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Complex rotundity of Musielak—Orlicz function spaces
equipped with the Orlicz norm

By CUIXIA HAO (Edmonton), LIFANG LIU (Xiamen) and
TINGFU WANG'

Abstract. The criteria for complex extreme points, complex rotundity, com-
plex locally uniformly rotund points, complex local uniform rotundity and com-
plex uniform rotundity in complex Musielak—Orlicz function spaces equipped with
the Orlicz norm are given.

0. Introduction

Many mathematicians worked on rotundity properties in real Banach
spaces ([2], [6], [7]) because these properties are very important in geom-
etry of Banach spaces and its applications. In the recent years, many
mathematicians have developed the investigations concerning the geomet-
ric theory of complex Banach spaces, because its applications are irreplace-
able by the geometric theory of real Banach spaces. Let D be a domain (an
open connected subset) in the complex plane and let f be a complex-valued
analytic function on D. Then the classical maximum modulus principle
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says that either | f(z)| has no maximum on D or |f(z)| is a constant on D.
If f is analytic and has values in a complex Banach space, it is well known
that the theorem still holds. However, the strong form of the maximum
modulus theorem, where if | f(2)| is constant then f(z) is also constant, is
no longer true in general. In 1967, E. THORP and R. WHITLEY (see [11])
first investigated the structure of complex extreme points and showed that
the strong form of the maximum modulus principle holds for a complex
Banach space X if and only if each point of norm one is a “complex extreme
point” of the unit sphere of X. In 1975, J. GLOBEVNIK (see [5]) investi-
gated complex rotundity and complex uniform rotundity, and pointed out
that L;[0,1] is complex uniformly rotund (real space L1[0,1] is not even
rotund). Many mathematicians discussed complex rotundity in general
Banach spaces (see [3], [4], [8]-][10] and [13]). It is well known that into
the class of Musielak—Orlicz spaces include a lot of classical spaces such
as L, (1 < p < 00), Orlicz spaces etc. At the end of 1980’s, C. WU and
H. SunN discussed complex extreme points, complex rotundity and com-
plex uniform rotundity in Orlicz spaces (see [14]-[17]). Next T. WANG and
Y. TENG (see [12]) introduced the concepts of complex locally uniformly
rotund points and complex local uniform rotundity, and obtained criteria
for them in Musielak—Orlicz spaces. But the above discussion was pro-
ceeded in the case of the Luxemburg norm. For the Orlicz norm, only one
result on complex extreme points of Musielak—Orlicz sequence spaces was
given by C. Wu and H. SUN (see [14]) in 1991. In this paper, we discuss
complex rotundity, complex locally uniformly rotund points, complex lo-
cal uniform rotundity and complex uniform rotundity in Musielak—Orlicz
function spaces equipped with the Orlicz norm. The conclusions that we
get seem to be clear and they differ a lot from the corresponding results
concerning the Luxemburg norm.

Let N denote the set of natural numbers, R and € denote the sets of
real and complex numbers, respectively. Let (X, ||-||) be a complex Banach
space and S(X) be the unit sphere of X.

Let (T, %, 1) be a nonatomic, complete and o-finite measure space and
LY (resp. L¢) be the space of all (equivalence classes of ) Y-measurable real
(resp. complex) functions defined on 7. In the whole paper the equality of
two functions of variable ¢ (resp. two sequences with n) is understood in
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the sense “for p-a.e. t € T” (resp. “for all n € N”). Similarly, “for ¢t € A”
means “for py-a.e. t € A”, where A € 3.

A point z € S(X) is called a complex extreme point if for any y € X
with y # 0 the inequality maxy<; [z + Ay|| > 1 holds.

A complex Banach space X is called complex rotund (CR for short)
if every point x € S(X) is a complex extreme point.

A point z € S(X) is called a complex locally uniformly rotund point
(C-LUR point for short) if for any ¢ > 0 there exists 6 = J(z,e) > 0 such
that for all y € X satisfying [|y| > €, the inequality maxy < [z + Ay[| >
14 6 holds.

A complex Banach space X is called complex locally uniformly rotund
(C-LUR for short) if every point € S(X) is a C-LUR point.

A complex Banach space X is called complex uniformly rotund (CUR
for short) if for any € > 0 there exists d = d(¢) > 0 such that |r§\1|ax |z + Ay|| >
<1

1+ holds for all x € S(X) and y € X satisfying |ly|| > e.

A function M : TxR — [0, +o0] is said to be a Musielak—Orlicz func-
tion if M has the following properties:

(1) M(-,u) € LY for any u € R,

(2) M(t,-) is even, convex, continuous at zero and left continuous on Ry
(tel),

(3) M(t,0) = 0, limy—oo M (t,u) = oo and M (t,us) < oo for some u; €
(0,+00) (t € T).

N is called the complementary function of M if

N(t,v) = il;}g{uw\ —M(t,u)} (teT, veR).

Then N is also a Musielak—Orlicz function. For any ¢ € T, define
e(t) =sup{u > 0: M(t,u) = 0},
E(t) =sup{u>0: M(t,u) < oo},

A(t) =sup{v > 0: N(t,v) < co}.
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Let p_(t,u) (resp. p(t,u)) denote the left (resp. the right) derivative
of M(t,u) at u, assuming p(t,u) = —p_(t,—u) = oo for u > E(t) and
p—(t,u) = —p(t,—u) = oo for u > E(t). Let q_(t,v) (resp. ¢(t,v)) be
the left (resp. the right) derivative of N(t,v) at v, assuming q¢(t,v) =
—q—(t,—v) = oo for v > A(t) and q_(t,v) = —q(t,—v) = oo for v > A(t).
Then ¢(t,v) = sup{u > 0: p(t,u) < v} and N(t,v) = f0|v‘ q(t, s)ds for any
veR(teT).

It is well known that there holds the Young inequality

luv| < M(t,u) + N(t,v) (teT, u,veR).

Moreover, |uv| = M(t,u) + N(t,v) if and only if p_(t,u) < v < p(t,u) or
q-(t,v) < u < q(t,v).

Given a Musielak—Orlicz function M, we define the convex modular

pa: L — [0, +0o0] by
— / M, |2(t)])du
T

{z € L°: ppr(Az) < oo for some A > 0}

The linear space

equipped with the Luxemburg norm

|lz||ar = inf {)\ >0:pm (§> < 1}

or with the Orlicz norm

(15, = sup{{J, [y]) : p(y) <1}

is a complex Banach space, where (||, |[y|) = [ |=(t)||y(t)|dp. We denote
it by Lys or L° > respectively. These two norms are equivalent and the
inequalities |z||as < [|2]|%; < 2||x||as hold for any z € L. It is known
that if there exists an Orlicz function M such that M (¢t,u) = M(u) for
any t € T and v € R, then Lj; becomes an Orlicz space. It is also known
that ||z, = infr=0 3 (1 4+ par(kz)) for any z € Ly, which is called the
Amemiya—Orlicz formula for the Orlicz norm.
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We say that for any Tp € ¥, M satisfies condition Aq(Tp) (M €
Ay(Tp) for short) if for any h > 1, there exist £ > 1 and a nonnegative
function § € L? with fTo d(t)dp < oo such that M(t, hu) < kM (t,u)+6(t)
(t € To,u € R). Given a Musielak—Orlicz function M, we define the
functional &xs @ Ly — Ry by () = inf{\ > 0: ppy(5) < oo}. For any
T € Lgm we define

k> =inf{k > 0: py(pokx) > 1}, k" =sup{k>0:pn(pokx) <1}

It is known (see [14]) that ||z[|3, = +(1 4+ par(kx)) for a number k €
(0,00) if and only if kf < k < kX*. In the sequel for any x € Ljs we
denote by S the set {t € T": z(t) # 0}. By x we denote the characteristic
function.

Lemma 0.1 (see [8]). For any Musielak—Orlicz function M, there
exists an ascending sequence (Tj)32, C X which satisfies | Ji—, T = T,
w(Ty) < oo and sup{M (t,\) : t € T;} < oo for any A > 0 and k € N.

Lemma 0.2 (see [14], Theorem 1). Let 0 # = € LY, and A is the
function defined on page 3. Then:

(1) If pn(Axs,) > 1, then ||z]|§; = (1 + pun(kz)) for some k € (0,00)
and it is the only possibility to attain the norm ||z||},.

(2) If pn(Axs,) < 1, then ||z||, = (|z|, A) and if pn(Axs,) < 1, then
|z]|3; can not be attained in which way ||z|%, is then given.

Since C' is complex uniformly rotund, so we have the following

Lemma 0.3 (see [1], Proposition 5.17). Let i be the complex number
satisfying i> = —1. For any € > 0 there exists § € (0,3) such that if
u,v € € and |[v| > ¢ maxjes |u + jv|, then |u| < I_T% > jer lu+jv|, where
= {&1,+i}.

1. Main results

Lemma 1.1. If H(i >jer |z + gy = (i > jer |z + jyl, A), then
pn(A) < 1.

PROOF. ForanyteT, iZjeI |z(t)+7y(t)| #0. So, Si Sieqlet gyl =T
By Lemma 0.2, pn(A4) < 1. O
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Theorem 1.2. If py(A) <1, then L% is CUR.

PROOF. Otherwise, there exist € > 0 and two sequences
(@n)nlys (yn)isy C LYy with [lznlfy = 1, [lynl}; = € such that [z, +
Mynllfy €1+ 2 (JA] < 1). Denote

&
= | Yn > — n 1Y, .
E, {teT [Yn ()] = g max|on(t) +jy (t)!}

Then lynxr e, |9 < 5(1+2) < 2 (0 > 3). Therefore lynxs, |3 > &
(n >3). If t € E,, then |z,(t)| < (1 —26)% > jer [Tn(t) + jyn(t)], where
5€(0,3).

By the assumption that py(A) <1 and by Lemma 0.2, we have

1= |lanllys = (|zal, A\, ) + {2l AxE, )

1 » 1 ,
< <4Z |2 —|—jyn|,AXT\En> +(1- 25)<4Z |n +]yn|7AXEn>

jerI jel
1 , 1 .

= (32 wn +iynl A) = 26( 3D lwn + jynl, Axs,

jerI jeI

1 . 0 1 0
< 12|xn+.7yn’ = 26{|ynl, AxE,) < 1+ — = 28]ynxe, ar

jel M

1 26e oe
<l+--—<1-—= 1
Slt———<l-3 (1)

for n large enough, which is a contradiction. O

Theorem 1.3. A point x € S(LY,) is a complex extreme point if
and only if for any k € (0,00) satisfying ||z||}; = £(1 + pam(kz) we have
p{t € T : klz(t)| <e(t)} =0.

PROOF. Necessity. If u{t € T : k|z(t)| < e(t)} > 0, then there exist
Ty € ¥ with pTp > 0 and ¢ > 0 such that k|z(t)| + ¢ < e(t) (t € Tp). If
Y = X1y, then y # 0 and

1
2+ Myllar < 2 (1+ par(k(z + X))
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IN

?Mr—‘ ?v\»—* | =

(1+ par(kxxmr,) + par ((klz| + ¢)xy))
(1 + pm(krxm1,))
(L+pum(kz)) =1 (]A<1).

This means that z is not a complex extreme point.

Sufficiency. Assume that there exist ¢ > 0 and y € L(])W satisfying
[yl > e such that maxy<; || + Ay[|§, < 1. By Lemma 0.3, there exists
§ € (0,3) such that if u,v € € and |v| > £max; |u + jv|, then |u| <
(1=20)13,; [u+ jol. Let B = {t € T [y(t)] > & masser |a(t) + jy(0)]}
Then [yxmelly < Slmaxerle + oD% < & S le + vl < 5
Therefore |lyxg|%; > 5. If t € E, then |2(t)] < (1-20)1 djer lz(t)+iy ()]

If |[(3 Xjer le +3yDl%y = (3 X er l2 + jyl, A), then L, is CUR by
Theorem 1.2. If [|(7 Xjey |2 + gyDlI% = (1 + par (5 Xjes |2+ gyl)- 1

this case, ||z[|9, = 1 and
0
1 k
{1 i ;
y k( +pM<4Z!$+JyI>>

1> H< ZyxﬂyI)
jel

Jel

> —(1+ pu(kz)) > [l

k(

So [|lz[|% = (1 + par(kz)). By the condition that if k € (0, 00) satisfying
2% = (1 + pa(kz) we have p{t € T : klz(t)| < e(t)} = 0, we get
Elx(t)| > e(t) (t € T). Therefore,

1
(14 pu(kzx\ ) + pu(kzxe))

1 k , k .
. (1 + pm <4 dole+ Jyle\E> + (1 =20)pum <4 > o+ 7y|XE>)

jel jel

1 k , k .
_ k(l +pM<4Z |2 +Jy!) - 25PM(4Z | +Jy|xE>>

jel jeI

1= [lally, =

ol

A
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kx
< = _ = _mr
< (1 +pM< > 33+J?/|>) - pM<1 - 25)@)
jel

1 0 20 kx

- ] - — 1. 2
<G reaml)| - o) < @)

jerI
This is a contradiction, which finishes the proof. O

Theorem 1.4. The space LY, is CR if and only if e(t) = 0 for p-a.e.
teT orpy(A) <1

PRrROOF. The proof of Sufficiency is trivial by Theorems 1.2 and 1.3.

Necessity. Otherwise, there exists Ty € 3 such that pTy > 0, e(t) > 0
for t € Ty and py(Axp\7,) > 1. Take x € L8, such that S, = T\Tp.
By Lemma 0.2, there exists k € (0,00) such that ||z||, = £(1 4+ pa(kz)).
However, k|z(t)| =0 < e(t) (t € Tp). By Theorem 1.3, x is not a complex
extreme point. O

Theorem 1.5. If v € S(LY,). Then x is a C-LUR point if and only
if for k € (0,00) satisfying ||z[|3; = (1 4 par(kz)), there holds:
(1) p{t € T: klz@®)] <e(t)} =0,

(2) If there exist s € (0,1) and Ty € ¥ with uTy > 0 satisfying
pM(lk—fsxTo) < oo, then M € Ay(Tp).

PROOF. Necessity. Since “C-LUR = CR”, the necessity of condition
(1) is trivial.

If (2) does not hold, then there exist s € (0,1) and Tp € ¥ with
uIy > 0 satistying PM(lk_xSXTO) < o0, but M ¢ Ay(Tp). There exists
z € LY, with S, = Ty such that pp(2) < 1 and €y/(2) = 1. Define y,, with
Yn = 7ZXT\T,, Where the sequence (T),)52, satisfies Lemma 0.1. Then
lynllSs = Zllzxm\7, 1% > 2ém(2) = 7 > 0. But

1
i+ Ml <

< ;<1 + par(kz) + /T\Tn M(t, (1- S)W + s|z(t)|>du>

L+ par(k(z + Ayn)))

A
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1—s kxxm\T, s
< ol 2o (P )+ £ oas ()

= |lzl3 = 1.

This shows that x is not a C-LUR point.

Sufficiency. Assume that there exist ¢ > 0 and (y,)3>; C LY, with
||ynH[])\/[ > ¢ satisfying

1
lz + Aynllhy < 1+ ~ (VA< D).

Denote
g .
Bu={t € T+ lpa(0)] > § maxo(t) + (0 .
jel

Then [[ynxr g, 1% < 51+ 1) < Z (n > 3). Therefore |yxe, % > 5

(n>3). If t € E,, then

2(t)] < (1—26)~ le + Jyn(t)],

JEI

where § € (0, 3). By Theorem 1.2, it is sufficient to discuss two cases.

Case L || (5 Xjer lz+5yaDl8s = 5 (Lt oar (5 Xjeq le+iynl)) (n € N)
and k,, — oo. In virtue of (2), we obtain

1 26 k .
1= [lz)f <1+ n kM <4”Z ‘$+jy”’XEn>
jel

126 1 20
<l4-- 7,0M(k’nynXEn) <1 + o 25||y"XE"HM T
n k, Fen
oe
<1l-—— 3
. (3)

for n large enough, which is a contradiction.

Case IL ||(3 Xjer l + dynl)l%s = 57 (L+ par (5 jeq I+ gynl))

(neN) and k,, — k < co. From
|
M_kn< +PM( Z|x+]yn>)

o> | (§ Tl )
jel

JelI
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1
;(1 + pua (kn)) > |lzllfy = 1,

taking n — oo, we get 1 = [|z[|3, = £(1 + pas(kz)).

II-1. inf, par($2xE,) = a > 0. Then in virtue of (2), we get for n
large enough,

|H|<1+l—§' m <14l P, 0
Tl M n kpM 5XEn < - kna_ =

This is a contradiction.

I1-2. inf, pM(IL_x(;XEn) = 0. Passing to a subsequence of (E,)3%, if
necessary we can assume that

ZPM < XEn> < 0.

Denote £ = |J;2 | E,. Then pM(lkaaXE) < 00. By the assumption, we
have M € Ag( ). So there exist K > 1 and a nonnegative function § € L°
with fE t)dp < oo satisfying

M <t, 1€2U> < KM(t,u) +6() (t € E).

Take 1 > 0 such that if Q € ENXY and pf2 < 7, then fQ t)du
D > 0 large enough such that u{t € £ : M(t,1) > D} < g

Let

52

= . < —_—
F={teE:M(1) <D}, =z= 2D XF-

Without loss of generality, we may assume that euF < 1. Then

12 € g2 12
1 =—(1 M(t,— = )d

3 I e
< —(14+= [ M(,1 <—(1+—=:-D-uF z
Thus for any y € L(])W, we have
< €
19X e 01,1y < Doy < }”M [ElRYES 5
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Combining this with |lynxz, [}, > § (n > 3) and defining

2
F,= {tGEn:M(t,l) > D or |y,(t)| > 12D}’

we get ynxr, 3y > § (n > 3).

I1-2-1. Without loss of generality, assume that pF, < n (n € N).
Notice that |2y, xr, x> |2ynxF, |5 > 1, Fn C En CE and ky, — k> 1.
For n large enough, there hold the inequalities

12 12
1<pm — YnXP, < pMm ;knynXFn

1
< KpM(knynXFn) + 5(t)d:u < KpM(knynXFn) + 5
F,

So par(knynxr,) > % Then in virtue of (3),
1

20 1 20
L=zl <1+ i oy (knynxe,) < 1+ " kan(knynXFn)

n

SR R SR
- n k, 2K — 2Kk’

This is a contradiction.

I1-2-2. Without loss of generality, assume that pF, > n (n € N).
Notice that for t € T', if e(t) > 0, then M(t, %) > 0. If e(t) = 0, then
M(t, %) > 0. So, there exists ¢ > 0 small enough such that

"1-4

2
or e(t)=0and M (t, 12D> < c} <

Since u{t € E: M(t,1) > D} < 1, setting

,u{tan:e(t)>0andM(t e(t)><c

w3

Hn:{tGFn:M(t,l)gD, e(t)>0:>M<t,1e> > ¢,

2
= — ] >
e(t)y=0=M (t, 12D) > c},
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we get puH, > 4. If t € H,, and e(t) > 0, we have for n large enough,

Fen|(t))|
( ;Ix + Jyn(t |>2M<t,1_25>
klz(t)] e(t)
2M<t, 15>2M<t,15> >ec

If t € H, and e(t) = 0, for n large enough there hold the inequalities

M(t, B S let) +jyn<t>|) > Mt kalyn(®)) = Mt o (0)])

jel
2
£
>Mlt ) >e
= (’12D>_C

So pM(%" > jer |+ dynlxm,) = en. Then in virtue of (3), we obtain

1 20 o den
1= <1+--=.Z 51
(e, T k3 %
This is a contradiction, which finishes the proof. O

Theorem 1.6. The following assertions are equivalent:
(1) LY, is CUR,
(2) LY, is C-LUR,
(3) pn(A) <1 ore(t) =0 for u-a.e. t € T and M € A,.

PROOF. The implications (1) = (2) and (2) = “pn(A) < lore(t) =0
for p-a.e. t € T7 are trivial by Theorem 1.4. Let LY, is C-LUR and
pn(A) > 1 but M ¢ Ay. There exists z € LY, such that pp(z) < 1 and
§m(z) = 1. Take ng large enough such that pn(Axz, ) > 1, where the
sequence (7,,)2; is from Lemma 0.1. We can find z € S(LY,) with S, =
Tho- By Lemma 0.2, there exists k > 0 such that ||z[|}, = £(1 + pa(kz)).

Define
1

Yn = LEXT\T, (n € N).

Then ||y,||%, = %HZXT\T,@H(J)\/[ > 16y (2) = £ (n € N). But if n > no, there
holds

2 + Ayl < *(1 + pur (k(z + Ayn)))

ol
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< — (14 pum(kxxr,) + py(2x1\13,))

.

— (4 pu(ka)) = Izl = 1.

This contradicts the fact that x is a C-LUR point.

(3) = (1). The proof is similar to the proof of sufficiency of Theo-

rem 1.5, so we omit it here. [l
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