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On affine translation hypersurfaces of constant mean
curvature

By HUAFEI SUN (Beijing) and CHUN CHEN (Beijing)

Abstract. The purpose of this paper is to classify the affine translation
hypersurfaces with nonzero constant mean curvature.

1. Introduction

An n-dimensional hypersurface in E"t! is called a translation hy-
persurface if it is obtained as the graph of the function F(z1,...,x,) =
fi(x1)+- -+ fu(xy), where fi(z1),..., fn(zn) are differentiable functions.
A hypersurface is said to be minimal if its mean curvature is zero identi-
cally. As well known, a minimal translation surface in the 3-dimensional
Euclidean space E® must be a plane or a surface which is the graph of
the function F(21,22) = (Incos(az1) — Incos(axs)), where a is a nonzero
constant. For a translation hypersurface M with constant mean curvature
in E"*1 we have obtained [2]

(1) when M is minimal, then F(z1,...,x,) is a linear function or

cos(axy)

1
F(xzi,...,2p)=—1n

Ck+1T ciid e
a COS(CLIL‘Q)...COS(axk) + Ck1Tk41 + + CnTn,
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(2) when M is not minimal, then

‘/1 2
F(z1,...,2q) = —J\/l—4H2x%+a$2+a3$3+"'+an$n,

2H

where a, cgy41,...,Cn, a3,...,a, are constant. Naturally, one can consider
the similar problem: to classify affine translation hypersufaces in the affine
space R"1. Of course, the case of affine hypersurfaces in R"*! is more
complicated than that of hypersurfaces in E"*1. In [7], F. MANHART stud-
ied nondegenerate affine minimal translation surfaces in an affine space R?
and gave a complete classification.

As a generalization, W. YANG and D. QIu [11] classified affine mini-
mal translation hypersurfaces in R"*1.

In [10] and [9], the first author of this paper and H. PABEL classified
the affine translation surfaces with nonzero constant mean curvature in R3,
respectively.

The purpose of the present paper is to classify affine translation hyper-
surfaces in R™*! with nonzero constant mean curvature. Our main result
is:

Theorem. Let M be an n-dimensional nondegenerate affine transla-
tion hypersurface with nonzero constant mean curvature in R"t'. Then
up to affine transformations, M is the graph of the following function:

x1
Tn+1 = a/ {
T

where a, ay,...,a, are constant and H(# 0) is the affine mean curvature
of M in R™*1.

¢ _n+2
/ (H52+a1) +1 ds}dt+a2x§+--~+anmi,
¢

0

2. Preliminaries

Let f: M — R"™! be an immersion of a connected differentiable n-
manifold M into the affine space R"*! equipped with usual flat connection
D and a parallel volume element w, and let £ be an arbitrary local field of
transversal vector to f(M). For any vector fields X, Y on M, we write

Dxfu(Y) = fu(VxY) + h(X, V)E, (2.1)
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Dx§ = —fu(SX) + 7(X)g, (2.2)

Thus we have an affine connection V, a symmetric tensor h of type (0, 2),
a tensor S of type (1.1) and 1-form 7 on M. We call h, S and 7 the affine
fundamental form, the affine shape operator and the transversal connection
form, respectively. We define by H = %traceS the affine mean curvature

of M. We call M affine minimal if H is zero identically. We define a
volume element 6 on M by

0(X1,...,Xpn) =w(fu(X1),..., fx(Xn),§)
= det(f*(Xl)v e 7f*(Xn)a£)a

for any tangent vectors Xi,..., X, to M.

(2.3)

We say that f is nondegenerate if h is nondegenerate. This nonde-
generacy does not depend on the choice of £. If f is nondegenerate, it
is known that there is a unique £ up to sign such that the correspond-
ing induced connection V, the affine fundamental form h,and the induced
volume element 6 satisfy

(i) VO =0, thus (V,6) is an equiaffine structure on M.
(i) 0 = wp, wp(X1,...,Xp) = |det(h(XZ-,Xj))|% (volume element given

by h).

We call such ¢ the affine normal of f. Condition (i) implies that 7 = 0 so
that Dx& = — f.(SX).

Let 41 = F(x1,...,2,) be a differentiable function on a domain
D C R™. We shall determine the affine normal of an immersion

f:D>3(x1,...,2n) — (x1,..., 20, F(z1,...,2,)) € R"L.

We start with a tentative choice of transversal field £ = (0,...,0,1). Since
Dy, ¢ =0, we have 7 = 0. Denote by 0; the coordinate vector field 0/0x;.
Then we have

f«(01) = (1,0,...,0,F1), ..., f«(On) =(0,...,0,1, F},),
where F; = 0F/0x;. Thus we get

0*F

i0%;



384 Huafei Sun and Chun Chen

and

Vo, (0;) =0, h(d;,0;) = Fj.

(3

Thus the immersion is nondegenerate if and only if det(Fj;) # 0. We find
that

0(01,...,0,) = det(fu(D), ..., f(9p),€) = 1.

Hence taking ¢ = ]det(Fij)\n%?, we can find Z such that ¢ + Z = £ is the

affine normal field and £ is given by
E= =" (FY0;) £.(00) + 06,
j.k
where ¢; = 0¢/0z;, (F) is the inverse of the matrix (F*). From which
we have

Dy == 0 (ij@) f<(Or)
7.k
and

S(@) =0, (F’W'qu) O
.k

Hence we see that the affine mean curvature of M satisfies

H= % > 0 (Fig;). (2.4)
1,J

3. Proof of the main theorem

Throughout this section, we assume that M is a translation hypersur-
face, i.e., it is obtained as the graph of function F(z1,...,x,) = fi(z1) +

-+« + fo(zy), where f1,..., f,, are differentiable functions. Thus we have
i (z1) 0
(Flj) - - )
(ff (1)~ 0
(F7) = (Fy)™' = ;
0 (fl(wn)) ™!
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and from the nondegeneracy assumption, we have

¢ = |det(Fyy)| 72 = | f{/(21)

never vanishes, so the f/’s never vanish either.

385

)|

Let G; = ¢;f; satisfy

G! =& fl' = |f!|, where ¢; = 1 when f/ > 0 and ¢; = —1 when f/ < 0.
Thus we get
1 ” 1
Qbi _ — QG 1G///(G// Gg)"“
and
1 _1 n+ 1 1_9 1 "n_1 4
¢ii—m(G’1’...G;;)n+z< n+2G G2+ G G§>>.

Therefore, by a direct calculation we have

nH = Zai (Fiigs) =Y ((0

%

F'¢i + F'¢y)

" ]. " 1 11 " /1!
‘Z( FaGlC T — TG —1Gf1G§4)>
" " 4
_ L (@i s (LG ntlaGr G
+2 " - G n+2 G3 G2

_ i2 (Gr...Gr)w Z <_2:J_L23 6532 + 85?)
T+ 2(G” G 2 % <_2:J:r23G;H2 - GZG’@))
(Y. QG (%GP 12G’1’G§4)>
e e e A= e (—MG;'Q ;chg‘”)
+...
(GG Yie, G e (—mc;;? 12GQG;4>>
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so we have
nH = (G ... G2 Qy(z1) + -+ (G .. G"_ )72 Qu(zn),  (3.1)
where

”—B:i 2n =+ 3 1o ]. 4
In order to prove our Theorem, we need the following Lemma.

Lemma. If H is a non-zero constant, then there existsi (i = 1,...,n)
such that G} # 0 and G’ = 0 for j # i.

PROOF. We first prove that if all Gf # 0, then H = 0. In fact,
differentiating (3.1) with respect to x; we get

1
0=(GY...GL1Giy - Gr) 2 Qi)
n_1__q
GG |(G GG G PR Qu(a)

1

_l’_

from which we get

(n+2)Qj(x;)  Q1(x1) Qi—1(xi—1)
- ntl - 1 +eoet 3
GA/*‘nJrz el Gl nt2 G. "2
O ) . Qua @Y
7 Ty n\Tn
+ % + o + 1 *
G, G,

Differentiating (3.3) with respect to z;, we can get easily that

Qj(x;)

m_1
n+2
G;

—0,  j#i
z;
In the other hand, changing i to k (k # ¢) in (3.3) and differentiating with
respect to x;, we get

Q‘Z/( lj) = 0’ ] # k‘
G] n+2

Zj
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From the above two formulas, we can get

!/

G _o o1 (3.4)

n_1
n+2
G ;

And so

1

Qj(xj) = CjGj n+2, (] = 1, N ,TL), (35)

where ¢; ’s are constant. From (3.5) we get

1 1n__n+1

Q(x;) = ——¢G; e (3.6)
Therefore, combining (3.3), (3.5) with (3.6) we can get
¢4+ e =0. (3.7)
Combining (3.1), (3.5) with (3.7) we get
nH = (GV...GY 2 (cy + -+ cn) = 0,

and so H = 0.
Then we assume that GJ/(x,) = 0. In this case, G}, = d,, = constant
and Q(z,) = 0. From (3.1) we get
__1_ 1
nHd, ™2 = (G}...G"_ )77 Qy(x
(Gy 1) 2 Q1 11) (3.8)
+ -+ (Glll - G;;_Q)m Qn_l(xn_l).

If G () 7? 0(i=1,...,n—1), using the same method as above we can

get nHd, ""* = 0 and so H = 0. Thus continuing such process we can get
b=da,..., Gi=d,

and )
nH = (dg...d,)"2Q1 (1)

i.e.

/_3nts < 2n + 3 o

1 1
nH = (dg .. .dn)"+2€1G1 n2 m 17+ MG/{GYL)) s (39)



388 Huafei Sun and Chun Chen

where da, . ..,d, are constant and G}’ # 0 so that H # 0. This completes
the proof of Lemma.

Now we begin the proof of Theorem. Affine minimal translation hy-
persurfaces, that is the case H = 0 are classified in [7], [11]. Then by
Lemma, we only need to treat with the case that G5 = --- = G}/ = 0 and
GY" # 0. Hence from (3.9) we get

3o 243

HCG, ™ = 26+ Gia, (3.10)

where
1

C=n(n+2)ei(de...dy) 2.

Let g(x1) = GY(z1) and s = ¢’. Then from (3.10) we have

= 271—1—319;2 :Cngr:ir;
n+2g
and so ) ( )
ds 22n+3)1 9 2n+43
— - ————~—5"=2CHg 2. 3.11
dg n+2 gS 9 ( )
Thus we get

2 ZQQ(iTSs) (—2(n+2)CHg:LLE —i—d) ’
n+1

where d is a constant. Then we have

2nt3 [ 2(n + 2)
/: g :l: n+2 - 7
g =s=+g ( ]

=

2

CHg w2 + d)

Let g_%é = m. Then

1
:t;biz(am—l—d)%dml = dm, (3.12)
where a = —2(::12) CH.
From (3.12) we get
1 n+1
- d)? =+
" (am + d) R +e
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and
_n+2
w2 e (n+l 2 oq|
=m n — — x [
g 4\n+2™" a ’
ie.
) _nt2
n+ 2 n+1 (n+1)d i
= |- CH + —_—— , 3.13
g [ 2(n+ 1) <n+2x1 e> 2 r2)0H (3:.13)
where e is a constant. So we get
) _n+2
1 t 1 ntl
Gl(:rl):/ / AH(”+ siB) +a ds b dt
o to n-+ 2
o7 — 12
1 n+1 1 t _ n42
- A<”+ ) / {/ (Hs?+ar) +1ds}dt,
n-+ 2 0 to
where
A _nt2C o o _ _(tDhd
T 2(m+1) T T 2(n+2)CH

Therefore, under equiaffine translation we get

n+2

1 t
Tni1 :a/ {/ (Hs* +a1) ™7t ds}dt+a2x§+---+anxi, (3.14)
o

to

where o, ao, ..., a, are constant.
This completes the proof of Theorem. (Il

In particular, taking a; = 0 from (3.14) we get

2
Tptl = Al(xl + .Bl)_"i+l + Asxy + By + agﬂjg + -+ anxi, (315)

where A;, B;, a; are constant.
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