p7a1)7
(5) Gn — €p<1 +p)(b3(11 — bg) + e”(2a1 — 2) — bg — b3a1
3 er(1+p)—1 '

Using (9) the condition («) may be replaced by the condition

(/) 1l<ag, 0<bs<m(p,a;) and p>0.

Furthermore, the condition (/) is satisfied if and only if

(B8")  ebs >cek(p,a1) and eay > ef(p)

with € € {1, —1} holds. Since p > 0 the conditions («’) and (8’) give for e =1
a) f(p) <ar and 0<bs <m(p,a1)

and for e = —1

b) 1<a; < f(p)and 0 < b3 < k(p,a1).

Now we deal with the property (7). Using the inequalities (C) and (D) one sees
that the inequalities in b) satisfy () and that the condition a) holds if and only
if one of the following cases is true:

) [flp) <ar<g(p) and 0<bsy <m(p,a1)

d) g(p) <ar1 and n(p,a1) <bs <m(p,a1) if n(p,a1) <mp,ar).

Since (1 + p)(eP — 1)2 — p%e? > 0 for p > 0 the condition n(p,a;) < m(p,ai)
is equivalent to a; < v(p). Moreover, for p > 0 one has g(p) < v(p) and the
condition d) is satisfied if and only if

e) ¢g(p) <ap <v(p) and n(p,a1) < bs < m(p,aq).

Hence for p > 0 and bz > 0 there exists a differentiable Bol loop L having GY,

(+)
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as the group topologically generated by the left translations and the subgroup
Hg, 3,16, as the stabilizer of e € L in GU+ if and only if the parameters a1, as,
bs satisfy one of the conditions b), c¢) or e) and ().

For the parameters (v) we have n’(p) = 0 if and only if
p =0 and Z—j = bz + 2 or ag = bg(pbs + b3 +2) if p € R\{0}.
Hence n(p) > 0 if and only if one of the following cases holds true:
1) b3 >0,a3 =0b3(bs+2), a1 = %:, if p=20
and
2) bs(p+1—e€P)+2>0 for pe R\{0}.

For the parameters in 1) there is a differentiable Bol loop L having G?_H as
the group topologically generated by its left translations and the group Hg, a4.1,55
as the stabilizer in G€J+).

The case 2) is equivalent to the following system of inequalities
() b3>0, bs(p+1—e’)+2>0, (B) a3z >0, az=bs(pbs+b3+2).
Because of p+1 —eP < 0 for all p € R\{0} the condition () may be replaced by
(o) 0<bs< _zﬁ'

The condition () is satisfied if and only if one of the following holds:

2
()  p>-—1landbs> T T (3")  p=—1andbs>0,
2
" “land by < ————.
8" p < and by < o

Comparing the conditions («) and (5’) respectively () and (8”) we obtain that
for p > —1 one has 0 < b3 < fp_H%ep. Since 71% > fp_s_l%ep for all p < —1
holds (') and (8"”') reduces to 0 < bg < —W%ep. Hence for p € R\{0} there

exists a differentiable Bol loop realized on the factor space G? )/ Hay as,1,05 if and

only if
0<by<c——2 bs(pbs + bs + 2) %
— as = a; = — — 1.
3 p+1—er’ 3 3(P03 T 03 ) 1 b
For the parameters (vi) we have n”(z) = —2e%azb;' > 0 for all x € R.
Hence the function n'(z) = —2e®asbs 1 4+ 2bs is strongly monotone increasing.

Thus n/(x) = 0 is satisfied only for p = In(b2az ') and n(p) > 0 if and only if

2
b <lnb3—1>+2+a3>0.
as bg
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This condition is necessary and sufficient that a group Hg, 4.1, With parameters

in (vi) is the stabilizer of a differentiable Bol loop realized on the factor spaces
U

G(+)/Ha1,a3’1,b3'

From the above discussion we obtain the main part of the following

Theorem 7. Let L be a 3-dimensional connected differentiable Bol loop cor-
responding to a solvable Lie triple system which is the direct product of its centre
and a non-abelian 2-dimensional Lie triple system. If the group G topologically
generated by the left translations of L is at least 5-dimensional then G is the
5-dimensional solvable Lie group defined by:

(w1, 2,23, T4, %5) * (Y1,Y2,Y3, Y4, Ys) = (y1 + @1 coshyz + x4 sinh ys,

Yo + T2, Y3 + X3, Ys + x1 sinh yo + x4 coshya, y5 + 5 + T2y3).

Let

(a) Hgo0={(la+#%0,0,l,k); ,LkeR}, -1<a<1l,

(b)  Hg,as.0 ={(a1 + k,0,las,l,k); I,k € R}, ag > 0, such that either

a1 =1oras< ﬁ and a; = %(pag +2 4 a3 — 22) with p € R\{0}.

(¢)  Hayasps = {(lar + k,0,las + kbs, 1, k); I,k € R} such that for the real
parameters ay, asz, bs one of the following conditions is satisfied:

(a) b3 <0,b3 <asz,a; =bz+1,

(B) b3 >0,b%+2b3 <asz, a; =bs+1,

(v) b3 <0,a3>0, a1 =agh;' + 1, by(In s —1) 4249 >0,

Any subgroup in (a), (b) and (c) is the stabilizer of the identity e of L
in G. No loop having the stabilizer of e in (a) is isotopic to a loop having the
stabilizer in (b). Moreover, the loops L, and L; corresponding to the stabilizers
H, 0,0 respectively Hy 0 are isomorphic if and only if b = +a. The loops L1 44,0
and Ly o o corresponding to the stabilizers Hy 440 respectively Hy 41 o in (b) are
isotopic precisely if az = a%. No loop having the stabilizer of e in (c) is isotopic
to a loop with the stabilizer of e in (a) as well as to a loop Ly q,0. There are
infinitely many non-isotopic loops having stabilizers in (c).

Denote by f(p), g(p), h(p), k(p,a1), l(p, ar), n(p,a1), m(p,a1) and v(p) the
following functions of the real variables p and a;:

1+ eP(1+p) e?P 4 2peP — 1 p?e?P— 2P — 2peP+ 1
flp) = — » 9(p) = —e o M) = s 1
1+er(1+p) (e —1) peeP —eP 4 2eP — 1
eP(2 —2aq) ar—1

k(p,ay) = , Up,ar) =€P(ar—1), m(p,a) =
(p 1) ep(1+p)(a1_1)_(1+a1) (p 1) ( 1 ) (p 1) 1+p
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ai(eP—1)%2—e?P—2peP+ 1
per

(1+p)(e* + 2peP — 1) — peP
(14 p)(e2r —2eP + 1) — p2eP

, v(p) =

If a loop L has a stabilizer H of e not contained in (a), (b) or (c¢) then H =
Hay 505 = {(lar + k,0,las + kbs, 1, k); I,k € R} and there exists either a real
number p < 0 such that one of the following conditions is satisfied:

n(p,a1) =

(i) f(p) <a1 <1, k(p,a1) < bz <0,
(i) 9(p) < a1 < f(p), l(p,a1) <b3 <0,
(i) h(p) < a1 <g(p), Up,a1) <bs <n(p,a1),
(iv)  p<-1, g(p) £ a1 < f(p), 0 < bz <min{k(p,a1),m(p,ar),n(p,a1)}
(v) p=-1, g(-1) <a; < -1, 0 <bg <min{k(—1,a1),n(—1,a1)},
(vi) —1<p<0, g(p) < a1 < f(p), 0<bs <min{k(p,a1),n(p,a1)},
(vii) p< -1, f(p)<a <1, 0<bs<min{k(p,ai),n(p,a1)},
(viii) p=-1, g(-1)<a1 <1, 0<bz<n(—1,a1),
(ix) —1<p<0, flp)<ar1 <1, 0<bsz <n(pay),
(x) —1<p<0, 1<a; <v(p), m(p,a1) < bs <n(p,ai),
2

i 0<by3 < ————m—
(xi) 3 prl_er

or there exists a real number p > 0 such that one of the following conditions
holds:

(xii) f(p) < a1 < g(p), max{k(p,a1),n(p,a1)} < bz <0,
(xiii) 1<ar < f(p), n(p,ar) < bg <0,
(xiv) h(p) < a1 <1, n(p,a1) < bg < l(p,a1),
(xv) 1<ar < f(p), 0<bs < k(p,ar),
(xvi) f(p) < a1 < g(p), 0 <bs <m(p,ar),
(xvii) 9(p) < a1 <w(p), n(p,a1) < bs <m(p,a1),

2
(XVlll) 0< b3 < _m

Moreover, one has ag = e’ (1+p)(bsar —ebs()l-ﬁ—:;)(ial1—2)—b3—b3a1 in the cases (1) till

(x) and (xii) till (xvil), whereas as = b3(pbs + b3 +2) and a1 = §* — 1 holds true
in the cases (xi) and (xviii).
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There are infinitely many non-isotopic loops L having stabilizers Hg, a5 b,
such that the parameters a1, as and bz satisfy one of the conditions (i) till (xviii).
No loop for which the parameters a1, ag and bz satisfy one of (i) till (xviii)
is isotopic to a loop corresponding to a stabilizer contained in (a). Moreover, no
loop for which the parameters a1, ag and bs satisfy one of the conditions (i) till
(iii), (x) and (xii) till (xviii) is isotopic to a loop having as stabilizer Hy ,, o of (b).

PRrROOF. It remains to prove the assertions concerning the isotopisms between
loops having G as the group topologically generated by the left translations.

The loops La, a5,b; and Lqy a;, p;, corresponding to the pairs (G, Ha, a4,b5) and
(G, Ha} 4y, p,,) are isotopic if there exists an element g€G such that 9 Ny, 45059 =
hgy af by, where hg, o4 5, 1s the Lie algebra of the stabilizer Hg, q4,b,- The group
G is the semidirect product of the 4-dimensional normal abelian subgroups
{(21,0,23,24,25); 1,%3, 24,25 € R} by the 1-dimensional subgroup
{(0,22,0,0,0); z2 € R}. Hence hy, a4, and hgy 4 3, are conjugate if and only
if they are conjugate under an element (0, x2,0,0,0) € G. This is the case if and
only if there exists xo2 € R such that the following system (I) of equations

— a3 + (a1a} + by — aybya)) sinhzo + (af + a1bly — ajby) coshaxe =0 (1)

(ah — aiby) sinhwy — by + bl coshxe = 0 (2)
(a1 — a} + ajzo — a\byws + a1byws) cosh o

+ (1 — a1d) + aha12s + bz — aya)jbyas) sinhxze = 0 (3)
(1 + byxs) coshazg — 1 + (ahze — a) — a)byzs) sinhxy =0 (4)

has a solution. From the equation (2) we obtain that for sinhzy # 0

by — b cosh g + a) by sinh o

!/
ay = -
3 sinh x4

Putting this expression into the equations (1), (3) and (4) one obtains
by = —ag sinh xg — a1b3 sinh oy — by cosh o (1)
(a1 — @) cosh zg sinh x5 + asbswy sinhxy — 1 + aja)
+ x9b3 cosh x9 + (1 — alall)(COShl‘g)Z — J?Qb/ =0 (37)
— 1+ coshzg — af sinhzg + x9b3 = 0. (4)
The equation (4’) yields for sinh zy # 0 that

, coshxo + x9b3 — 1
ay = .

sinh x4
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Using this expression for aj the equation (3’) reduces to
—1+ coshzg — z2b + a; sinhzy = 0. (37)

If we substitute for b5 from the equation (1°) in (3”) we see that the system (I) is
solvable if and only if x5 is the solution of the equation

(a1bsz — azz —ay)(e*® — 1) — (e” — 1) + bgz(e** +1) = 0, (i)

the parameters bj respectively af satisfies (1°) respectively (4’) and a% = ag holds.
The condition a3 = a% yields the following claims:

No loop with stabilizer in (a) can be isotopic to a loop having the stabilizer of e

not in (a).

The loops L1 44,0 and Ly 4 ¢ are not isotopic if az # aj.

The loops having the stabilizers Hy 2415 and Hpy 1 p241, with b, < 0 and

b # V' are not isotopic.

Among the loops having the stabilizers Hg, q4,5, such that the parameters a;, as,

bs satisfy one of the conditions (i) till (xviii) there are infinitely many correspond-

ing to different values of a3. Hence there are infinitely many isotopism classes of

such loops.

For b3 = a3 = 0 and 0 < a; < 1 the equation (i) reduces to

(€ = D1 +e%)ar + (" = 1)] = 0.

The solutions of this equation are o = 0 and x5 = In ;Zi Therefore the

loop Lg, with the stabilizer Hy, 0,0 in (a) is isotopic to the loop L_,, having the
stabilizer H_,, o,0. Since the automorphism « of the Lie algebra g of G given by

aler) = —e1,ales) = —es, ale;) = e, =2,3,4

leaves the subspace m invariant and changes the Lie algebra hg, 00 to h_g, 0,0
the loops L,, and L_,, are already isomorphic.

For b3 =0, a; = 1 and a3 > 0 the equation (i) reduces to
(e =11+ e®)(zxas + 1)+ (e —1)] = 0. (i)
We consider the function

fly) =1 +¢Y)(yaz + 1) + (Y — 1), where a3z > 0.
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For the derivations of f(y) one has

I'(y) = e¥(yas + a3z + 2) + as,
e¥(yas + 2a3 + 2),
" (y) = €’ (yas + 3as + 2).

2

—~

<

~
Il

Since f”(y) = 0 only for p = -2 — a% holds and f"”(p) > 0, the function f’(y)
assumes in p its unique minimum. The function f(y) is monotone increasing since
f'(p) = az(1 — e?) > 0. We have lim,_,o f(y) = oo and lim,_._ f(y) = —o0.
Hence there is only one value u for which f(u) = 0. Since f(y) > 0 for all y > 0
we obtain that v < 0 and thus the equation (ii) has precisely two solutions x5 = 0
and z2 = u. The unique loop isotopic to the loop Lj 44,0 corresponds to the
stabilizer H, o1 4, the parameters aj, a3, by of which satisfy

e —1 , az(l—e?)

<0, by=——"—=>0.
e +1 3

! /
az =a3 >0, a;= Sou

But for such parameters none of the conditions («), (8), (v) in (c) and none of
the conditions (i) till (iii), (x) and (xii) till (xviii) is satisfied. O

5.3. Bol loops corresponding to a Lie triple system which is a non-split
extension of its centre. Now we treat the Lie triple systems described in the
case 2 ¢ in Section 3.

Lemma 8. The universal Lie algebras g of the Lie triple systems m* =

(e1,ea,e3) of type 2 ¢ coincide with the standard enveloping Lie algebras 8" (+)
given in 2 c.

PRrOOF. Since for gV one has mY N[mY, mY] = 0 we may assume that m¥ =
{e1,e2,e3) and that a basis of [mY, mY] consists of e4 := [es, €3], €5 := [e1, €3]

and eg := [e1, es]. Using the Lie triple system relations given in 2 ¢ we have the
following multiplication:

le2,e3] = ea, [ea,ea] =e1, [es,e3] = Fea, [e1,e3] =e5, [e1,e2] = e
and the other products are zero. Moreover, one has

[le2, e3], ea] + [[e3, ea], e2] + [[ea, e2], €3] = e5

[[64, 63], 61] + [[63,81],64] + [[61, 64], 63] = Feg.

Hence the Jacobi identity is satisfied if and only if [e1, e3] = [e1,e2] = 0. From
this the assertion follows. O
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*

The Lie groups G(4) and G(_) corresponding to the Lie algebras 8(4) or gz‘_)
respectively, are the semidirect products of the 1-dimensional Lie group

0 0 0
cost sint 0
€ sint cost 0
0 0 1

o O O =

and the 3-dimensional nilpotent Lie group

1 —T2 X4 I1
0 1 0 x4
B = b ) b 6 R )
0 0 1 apf UM
0 O 0 1

where the triple (cost, sint, €) denotes (cosht,sinht,1) in case G4y and (cost,
sint, —1) in case G(_.

Denoting the elements of G4y by g(t, 21, 72, 24) we see that the multiplication in
G(+) is given by

g(t1,$1a$27$4) '9(t2791»y27y4)
= g(t1 + t2, 21 + y1 + eya(z2 costo — exysints) — eya(x4 cOsty — xosints),

Ya + To coSty — €xy sinty, ys — xoSints + x4 costy).

A 1-dimensional subalgebra h of gzk ) which complements m = (e, ez, e3), can
be written as:

h = (es + aey + Bea + ve3) with «, 8,7 € R.
Any automorphism « of g’("i) leaving m = (e, ea, e3) invariant is given by
aler) = +a2eq, aeg) = Leace; +aea, «afes) =bey+ceates, «eq) = taey,

where a € R\{0}, b,c € R, e =1 in the case g,

suitable automorphisms of this form we can reduce h to one of the following:

and € = —1 for gZ‘_). Using

h; = (es4), hy=(es+e3), hz, = (es+ye2),y>0, hy=(es+e1).
The exponential image of the subspace m has the shape

expm = exp{ne; + keg + tes,t,n, k € R}
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2k k . k
= {g(t,n + e t—QSlnt7 " sint, ;(1 —cost)), t,n,k € R}

(cf. [3] p. 11 and p. 12) if we identify m with the subspace generated by

0 0 0 O 0 =k 0 n
0 0 ¢t O 0 0 00
0O ¢ 0 Ol'|O O 0 Kk '
0 0 0 O 0 0 0 0

First we investigate the group G(_). The element g(F,0,1,0) € G(_) conjugates
expey € Hy to exp(—2e;) € expm and exp(es + e1) € Hy to exp(—ez —e1) €
exp m. Moreover, exp(es+e3) € Hs is conjugate to exp (e +e3) € expm un-
der g(0,0,—-1,0) € G(_) and exp(es+yez) € Hsy is for all y € R\{0} conjugate to
exp|(sinarcctgy) 'es] € expm under g(—arcctgy,0,0,0) € G(_y. Hence there
is no 3-dimensional differentiable Bol loop L such that the group topologically
generated by its left translations is the Lie group G(_) (cf. Lemma 1).

Finally we deal with the group G(4). The element exp(es + e3) € Hy is
conjugate to exp(ez — e1) of expm under ¢(0,0,1,0) € G(4). The element
expl(es + yes) € Hs,, with [ = —sinh (1n Z:
under g(%In ;Z%,0,0,0) € G(4) for all y > 1. Therefore we may suppose that
the stabilizer of the identity of a Bol loop L is either the Lie group H; or Hy or

Hj ,, where 0 <y < 1.

) is conjugate to expes € expm

Each element g € G(4) can be represented uniquely as a product g = mbh,
where m € expm and h is an element of Hy, Hy or H3, with 0 < y <1
respectively, if and only if for given t1,x1, 22, x4 € R the equation

2 2

k k k
g(t1, 21,2, 4) = g(t,n + T e sinh ¢, " sinht, 2(1 — cosht)) -h

is uniquely solvable for
h=9¢(0,0,0,a) € Hi, h=g(0,a,0,a) € Hy, and h = g(0,0,1y,l) € Hz,.

In the case of H; the unique solution is given by:

1 —cosht
t::tl, k:i a::x4_w7

sinh ¢4

2 2 ;
x3(1 —coshty)  x5(t; —sinhty)
ni=2x1 — T4x2 + : —
! 42 sinh t1 sinh? 1
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In the case of H4 we obtain as unique solution

9 22(1 — cosh ty)
sinh t; ’ = Tq —
ty

t:= t1, k=

)

sinh ¢1

x9(1 —coshty)]  23(t; —sinhty)
sinh; sinh? '

n:=ux1 — (1 +x) |14 —

Moreover, in the case of Hs , for y € (0, 1] the unique solution is given as follows:
Forty =0 we have t =0, 1 = x4, k = 20 — x4y, n = 21 — T4(T2 — yx4),
whereas for t; # 0 we obtain

P zasinhty + zo cosht; — xo (z2 — yzqg)tq
=l1,0 = =

sinht; —y 4+ ycosht; ’ ~ sinht, —y + ycosht;’

(sinht; —t1) (22 — y24)?  (x4sinhty + xocoshty — z9) (22 — yz4)
(sinht; —y + ycoshty)? (sinhty —y + ycoshty)

n==ux

It follows that the group G4 is the group topologically generated by the left
translations of infinitely many non-isomorphic differentiable 3-dimensional Bol
loops L. Every such loop L has a normal subgroup N = exp{le;, A € R} =
{g(0,1,0,0), A € R} isomorphic to R and the factor loop L/N is isomorphic to
a loop L, with o < —1 defined in Theorem 23.1 of [15] and thus isotopic to
the pseudo-euclidean plane loop. Hence L is an extension of the group R by a
loop L.

The loop L; having H; as the stabilizer of e € Ly in G (4 is a Bruck loop.
The loop Ly which is realized on the factor space G/Hy is a left A-loop. The
stabilizer H; is conjugate to Hy under ¢(0,0, f%,()) € G(4) and to H3, under
g(artanh(—y),0,y,1) € G(4) with y € (0,1). Hence the loops corresponding
to these stabilizers are isotopic. In contrast to this the loop corresponding to
Hs 1 ={¢(0,0,1,1); I € R} does not belong to the isotopism class of L;.

These considerations yield the following

Theorem 9. If L is a 3-dimensional connected differentiable Bol loop cor-
responding to a Lie triple system, which is a non-split extension of its centre and
a 2-dimensional non-abelian Lie triple system, then the group G topologically
generated by the left translations of L is the semidirect product of the normal
group R and the 3-dimensional non-abelian nilpotent Lie group such that the
multiplication of G is given by

g(tla T1,T2, x4) : g(t27 Y1,Y2, y4)
= g(t1 + ta, 21 + y1 + ya(xacoshts — xysinh ty) — yo(zgcoshta — xasinh ts),
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Yo + xocoshty — xysinh iy, y4 — xosinh to + xycoshis).

All loops L are extensions of the Lie group R by a loop L, described in Theo-
rem 23.1 of [15] and form precisely two isotopism classes C1, Co.

All loops in Cy are isomorphic and may be represented by the loop L which
has the group H = {g(0,0,1,1); | € R} as the stabilizer of its identity in G.

The class Cy contains (up to isomorphisms) a Bruck loop Li correspond-
ing to Hi = {g(0,0,0,a), a € R}, a left A-loop Lo corresponding to Hy =
{9(0,a,0,a), a € R} and the loops L, with y € (0,1) corresponding to the
groups Hy, = {g(0,0,1y,1), | € R} as the stabilizers of the identity.

6. Bol loops corresponding to the Lie triple system
having trivial centre

Now we deal with the case 3 in Section 3.

Lemma 10. The universal Lie algebra gV of the Lie triple system m =
(e1,e9,e3) of type 3 is the standard enveloping Lie algebra g* characterized in 3
of Section 3.

PROOF. Because of mYN[mY, mY] = 0 we may assume that m¥ = {e;, es, e3)
and take for a basis of [mY, mY] the vectors e4 := [es,e3], €5 := [e1,e3] and
e¢ := [e1, ea]. The relations of the Lie triple system of type 3 yield the following
multiplication:

[627 63] = €4, [64763] = €1, [61, 63] = €5, [617 62] = €6,
whereas the other products are zero. For es, e3, e4 one has
[[627 63]7 64} + [[637 64]) 62] + [[64, 62]3 63] = €g

and the Jacobi identity is satisfied if and only if [e1, e2] = 0. This is the assertion.
O

The mapping G
1 1 1 1
Bler) = 5\/561 - 5\/564 - 5\@62 + 5\665,
1 1 1 1
ﬂ(62) = 5\/561 — 5\/564 + 5\[262 — 5\/565,
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Bes) = %\/5637 Bles) =e1+es, [les)=—es—es5

yields an isomorphism of g* onto the Lie algebra g defined by the following non-
trivial products:

[61,63] =e1 — ey, [62763] =e1 t+eg, [64763] = —eq tes5, [65763] = —€5 — €4.

(We remark, that g is isomorphic to the Lie algebra g5 17 for s = —1, ¢ = —1,
p = 1in [14] (p. 105)). The elements xe; + yes + zes + uey + ves of g can be
identify with the matrices

0O v « 0 0 0
0O 2z =z 0 0 0
0 -2z 2z 0 O 0
00 00 v " i T,y z,u,v € R
0O 0 0 0 —z -z
0O 0 0 0 =z -—z

Then the multiplication in G is determined by
g(ah blvclvdla fl)g(a27 b27 C2, an f2)
= g(ag + b1e? sin ¢y + a1 cos ca, by + b1 cos ca — a1 sin cg,

c1+ ca,dy — fre”?siney + die”“? cosca, fo + fre”? cosca + die” 2 sincy).

The isomorphism ( maps the Lie triple system (e, eq,e3) onto the Lie triple
system m = (e; — eq, €2 — €5, e3) and one has

expm = exp{n(e; — eq) + m(ex — e5) + sez;n,m,s € R}

_ {g ((n — m)(e® cos s _213) + (n+m)etsins

(n+m)(e*coss — 1)+ (m —n)e*sins

28 787
(n—m)(e"®coss—1)— (m+n)e ®sins
2s ’
—Scoss — 1 _ -5 o
(n+m)(e ®coss 2)+(n m)e Sms),n,m,seR}.
s

The 2-dimensional subalgebras h of g with the property h N (e3) = {0} have the
following forms:

ho, a0, = (€5 + azea + ageq, eq + baea) with az,a4,b2 € R,
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hy, o,0, = (65 + a1e1 + aseq, bier + ez), where a1,a4,b1 € R,

ha17a27b1,52 = <65 + ai1€eq + a2€9, €4 + b1€1 + b262>, where ai, as, bl, bQ S R
The automorphism « : g — g given by

a(er) =boer +e2, ales) = —eg +boea, ales) = es,

05(64) = b2€4 — €5, 04(65) = €4 + b2€5,

where by € R, and the automorphism (§ : g — g determined by

B(e1) = e1 +biea, [le2) = —brer +e2, [les) = es,
B(es) = es — bres, [B(es) = bies +es5

where b; € R, leave the subspace m invariant. If by # a4 then o maps hg, o, 6,
onto
h,;, = (e5 + ae; + beq,e2) with a,beR

and if by = a4 then o reduces hg, q, 5, to
h, = (e4 + ae1,es) with a€R.

For b, # i the automorphism 3 maps hg, 4,5, to h,, whereas for b; = i the
subalgebras hy, 4,5, reduce to h,. Since h,p Mm is not trivial if @ = —b we may
assume that for h, ; one has a # —b.
For a1 = az = by = by = 0 the subalgebra hg 00 = (es5,e4) is an ideal of
g. Therefore we suppose that in hgy, 4, 5,5, Dot all parameters a1, az, by, by are 0.
Moreover, (ag + 1)(1 4 b1) — a1ba # 0, since otherwise hg, 4p.5,,6, VM # 0.
The Lie groups corresponding to the Lie algebras h,, h, 3, hy, q,.6,.0, have
the forms
a) H,=exph, ={g(ka,l,0,k,0); k,l eR}, aeR
b) Hup=exphyy = {g(ka,l,0,kb,k); k,l €R}, a,beR, a#b
C) Hal,ag,bl,b2 = exp hal,ag,bl,bQ = {g(kal + lbl, kag + lb2,0, , k), k,l S R},
where (az + 1)(1 4 b1) — a1b2 # 0 and not all aq, as, by, by are equal 0.
Each element of G has a unique decomposition as
g(z1, z2, 23,24, 25) = g(y1,0,¥2,0,y3)g(ka,l,0, k,0) in the case a)
g(x1, 22, 23,24, x5) = g(y1,0, Y2, y3,0)g(ka,l,0, kb, k) in the case b)
=9

g(xlax2>x37w4;x5) (y17y37y27030)g(ka1 + lblkaLQ + le,O,l,k);l,k € R}
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in the case c).

A differentiable Bol loop L exists precisely if in the case a) every element
9(y1,0,y2,0,y3), in the case b) every element g(yi,0, y2,y3,0) and in the case c)
every element ¢(y1,vs,¥2,0,0), y; € R, i = 1,2,3, can be written uniquely as a
product g = mh or equivalently m = gh™!, where m € expm and h is a suitable
element of the stabilizer H,, Hy, or Hy, q4.6,,6, Tespectively. This happens if and
only if for given y1,y2,y3 € R the following system of equations

e*coss — 1) +vesins B v(e®coss — 1) —ue®sins
2s ’ 2s ’
u(e ®coss — 1) —ve *sins v(e*coss — 1)+ ue *sins

C= 25 ) D= 25 s (I)

5=y, Azu(

with A =y; — ka, B= -1, C = —k, D = y3 in the case a),
with A =1 — ka, B= -1, C =y3 — kb, D = —k in the case b) and
A=y —kay — by, B=ys — kay — lba, C = —1, D = —k, in the case c)
has a unique solution (u,v, s, k,[) € R®.

Assuming yo # 0 and putting

mip = e¥2cosys — 1 —ale Y2 cosys — 1), mo1 = €~ Y2 sin ys,
mia = eY2sinys + ae” Y2 sinyo, Moy =€ Y2 cosys — 1

in the case a),

my1 = e¥2cosys — 1 + ae Y2 sinys, mig = e¥2sinys — a(e Y2 cosys — 1),
mo; = e Y2cosys — 1 —be ¥2sinys, maog = —e ¥2sinyy — be Y2 cosys — 1)

in the case b) and

my; =e¥2cosys + 1 —are 2 sinys — by (e Y2 cosya — 1),
mig = e¥?sinys —aj(e Y2 cosys — 1) + bre Y2 sinys,
mop = —e¥?sinys — ase Y2 sinys — ba(e™ Y2 cosys — 1),

maog = e¥? cosys + 1 — as(e Y2 cosys — 1) + bae™ Y2 sinys

in the case c), we see that the system (I) yields the following system of linear
equations

miu + miav = 2Y1Y2
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Mo1U + Moot = 2y2y3. (IT)

If y1 = y3 = 0 and det (m;;) = 0 7,5 € {1,2} then the system (II) has infinitely
many solutions.
The condition det (m;;) = 0 holds if and only if in the case a) the function

flz)=—(e"+e®)cosx —ale > —2e “cosx + 1) + 2cos’ x,
in the case b) the function

g(x) = (2ae™%* — 2b) cos® x — (2 + 2abe™ ") cos x sin z + be” cos x

+ (b —2a)e cosx + e“sinz + (2ab+ 1)e ®sinz 4 a — ae”*®
and in the case ¢) the function

h(z) = €** 4+ e 2% (bragy — arby) + (€* + e *) sinz(a; — bo)
+ e cosx(as + by — 2) + e T cosx(2a1by — 2a2b1 + by + as)
+ 1+ (2b2 — 2(11) sinx cosx — (2b1 + 2a2) COS2 x + b1a2 — bgdl

assumes the value 0.

If £ = max{100,2|a|} then for z = 27k and y = 7 + 27k we obtain that
f(z) <0and f(y) > 0. Hence in the open interval (27k, w + 27k) there is a value
ya such that f(y2) = 0.

For p1 = Z + 2k and py = 3T + 27k with k = max{100, 2|al,4|ab|} one has
g(p1) > 0 and g(p2) < 0. Hence the open interval (3 + 27k, 2F + 27k) contains a
value y2 such that g(y2) = 0.

Therefore there is no 3-dimensional differentiable Bol loop L such that the
group topologically generated by its left translations is the group G and the
stabilizer of e € L in G is a subgroup H, or Hg .

In the case c) one has

a)  limg_ 400 h(2) = +00,
b)  limg— oo h(z) = —00 if byas — a1be <0
¢) lim, o h(z) =00 if byas — a1by > 0.

The first and second derivative of h(z) are

B (x) = 2€** 4 (a1 — by)[(e® — e ") sinz + (¥ + e~ *) cos 7]

+ (ag + b1 — 2)(e® cosx — e®sinx) — 2~ 2% (brag — a1bo)
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— (b1 + az — 2a2by + 2a1b2)(e” " cosx + e T sinx)

+ (2by — 2a1)(cos? & — sin® z) 4+ 4 cos zsinz(by + as)
and

R (x) = 4€*® 4 4e7*® (biag — aybs) + 2(a; — by)(e® — e %) cosx
+ 2(b1 + a2 — 2a2by + 2a1b2)e” Fsinx — 2(az + by — 2)esinx

+ 4(by + az)(cos® x — sin? x) — 8(by — ay) cos x sin .

One obtains h(0) = 2'(0) = 0 and h”(0) =4 + 4(by + a2) + 4(a2b; — a1be). Since
R (0) # 0 we have two possibilities: A”(0) < 0 or A”(0) > 0. The function h(z)
has in 0 a maximum or a minimum according as h”(0) < 0 or 2”(0) > 0. Now
from the properties a) and b) it follows that for A”(0) < 0 and for A”(0) > 0 with
biag — a1be < 0 there is a value p € R\{0} such that h(p) = 0.

For bias — a1bs = 0 one has

h(z) = e* 4 (e + e *)sinx(a; — bo) + €* cos x(ag + by — 2)

+e P cosz(by +az) + 1+ (2by — 2a;) sinx cosz — (2by + 2a3) cos? z.

First we assume that a3 — by # 0. Then we have e¢h(p;) > 0 and eh(pz) < 0
if py = —(5 + 27k) and po = —(3F + 27k), where k = max{lOO,ﬁ} and
e =1if ay — by < 0, whereas ¢ = —1 for a; — by > 0. Hence in the open interval
( — 37” —2mk, -5 — 27rk) the function h assumes 0.

For a1 = by we obtain

h(z) = €2® 4 (b1 + az)(e® + e %) cosx — 2% cosx + 1 — (2b; + 2ay) cos® z.
If p; = —27k and py = —7 — 27k then we have €h(p1) > 0 and eh(ps) < 0, where
k= max{lOO,W} and € = 1 or ¢ = —1 according as b; + a2 > 0 or
b1 + as < 0. Therefore the interval (—m — 27k, —27k) contains a value p € R\{0}
such that h(p) = 0.
It follows that a differentiable Bol loop L does not exist if the parameters aq,

as, by, by satisfy either
14+b1 +as+ashy —aibs <0

or
14+by +as +ashby —aibs >0 and agby —arby < 0.
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For y» = 0 = s the system (I) reduces to
1 —kar — by =n, ys —kas —lba =m, l=n, k=m, withn,m e R. (III)

Since for the parameters a1, as, by, by one has (as + 1)(1 + b1) — arbs # 0 the
system (III) has precisely one solution for all y1,ys3 € R. Namely, if by # —1 we
obtain

[y Yrma o y3(1+b1) — fibe
1+b1 ’ (a2+1)(1+b1)—a1b27
whereas for by = —1 one has a1b2 # 0 and

a; — as —
k‘:m:ﬂ’ l:n:y31 Yyi1az yl.

a baaq
The above discussion yields the following

Theorem 11. If L is a 3-dimensional connected differentiable Bol loop cor-
responding to a Lie triple system which has trivial centre, then the group topo-
logically generated by its left translations is the 5-dimensional Lie group G the
multiplication of which is given by

g(ahblvclvdlafl)g(a27b27027d27f2)
= g(az + b1e® sinca + a1€ cos ca, ba + b€ cos ca — a1€? sin ¢,

c1+ ca,dy — fre”?siney + die”® cosca, fo + fre”? cosca + die” ? siney).
Moreover, the stabilizer of the identity of L in G is the subgroup
Ha, asb1,00 = {9(ka1 + 1b1, kag +1b2,0,1,k); k,l € R}
such that the parameters ay,as, by, by satisfy
14+by +as+asby —aiby >0 and agby —arby >0
and the function

h(z) = €** 4+ e 2" (byag — arby) + (€* + e %) sinx(a; — by)
+ e cosz(as + by — 2) + e T cosx(2a1by — 2a2by + by + asz)
+ 14 (2by — 2aq)sinz cosz — (2b1 + 2as9) cos? x + bias — boay

is positive for all z € R\{0}.
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There are many differentiable 3-dimensional Bol loops on the factor space
G/Ha, a5,0,,b,- For instance choosing a1, as,b1,b2 € R such that aq = by, az =
2 —by and ¢ = byag — a1by = —(by — 1)? — b3 + 1 with % < ¢ <1 the function

h(z) =e* 4+ (2 —2c)e “cosa +ce ™ + 1+ c—4cos’x

of Theorem 11 is positive for all x € R\{0}. To prove this it is enough to show
that the function

E(z) =e* +(2—2c)e “cosx+ce ™ +¢—3
is positive for all € R\{0}. The second derivative
E'(x) = 4€*® 4 4ce ™ +4(1 — ¢)e “sinx
is positive if and only if
4e** 4 4ce™® —4(1 —c)e ™ >0

or

() =e* 4+ (c—1)e® +¢>0 forallxzeR.
For the derivations of {(z) we obtain
U'(z) = 4e* + (c —1)e”, 1"(x) = 16e™ + (c — 1)e”.

1—c
4

One has I'(p) = 0 if and only if p = %ln . For this value p the function I(z)

1
takes its unique minimum since I (p) = (15¢)*(3—3c) > 0. Because of 2 < ¢ <1
4
we get [(p) = c—3(159)* = c—2(1—¢) > 0. It follows k”(x) > 0 for all z € R
and therefore k'(x) is a strictly monotone increasing function. Since k'(0) = 0 the
value 0 is the unique minimum of k(z). Furthermore one has k(z) > 0 because of

k(0) = 0 and lim,—, o k(x) = lim,_, 4o k(x) = +00.

Let Lg, 4, be the Bol loop belonging to the triple (G, Hy, ap,2—as,a;, €XP M),
where —% < —(az—1)*—a? < 0. Among these loops only the loop L ; is a left A-
loop. Since there is no element g € G such that ¢~ he, 4, 2-as,0,9 = hot ay2-ap,0
for two different pairs (a1, az), (aj,a3) holds the loops Lq, 4, and Lg 4, are not
isotopic. Therefore there are infinitely many non-isotopic Bol loops L, q,-
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